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Preface 


he 10" edition of Analytic Trigonometry with Applications is designed for 

a one-term course in trigonometry and for students who have had 

le /2—-2 years of high school algebra or the equivalent. The choice and in- 
dependence of topics make the text readily adaptable to a variety of courses (see the 
starred sections in the table of contents). Fundamental to a book’s growth and effec- 
tiveness is classroom use and feedback. Now in its 10" edition, Analytic Trigonome- 
try with Applications has had the benefit of having a substantial amount of both. 


@ Emphasis and Style 


The text is written for student comprehension. Great care has been taken to write 
a book that is mathematically correct and accessible to students. An informal style 
is used for exposition, definitions, and theorems. Precision, however, is not com- 
promised. General concepts and results are usually presented only after particular 
cases have been discussed. To gain reader interest quickly, the text moves directly 
into trigonometric concepts and applications in the first chapter. Review material 
from prerequisite courses is either integrated in certain developments (particularly 
in Chapters 4 and 5) or can be found in the appendixes. This material can be re- 
viewed as needed by the student or taught in class by an instructor. 


@ Examples and Matched Problems 


Over 180 completely worked numbered examples are used to introduce con- 
cepts and to demonstrate problem-solving techniques. Many examples have let- 
tered parts, significantly increasing the total number of worked examples. Each 
example is followed by a similar matched problem for the student to work 
while reading the material. This actively involves the student in the learning 
process. The answers to these matched problems are included at the end of each 
section for easy reference. 


@ Exploration and Discussion 


Every section contains Explore-Discuss problems interspersed at appropriate 
places to encourage a student to think about a relationship or process before a re- 
sult is stated or to investigate additional consequences of a development in the 
text. Verbalization of mathematical concepts, results, and processes is encour- 
aged in these Explore-Discuss boxes, as well as in some matched problems, and 
in particular problems in almost every exercise set. The Explore-Discuss material 
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can also be used as an in-class or out-of-class group activity. In addition, at the end of 
every chapter, before the chapter review, is a special Chapter Group Activity that in- 
volves a number of the concepts discussed in the chapter. The Explore-Discuss boxes 
and the group activities are highlighted with a light screen to emphasize their impor- 
tance. Problems involving these elements are indicated by color problem numbers. 


HB Exercise Sets 


The book contains over 3,000 numbered problems. Many problems have let- 
tered parts, significantly increasing the total number of problems. Each exercise 
set is designed so that an average or below-average student will experience suc- 
cess and a very capable student will be challenged. Exercise sets are mostly di- 
vided into A (routine, easy mechanics), B (more difficult mechanics), and C (dif- 
ficult mechanics and some theory) levels. 


B Applications 


A major objective of this book is to give the student substantial experience in 
modeling and solving real world problems. The 10" edition has added many 
new applications featuring real data where appropriate. Enough applications are 
included to convince even the most skeptical student that mathematics is really 
useful (see the Applications Index on page i). Most of the applications are sim- 
plified versions of actual real-world problems taken from professional journals 
and books. No specialized experience is required to solve any of the applica- 
tions. 


B Technology 


The term calculator refers to any scientific calculator that can evaluate trigono- 
metric and inverse trigonometric functions. As no tables are included in the text, 
access to a calculator is assumed. Access to a more sophisticated graphing calcu- 
lator is not assumed, although it is likely that many students will want to make 
use of one of these devices. To assist these students, optional graphing calculator 
activities are included in appropriate places in the book. The 10" edition features 
optional applications including using graphing calculators for regression. The ac- 
tivities include brief discussions in the text, examples or portions of examples 
solved on a graphing calculator, and problems for the student to solve. All of the 
optional graphing calculator material is clearly identified by 4 and can be omit- 
ted without loss of continuity, if desired. 


@ Graphs 


All graphs are computer generated to ensure mathematical accuracy. Graphing 
calculator screens displayed in the text are actual output from a graphing calculator. 


@ Changes in the 10" Edition 


We have annotated the solution steps of the completely worked examples, mak- 
ing the book even more accessible to students. Hundreds of new exercises have 
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been added, including many that require a verbal explanation (marked by red 
problem numbers). New applications involving real data have been added where 
appropriate. Optional applications involving graphing calculators and regression 
have been added for those who wish to cover this method of curve fitting. The 
previous system of making the difficult application problems with one or two 
stars has been dropped. 


BH Student Aids 


Functional use of color improves the clarity of many illustrations, graphs, and 
developments and guides students through certain critical steps (see Sections 1.3, 
4.2, and 5.3). Think boxes (dashed boxes) are used to enclose steps that are usu- 
ally performed mentally (see Sections 1.1, 2.4, and 6.5). Screened boxes are used 
to highlight important definitions, theorems, results, and step-by-step processes 
(see Sections 1.3, 4.2, and 6.5). Caution statements appear throughout the text 
where student errors often occur (see Sections 1.3, 2.3, and 4.2). Boldface type is 
used to introduce new terms and highlight important comments. Chapter review 
sections include a review of all important terms and symbols and a comprehen- 
sive review exercise. Cumulative review sections follow Chapters 3, 5, and 7. 
Answers to most review exercises, keyed to appropriate sections, are included 
in the back of the book. Additionally, answers to all odd-numbered problems are 
also in the back of the book. Formulas and symbols (keyed to sections in which 
they are first introduced) and the metric system are summarized on the front and 
back end papers of the book for convenient reference. 


BH Ancillaries for Students 


A Student Solutions Manual (0-471-74656-8) contains detailed solutions to all 
chapter review, cumulative review, and odd-numbered problems in the book. 


BH Ancillaries for Instructors 


An Instructor’s Resource Manual (0-471-78850-3) contains answers to the 
even-numbered problems not found in the back of the text, plus hints and solu- 
tions for the chapter group activities and Explore/Discuss material. 

An Instructor’s Solutions Manual (0-471-78849-X) contains solutions to 
the even-numbered problems. 

A printed test bank contains quizzes and exams, plus answers. 


B Error Check 


This book has been carefully checked by a number of mathematicians. If any 
errors are detected, the authors would be grateful if they were sent to 
kbyleen @wi.rr.com. 


Vili 
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A Note on Calculators 


se of calculators is emphasized throughout this book. Many brands and 

types of scientific calculators are available and can be found starting at 

about $10. Graphing calculators are more expensive; but, in addition to 
having most of the capabilities of a scientific calculator, they have very powerful 
graphing capabilities. Your instructor should help you decide on the type and 
model best suited to this course and the emphasis on calculator use he or she 
desires. 

Whichever calculator you use, it is essential that you read the user’s manual 
for your calculator. A large variety of calculators are on the market, and each is 
slightly different from the others. Therefore, take the time to read the manual. 
The first time through do not try to read and understand everything the calculator 
can do—that will tend to overwhelm and confuse you. Read only those sections 
pertaining to the operations you are or will be using; then return to the manual as 
necessary when you encounter new operations. 

It is important to remember that a calculator is not a substitute for thinking. 
It can save you a great deal of time in certain types of problems, but you still 
must understand basic concepts so that you can interpret results obtained 
through the use of a calculator. 
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RIGHT TRIANGLE RATIOS 


1.1 


f you were asked to find your height, you would no doubt take a ruler or tape 

measure and measure it directly. But if you were asked to find the area of 
your bedroom floor in square feet, you would not be likely to measure the area 
directly by laying 1 ft squares over the entire floor and counting them. Instead, 
you would probably find the area indirectly by using the formula A = ab from 
plane geometry, where A represents the area of the room and a and b are the lengths 
of its sides, as indicated in the figure in the margin. 

In general, indirect measurement is a process of determining unknown mea- 
surements from known measurements by a reasoning process. How do we mea- 
sure quantities such as the volumes of containers, the distance to the center of the 
earth, the area of the surface of the earth, and the distances to the sun and the stars? 
All these measurements are accomplished indirectly by the use of special formu- 
las and deductive reasoning. 

The Greeks in Alexandria, during the period 300 Bc—aD 200, contributed sub- 
stantially to the art of indirect measurement by developing formulas for finding 
areas, volumes, and lengths. Using these formulas, they were able to determine 
the circumference of the earth (with an error of only about 2%) and to estimate 
the distance to the moon. We will examine these measurements as well as others 
in the sections that follow. 

It was during the early part of this Greek period that trigonometry, the study 
of triangles, was born. Hipparchus (160-127 Bc), one of the greatest astronomers 
of the ancient world, is credited with making the first systematic study of the indi- 
rect measurement of triangles. 


Angles, Degrees, and Arcs 


e Angles 

e Degree Measure of Angles 

e Angles and Arcs 

e Approximation of Earth’s Circumference 

e Approximation of the Diameters of the Sun and Moon; 
Total Solar Eclipse 


Angles and the degree measure of an angle are the first concepts introduced in this 
section. Then a very useful relationship between angles and arcs of circles is devel- 
oped. This simple relationship between an angle and an arc will enable us to mea- 
sure indirectly many useful quantities such as the circumference of the earth and 
the diameter of the sun. (If you are rusty on certain geometric relationships and 
facts, refer to Appendix C as needed.) 


B Angles 


Central to the study of trigonometry is the concept of angle. An angle is formed 
by rotating a half-line, called a ray, around its end point. One ray k, called the 
initial side of the angle, remains fixed; a second ray J, called the terminal side 


Terminal side 


Vertex 


FIGURE 1 


P 


Initial side 


Angle 6: A ray rotated around its 


end point 


FIGURE 2 
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of the angle, starts in the initial side position and rotates around the common end 
point P in a plane until it reaches its terminal position. The common end point P 
is called the vertex (see Fig. 1). 

We may refer to the angle in Figure | in any of the following ways: 


Angle 0 ZO Angle QPR ZQOPR 
Angle P ZP 


The symbol Z denotes angle. The Greek letters theta (8), alpha (a), beta (6), and 
gamma (y) are often used to name angles. 

There is no restriction on the amount or direction of rotation in a given plane. When 
the terminal side is rotated counterclockwise, the angle formed is positive 
(see Figs. 1 and 2a); when it is rotated clockwise, the angle formed is negative 
(see Fig. 2b). Two different angles may have the same initial and terminal sides, as shown 
in Figure 2c. Such angles are said to be coterminal. In this chapter we will concentrate 
on positive angles; we will consider more general angles in detail in subsequent chapters. 


l l 
l 
B 
k k k 
a B a 


(a) Positive angle a: (b) Negative angle B: (c) aand B are 
Counterclockwise Clockwise rotation coterminal 
rotation 


B Degree Measure of Angles 


To compare angles of different sizes, a standard unit of measure is necessary. Just 
as a line segment can be measured in inches, meters, or miles, an angle is 
measured in degrees or radians. (We will postpone our discussion of radian mea- 
sure of angles until Section 2.1.) 


An angle formed by one complete revolution of the terminal side in a coun- 
terclockwise direction has measure 360 degrees, written 360°. An angle of 
1 degree measure, written 1°, is formed by ti of one complete revolution 
in a counterclockwise direction. (The symbol ° denotes degrees.) 


O— = 


360° angle 1° angle 


] 
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FIGURE 3 
Special angles 


Remark 


FIGURE 4 


Angles of measure 90° and 180° represent wa = j and a = 5 of complete 


revolutions, respectively. A 90° angle is called a right angle and a 180° angle is 
called a straight angle. An acute angle has angle measure between 0° and 90°. 
An obtuse angle has angle measure between 90° and 180° (see Fig. 3). 


(a) Acute angle: (b) Right angle: (c) Obtuse angle: (d) Straight angle: 


0° < @6< 90° 4 rotation 90° < 6< 180° 5 rotation 


In Figure 3 we used 6 in two different ways: to name an angle and to represent 
the measure of an angle. This usage is common; the context will dictate the inter- 
pretation. 


Two positive angles are complementary if the sum of their measures is 90°; 
they are supplementary if the sum of their measures is 180°(see Fig. 4). 


B B 
ii a 
a+ B= 90° a+ B= 180° 
(a) Complementary angles (b) Supplementary angles 


A degree can be divided using decimal notation. For example, 36.25° repre- 
sents an angle of degree measure 36 plus one-fourth of | degree. A degree can 
also be divided into minutes and seconds just as an hour is divided into minutes 
and seconds. Each degree is divided into 60 equal parts called minutes (‘), and 
each minute is divided into 60 equal parts called seconds ("). Thus, 


5°12'32” 


is a concise way of writing 5 degrees, 12 minutes, and 32 seconds. 

Degree measure in decimal degree (DD) form is useful in some instances, 
and degree measure in degree-minute-second (DMS) form is useful in others. You 
should be able to go from one form to the other as illustrated in Examples | and 
2. Many calculators can perform the conversion either way automatically, but the 
process varies significantly among the various types of calculators—consult your 
user’s manual.* Examples | and 2 first illustrate a nonautomatic approach so that 
you will understand the process. This is followed by an automatic calculator 
approach that can be used for efficiency. 


* User’s manuals for many calculators are readily available on the Internet. 


Conversion Accuracy 


EXAMPLE 1 


Solution 


Matched Problem 1* 


1.1 Angles, Degrees, and Arcs 5 


If an angle is measured to the nearest second, the converted decimal form should 
not go beyond three decimal places, and vice versa. 


From DMS to DD 


Convert 12°6'23” to decimal degree form correct to three decimal places. 


Method I Multistep conversion. Since 


PrTr rr ance re nane nen manaemnmanmnnnnanmmmnn cam nmmman ern 


[eee eee een esr ee ame ene Crue ile SUSE ten erat 


= 12.106° To three decimal places 


Method II Single-step calculator conversion. Consult the user’s manual for 
your particular calculator. The conversion shown in Figure 5 is from a graphing 
calculator. 


FIGURE 5 
From DMS to DD Oo 
Convert 128°42’8” to decimal degree form correct to three decimal places. 


EXPLORE/DISCUSS 1 


In the 2003 Berlin Marathon, Paul Tergat of Kenya ran the world’s fastest 
recorded time for a marathon: 42.2 km in 2 hr, 4 min, 55 sec. Convert the 
hour-minute-second form to decimal hours. Explain the similarity of this 
conversion to the conversion of a degree-minute-second form to a decimal 
degree form. 


* Dashed “think boxes” indicate steps that can be performed mentally once a concept or procedure is 
understood. 


* Answers to matched problems are located at the end of each section just before the exercise set. 
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Solution 


FIGURE 6 
From DD to DMS 


Matched Problem 2 


R 


FIGURE 7 
Central angle RPQ subtended 
by arc RQ 


From DD to DMS 


Convert 35.413° to a degree-minute-second form. 


Method I Multistep conversion. 


35.413° = 35° (0.413- 60)" 

= 35°24.78' | 

= 35°24! (0.78 + 60)” | 

= 35°24'47" 
Method II Single-step calculator conversion. Consult the user’s manual for 
your particular calculator. The conversion shown in Figure 6 is from a graphing 


calculator. Rounded to the nearest second, we get the same result as in method I: 
35°24'47". a 


Convert 72.103° to degree-minute-second form. | 


@ Angles and Arcs 


Given an arc RQ of a circle with center P, the positive angle RPQ is said to be the 
central angle that is subtended by the arc RQ. We also say that the arc RQ is 
subtended by the angle RPQ; see Figure 7. 

It follows from the definition of degree that a central angle subtended by an arc 
i the circumference of a circle has degree measure 90; 5 the circumference of a cir- 
cle, degree measure 180, and the whole circumference of a circle, degree measure 
360. In general, to determine the degree measure of an angle 0 subtended by an arc 
of s units for a circle with circumference C units, use the following proportion: 


PROPORTION RELATING CENTRAL ANGLES AND ARCS 


§ (4) s 
a ce eo 


Q 


0 in decimal degrees; s and C in same units 


If we know any two of the three quantities, s, C, or 6, we can find the third by 
using simple algebra. For example, in a circle with circumference 72 in., the degree 
measure of a central angle 6 subtended by an arc of length 12 in. is given by 


0 = —:+360° = 60° 


v 


= 


Remark 
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Note that “‘an angle of 6°” means “an angle of degree measure 6,” and “ @ = 72°” 


means “the degree measure of angle 0 is 72.” 


B Approximation of Earth’s Circumference 


The early Greeks were aware of the proportion relating central angles and arcs, 
which Eratosthenes (240 Bc) used in his famous calculation of the circumference 
of the earth. He reasoned as follows: It was well known that at Syene (now Aswan), 
during the summer solstice, the noon sun was reflected on the water in a deep well 
(this meant the sun shone straight down the well and must be directly overhead). 
Eratosthenes reasoned that if the sun rays entering the well were continued down 
into the earth, they would pass through its center (see Fig. 8). On the same day at 
the same time, 5,000 stadia (approx. 500 mi) due north, in Alexandria, sun rays 
crossed a vertical pole at an angle of 7.5° as indicated in Figure 8. Since sun rays 
are very nearly parallel when they reach the earth, Eratosthenes concluded that 


ZACS was also 7.5°. (Why?)* 


. eee 
a a 
aa rays 
(nearly parallel) 


FIGURE 8 
Estimating the earth’s circumference 


Even though Eratosthenes’ reasoning was profound, his final calculation of 


the circumference of the earth requires only elementary algebra: 


6 

360° = ra Substitute s = 500 mi and @ = 7.5°. 
eee Multiply both sides by C. 

360° C ultiply both sides by C. 

TS" 

€ 360° = 500 mi Multiply both sides by = 2 
360 
C= 75 (500 mi) = 24,000 mi 


The value calculated today is 24,875 mi. 


* Tf line p crosses parallel lines m and n, then angles a and B have the same measure. 
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The diameter of the earth (d) and the radius (r) can be found from this value 
using the formulas C = 2ar and d = 2r from plane geometry. [Note: 7 = C/d 
for all circles.] The constant 7 has a long and interesting history; a few important 


dates follow: 


1650 BC 


240 BC 


AD 264 
AD 470 
AD 1674 


AD 1761 


EXAMPLE 3 Arc Length 


Rhind Papyrus 
Archimedes 


Liu Hui 


Tsu Ch’ung-chih 


Leibniz 


Johann Lambert 


~ 296 _ 
T~ 3 


3.16049... 
ae <r <3 


(3.1408... < 7 < 3.1428...) 


am % 3.14159 
a #3 = 31415929... 
m= A(1 345 7+5 Te) 


® 3.1415926535897932384626 


(This and other series can be used to 
compute 7 to any decimal accuracy 
desired.) 

Showed 7 to be irrational (77 as a 
decimal is nonrepeating and 
nonterminating) 


How large an arc is subtended by a central angle of 6.23° on a circle with radius 
10 cm? (Compute the answer to two decimal places.) 


Solution — Use the proportion relating angles and arcs. 


®., 8 Substitute C = 2mr 
Cc 360° 
sg 6 
2ar ~ 360° Substitute r =10 cm and @ = 6.23° 
s 6.23° Multiply both sides by 2(a)(10 cm) 
2(a)(10 cm) 360° 
p= SUE ees a 


360 


Matched Problem 3 How large an arc is subtended by a central angle of 50.73° on a circle with radius 
5 m? (Compute the answer to two decimal places.) a 
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@ Approximation of the Diameters of the 
Sun and Moon; Total Solar Eclipse 


EXAMPLE 4 Sun’s Diameter 


If the distance from the earth to the sun is 93,000,000 mi, find the diameter of 
the sun (to the nearest thousand miles) if it subtends an angle of 0°31'55” on the 
surface of the earth. 


Solution — For small central angles in circles with very large radii, the intercepted arc (arc 
opposite the central angle) and its chord (the straight line joining the end points 
of the arc) are approximately the same length (see Fig. 9). We thus use the inter- 
cepted arc to approximate its chord in many practical problems, particularly when 
the length of the intercepted arc is easier to compute. We apply these ideas to find- 
ing the diameter of the sun as follows: 


6 = 0°31'55” = 0.532° 


0 
= = 360° Multiply both sides by 27rr 
27rd 
s= 360 Substitute r= 93,000,000 mi and 0 = 0.532° 
2(7) (93,000,000 mi) (0.532) 


= 264 : 
360 864,000 mi 


Intercepted arc s 


FIGURE 9 Oo 


Matched Problem 4 _ If the moon subtends an angle of about 0°31'5” on the surface of the earth when 


it is 239,000 mi from the earth, estimate its diameter to the nearest 10 mi. |_| 
Answers to 1. 128.702° 
Matched Problems 2. 72°6' 1 1” 
3. 4.43 m 
4. 2,160 mi 


10 1 RIGHT TRIANGLE RATIOS 


EXPLORE/DISCUSS 2 


A total solar eclipse will occur when the moon passes between the earth and 
the sun and the angle subtended by the diameter of the moon is at least as large 
as the angle subtended by the diameter of the sun (see Fig. 10). 


(A) Since the distances from the sun and moon to the earth vary with time, 
explain what happens to the angles subtended by the diameters of the sun 
and moon as their distances from the earth increase and decrease. 


(B) For a total solar eclipse to occur when the moon passes between the sun 
and the earth, would it be better for the sun to be as far away as possible 
and the moon to be as close as possible, or vice versa? Explain. 


(C) The diameters of the sun and moon are, respectively, 864,000 mi and 
2,160 mi. Find the maximum distance that the moon can be from the earth 
for a total solar eclipse when the sun is at its maximum distance from 
the earth, 94,500,000 mi. 


FIGURE 10 
Total solar eclipse 


EXERCISE 1.1 


Throughout the text the problems in most exercise sets are 
divided into A, B, and C groupings: The A problems are basic 
and routine, the B problems are more challenging but still 
emphasize mechanics, and the C problems are a mixture of 
difficult mechanics and theory. 


A In Problems 1 and 2, find the number of degrees in the angle 


formed by rotating the terminal side counterclockwise 
through the indicated fraction of a revolution. 


Li 3 7 i ey fas 
l. Do eT 20 pRB DD 


In Problems 3 and 4, find the fraction of a counterclockwise 
revolution that will form an angle with the indicated number 
of degrees. 


3. 45°, 150°, 270° 4. 30°, 225°, 240° 


In Problems 5-12, identify the following angles as acute, 
right, obtuse, or straight. If the angle is none of these, say so. 


5. 50° 6. 150° 7. 90° 
8. 180° 9... 135° 10. 185° 
11. 250° 12. 89° 


*13. Discuss the meaning of an angle of | degree. 


14. Discuss the meaning of minutes and seconds in angle 
measure. 


B In Problems 15-20, change to decimal degrees accurate to 
three decimal places: 


15. 25°21'54” 
18. 9°3'1” 


16. 71°43’30" 
19. 195°28'10" 


17,. 11°8'S" 
20. 267°11'25" 


In Problems 21-26, change to degree-minute-second form: 


21. 15.125° 22. 35.425° 23. 79.201° 
24. 52.927° 25. 159.639° 26. 235.253° 
27. Which of the angle measures, 47°33'41” or 47.556°, is 


larger? Explain how you obtained your answer. 


28. Runner A ran a marathon in 3 hr, 43 min, 24 sec, and 
runner B in 3.732 hr. Which runner is faster? Explain 


how you obtained your answer. 


In Problems 29-34, write a < B,a = 
appropriate. 


29. a = 47°23'31" 


B, or a> B, as 


30. a = 32°51'54” 


B = 47.386° B = 32.865° 
31. a@ = 125°27'18" 32. a = 80.668° 

B = 125.455° B = 80°40'20" 
33. a = 20.512° 34. a = 242.311° 

B = 20°30'50” B = 242°18'32" 


In Problems 35-38, perform the indicated operations directly 
on a calculator. Express the answers in DMS form. For exam- 
ple, a particular graphing calculator performs the following 
calculation (67°13'4" — 45°27'32") as follows: 


BPO 1S'4"-45e27'S 
2" r OMS 


21°45'32" 


35. 
36. 
37. 
38. 


47°37'49" + 62°40'15" 
105°53'22” + 26°38'55" 
90° — 67°37'29" 

180° — 121°51'22” 


C 
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In Problems 39 and 40, @ is a central angle in a circle with 
radius 1. 


39. What is the length of the arc subtended by 0 = 0°? 
40. What is the length of the arc subtended by 0 = 360°? 


In Problems 41-48, find C, 0, s, or r as indicated. Refer to the 
figure: 


| 


- C=1,000cm, @ = 36°, 
.s =12m, C= 108m, 6 = ? (exact) 
. s = 25km, @ = 20°, C = ? (exact) 

. C = 740 mi, @ = 72°, s = ? (exact) 


s = ? (exact) 


. r = 5,400,000 mi, 6 = 2.6°, s=? 
(to the nearest 10,000 mi) 

. § = 38,000cm, 6 = 45.3°, r=? 
(to the nearest 1,000 cm) 


47. 6 = 12°31'4", s =50.2cm, C=? 
(to the nearest 10 cm) 
48. 0 = 24°16'34", s = 14.23m, C=? 


(to one decimal place) 


In Problems 49-52, find A or @ as indicated. Refer to the fig- 
ure. The ratio of the area of a sector of a circle (A) to the total 
area of the circle (ar) is the same as the ratio of the central 
angle of the sector (0) to 360°: 


A 0 
ar 360° 
49, r = 25.2cm, @ = 47.3°, A = ? (to the nearest unit) 
50. r = 7.38 ft, 0 = 24.6°, A = ? (to one decimal place) 
51. r = 12.6m,A = 98.4 m, 0 = ? (to one decimal place) 
52. r = 32.4in., A = 347 in, 0 = ? (to one decimal place) 


* A red problem number indicates that a problem may involve critical thinking and verbalization of concepts. 
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3 Applications 


Biology:Eye In Problems 53-56, find r, 9, or s as indicated. 
Refer to the following: The eye is roughly spherical with a 
spherical bulge in front called the cornea. (Based on the arti- 
cle, “The Surgical Correction of Astigmatism” by Sheldon 
Rothman and Helen Strassberg in The UMAP Journal, Vol. V, 
No. 2, 1984.) 


Figure for 53-56 


53. s = 11.5 mm, 6 = 118.2°, r 
(to two decimal places) 

54. 5 = 12.1 mm, r = 5.26 mm, 6=? 
(to one decimal place) 


ll 
~~ 


55. 8 = 119.7°, r = 5.49 mm, s=? 
(to one decimal place) 
56. 6 = 117.9°, s = 11.8 mm, r=? 


(to two decimal places) 


Geography/Navigation In Problems 57-60, find the dis- 
tance on the surface of the earth between each pair of cities 
(to the nearest mile), given their respective latitudes. 
Latitudes are given to the nearest 10'. Note that each chosen 
pair of cities has approximately the same longitude (i.e., lies 
on the same north-south line). Use r = 3,960 mi for the 
earth’s radius. The figure shows the situation for San 
Francisco and Seattle. [Hint: C = 27r| 


57. San Francisco, CA, 37°50'’N; Seattle, WA, 47°40’N 
58. Phoenix, AZ, 33°30'N; Salt Lake City, UT, 40°40’N 
59. Dallas, TX, 32°50’N; Lincoln, NE, 40°50’N 

60. Buffalo, NY, 42°50'N; Durham, NC, 36°0'N 


e, WA 47°40’N 
Francisco, CA 
37°50/N 


Latitude north 
0° = 0s 90° 


Equator 


1 nautical mile 


Figure for 57-64 


Geography/Navigation In Problems 61-64, find the dis- 
tance on the earth’s surface, to the nearest nautical mile, 
between each pair of cities. A nautical mile is the length of I' 
of arc on the equator or any other circle on the surface of the 
earth having the same center as the equator. See the figure. 
Since there are 60 X 360 = 21,600’ in 360°, the length of the 
equator is 21,600 nautical miles. 


61. San Francisco, CA, 37°50’N; Seattle, WA, 47°40'’N 
62. Phoenix, AZ, 33°30'N; Salt Lake City, UT, 40°40’N 
63. Dallas, TX, 32°50’N; Lincoln, NE, 40°50’N 

64. Buffalo, NY, 42°50’N; Durham, NC, 36°0’N 

65. Photography 


(A) The angle of view of a 300 mm lens is 8°. 
Approximate the width of the field of view to the near- 
est foot when the camera is at a distance of 500 ft. 


(B) Explain the assumptions that are being made in the 
approximation calculation in part (A). 


66. Satellite Telescopes In the Orbiting Astronomical 
Observatory launched in 1968, ground personnel could 
direct telescopes in the vehicle with an accuracy of 1' of 
arc. They claimed this corresponds to hitting a 25¢ coin 
at a distance of 100 yd (see the figure on the next page). 
Show that this claim is approximately correct; that is, 
show that the length of an arc subtended by 1’ at 100 yd 
is approximately the diameter of a quarter, 0.94 in. 
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Figure for 66 


The apparent diameter of an object is the measure (in 
degrees) of the arc intercepted by the object as seen by an 
observer. For example, on earth the apparent diameter of the 
sun is 0.532° and the apparent diameter of the moon is 0.518° 
(see Example 4 and Matched Problem 4). If r is the distance 
from the observer to the object and s is the diameter of the 
object, then the apparent diameter 0 is given by 


_ 360s + and 5 are expressed in the same units of 
measurement 


0 


2Qaur 


In Problems 67-72, round the answers to three significant digits. 


67. Apparent Diameter The planet Saturn is 886,000,000 
miles from the sun and the sun has a diameter of 864,000 
miles. What is the apparent diameter of the sun for an 
observer on Saturn? Express your answer in decimal 
degrees to three decimal places. 


68. Apparent Diameter The planet Uranus is 1,780 mil- 
lion miles from the sun and the sun has a diameter of 
864,000 miles. To an observer on Uranus, what is the 
apparent diameter of the sun? Express your answer in 


decimal degrees to three decimal places. 
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100 yd 


69. 


70. 


71. 


72. 


Apparent Diameter In January 2005 the European 
Space Agency’s Huygens landed on the surface of 
Titan, one of Saturn’s moons. Titan has a diameter of 
3,200 miles. When viewed from Saturn, Titan has an 
apparent diameter of 0.242°. How far is Titan from 
Saturn? Round your answer to the nearest thousand 
miles. 


Apparent Diameter Juliet, one of Uranus’s moons, 
has a diameter of 52 miles. When viewed from Uranus, 
Juliet has an apparent diameter of 0.075°. How far is 
Juliet from Uranus? Round your answer to the nearest 
thousand miles. 


Apparent Diameter Epimetheus, another of Saturn’s 
moons, is 94,100 miles from Saturn. When viewed from 
Saturn, Epimetheus has an apparent diameter of 0.053°. 
What is the diameter of Epimetheus? Round your answer 
to the nearest mile. 


Apparent Diameter Cordelia, another of Uranus’s 
moons, is 31,000 miles from Uranus. When viewed from 
Uranus, Cordelia has an apparent diameter of 0.03°. 
What is the diameter of Cordelia? Round your answer to 
the nearest mile. 


e Euclid’s Theorem and Similar Triangles 


e Applications 


Properties of similar triangles, stated in Euclid’s theorem that follows, are central 
to this section and form a cornerstone for the development of trigonometry. Euclid 
(300 Bc), a Greek mathematician who taught in Alexandria, was one of the most 
influential mathematicians of all time. He is most famous for writing the Elements, 
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Remark 


Remark 


a collection of thirteen books (or chapters) on geometry, geometric algebra, and 
number theory. In the Western world, next to the Bible, the Elements is probably 
the most studied text of all time. 

The ideas on indirect measurement presented here are included to help you 
understand basic concepts. More efficient methods will be developed in the next 
section. 


Since calculators routinely compute to eight or ten digits, one could easily 
believe that a computed result is far more accurate than warranted. 
Generally, a final result cannot be any more accurate than the least 
accurate number used in the calculation. Regarding calculation accura- 
cy, we will be guided by Appendix A.3 on significant digits throughout 
the text. 


B Euclid’s Theorem and Similar Triangles 


In Section 1.1, problems were included that required knowledge of the distances 
from the earth to the moon and the sun. How can inaccessible distances of this 
type be determined? Surprisingly, the ancient Greeks made fairly accurate calcu- 
lations of these distances as well as many others. The basis for their methods is 
the following elementary theorem of Euclid: 


EUCLID’S THEOREM 


If two triangles are similar, their corresponding sides are proportional. 


Similar triangles 


Recall from plane geometry (see Appendix C.2) that the interior angles of any 
polygon are always positive. For triangles, the sum of the measures of the three 
angles is always 180°. Two triangles are similar if two angles of one triangle have 
the same measure as two angles of the other. If the two triangles happen to be 
right triangles, then they are similar if an acute angle in one has the same mea- 
sure as an acute angle in the other. Take a moment to draw a few figures and to 
think about these statements. 


EXAMPLE 1 


FIGURE 1 
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EXPLORE/DISCUSS 1 


Identify pairs of triangles from the following that are similar and explain why. 


B Applications 
We now solve some elementary problems using Euclid’s theorem. 


Height of a Tree 


A tree casts a shadow of 32 ft at the same time a vertical yardstick (3.0 ft) casts 
a shadow of 2.2 ft (see Fig. 1). How tall is the tree? 


32 ft tt 
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Solution The parallel sun rays make the same angle with the tree and the yardstick. Since 
both triangles are right triangles and have an acute angle of the same measure, the 
triangles are similar. The corresponding sides are proportional, and we can write 


x 32 ft 
3.0 ft 2.2 ft 
3.0 
= — (32 ft 
a5) 
= 44 ft To two significant digits a 


Matched Problem 1 A tree casts a shadow of 31 ft at the same time a 5.0 ft vertical pole casts a shad- 
ow of 0.56 ft. How tall is the tree? o 


\s EXAMPLE 2 Length of an Air Vent 


Find the length of the proposed air vent indicated in Figure 2. 


FIGURE 2 


Solution We make a careful scale drawing of the mine shaft relative to the proposed air 
vent as follows: Pick any convenient length, say 2.0 in., for A'C’; copy the 
20° angle CAB and the 90° angle ACB using a protractor (see Fig. 3 on the 
next page). Now measure B’C’ (approx. 0.7 in.), and set up an appropriate 


proportion: 
a oe Multiply both sides by 0.7 i 
0.7 in. 2.0 in. OES ere ge ners we 
0.7 tn. 
x= (310 ft) (0.7 in.)/(2.0 in.) = 0.35 is a dimensionless* number. 

2.0 in. 

= (0.35)(310 ft) Multiply 

= 100 ft To one significant digit 


* Tf both numbers in a ratio are expressed in the same unit of measurement, then the result is a 
dimensionless number. 
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iC 2.0 in. A’ 


Measure 
(approx. 0.7 in.) 


x [Note: Drawing to scale.] 


FIGURE 3 


[Note: The use of scale drawings for finding indirect measurements is included 
here only to demonstrate basic ideas. Scale drawings can introduce considerable 
error in a calculation. A more efficient and more accurate method will be devel- 
oped in Section 1.3.] Oo 


Matched Problem 2 Suppose in Example 2 that AC = 550 ft and ZA = 30°. If in a scale drawing 
A'C’ is chosen to be 3.0 in. and B’C' is measured as 1.76 in., find BC, the length 
of the proposed mine shaft. a 


EXPLORE/DISCUSS 2 


We want to measure the depth of a canyon from a point on its rim by using sim- 
ilar triangles and no scale drawings. The process illustrated in Figure 4 on page 
18 was used in medieval times.* A vertical pole of height a is moved back from 
the canyon rim so that the line of sight from the top of the pole passes the rim 
at D to a point G at the bottom of the canyon. The setback DC is then measured 
to be b. The same vertical pole is moved to the canyon rim at D, and a horizon- 
tal pole is moved out from the rim through D until the line of sight from B to G 
includes the end of the pole at E. The pole overhang DE is measured to be c. 
We now have enough information to find y, the depth of the canyon. 


(A) Explain why triangles ACD and GFD are similar. 
(B) Explain why triangles BDE and GFE are similar. 


(C) Set up appropriate proportions, and with the use of a little algebra, 
show that 


Continued 


* This process is mentioned in an excellent article by Victor J. Katz (University of the District of 
Columbia) titled The Curious History of Trigonometry, in The UMAP Journal, Winter 1990. 
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Answers to 1. _ 280 ft (to two significant digits) 
Matched Problems — 2, 30 ft (to two significant digits) 


EXERCISE 1.2 


Round each answer to an appropriate accuracy; use the 
guidelines from Appendix A.3. 


A 1. If two angles of one triangle have the same measure 
as two angles of another triangle, what can you 
say about the measure of the third angle of each 
triangle? Why? 


2. If an acute angle of one right triangle has the same mea- 
sure as the acute angle of another right triangle, what can 
you say about the measure of the second acute angle of 
each triangle? Why? 


3. The calculator value of (1.7) (2.8) is 4.76. If 1.7 and 2.8 
are measurements, what is the correct rounded value 
according to Appendix A. 3? 


4, The calculator value of (10) (0.33) is 3.3. If 10 and 0.33 
are measurements, what is the correct rounded value 
according to Appendix A.3? 


The triangles in the figure are similar. In Problems 5-10, find 
the indicated length. 


Figure for 5-10 


5. a=5, b=15, a =7, b' =? 

. b=3, c= 24, b' =1, c' =? 
-c=?, a=12, c'=18, a’ =24 
a’ =17, b' = 80 

. b = 52,000; c = 18,000, b’ = 85, c’ =? 
10. a = 640,000, b=?, a’ = 15, b’ = 0.75 


Conan 
Q 
| 
Nn 
> 
| 
a. 


B 11. 


Can two similar triangles have equal sides? Explain. 


12. If two triangles are similar and a side of one triangle is 
equal to the corresponding side of the other, are the 
remaining sides of the two triangles equal? Explain. 


The triangles in the figure are similar. In Problems 13-20, find 
the indicated length. 


ii . a 
0.47 
| q > o 
1.0 b 
Figure for 13-20 
13. b=5lin, a=?, c=? 
14. b= 32cm, a=?, c=? 
15. a= 234m, b=?, c=? 
16. a = 63.19cm, b=?, c=? 
17. b = 2.489 X 10°yd, a=?, c=? 
18. b = 1.037 X 10°m, a=?, c=? 
19. c = 839 X 10°mm, a=?, b=? 
20. c = 2.86 X 10 %cem, a=?, b=? 


In Problems 21 and 22, find the unknown quantities. (If you 
have a protractor, make a scale drawing and complete the 
problem using your own measurements and calculations. If 
you do not have a protractor, use the quantities given in the 
problem.) 


21. Suppose in the figure that ZA = 70°, ZC = 90°, and 
a = 101 ft. If a scale drawing is made of the triangle by 
choosing a’ to be 2.00 in. and c’ is then measured to be 
2.13 in., estimate c in the original triangle. 


9 ft 


78 ft 


22. 
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Figure for 21 and 22 


Repeat Problem 21, choosing a’ = 5.00 in. and c’, a 
measured quantity, to be 5.28 in. 


23. 


24. 


25. 


5S Applications 


Tennis A ball is served from the center of the baseline 
into the deuce court. If the ball is hit 9 ft above the 
ground and travels in a straight line down the middle of 
the court, and the net is 3 ft high, how far from the base 
of the net will the ball land if it just clears the top of the 
net? (See the figure.) Assume all figures are exact and 
compute the answer to one decimal place. 


Tennis If the ball in Problem 23 is hit 8.5 ft above the 
ground, how far away from the base of the net will the 
ball land? Assume all figures are exact and compute the 
answer to two decimal places. (Now you can see why 
tennis players try to spin the ball on a serve so that it 
curves downward.) 


Indirect Measurement Find the height of the tree in 
the figure on the next page, given that AC = 24 ft, 
CD = 2.1 ft, and DE = 5:5 ft. 


— 2] — 18 - 
27 ft 


ati 


Figure for 23 and 24 
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Figure for 25 and 26 


26. 


27. 


28. 


29. 


30. 


Indirect Measurement Find the height of the tree in 
the figure, given that AC = 25 ft, CD = 2 ft 3 in., and 
DE = 5ft9 in. 


Indirect Measurement A flagpole that is 20 ft high 
casts a 32 ft shadow. At the same time, a second flagpole 
casts a 44 ft shadow. How tall is the second flagpole? 


Indirect Measurement Jack is 6 ft tall and casts an 
8 ft shadow. At the same time, Jill casts a 7 ft shadow. 
How tall is Jill? 


Indirect Measurement A surveyor’s assistant posi- 
tions an 8.0 ft vertical pole so that the top of the pole and 
the top of a distant tree are aligned in the surveyor’s line 
of sight. The surveyor’s eye level is 5.7 ft above the 
ground, the distance between the surveyor and the pole is 
16 ft, and the distance between the surveyor and the tree 
is 200 ft. How tall is the tree? 


Indirect Measurement A streetlight is at the top of a 
12 ft pole. A 5.0 ft tall person is standing 25 ft from the 
bottom of the pole. How long is the person’s shadow? 


Problems 31 and 32 are optional for those who have protrac- 
tors and can make scale drawings. 


31. 


Astronomy The following figure illustrates a method 
that is used to determine depths of moon craters from 
observatories on earth. If sun rays strike the surface of 
the moon so that ZBAC = 15° and AC is measured to be 
4.0 km, how high is the rim of the crater above its floor? 


Depth of moon crater 


Figure for 31 


32. Astronomy The figure illustrates how the height of a 
mountain on the moon can be determined from earth. If 
sun rays strike the surface of the moon so that 
ZBAC = 28° and AC is measured to be 4.0 X 10°m, 
how high is the mountain? 


Height of moon mountain 


Figure for 32 


33. Fundamental Lens Equation Parallel light rays (light 
rays from infinity) approach a thin convex lens and are 
focused at a point on the other side of the lens. The dis- 
tance f from the lens to the focal point F is called the 
focal length of the lens [see part (a) of the figure on the 
next page]. A standard lens on many 35 mm cameras has 
a focal length of 50 mm (about 2 in.), a 28 mm lens is a 
wide-angle lens, and a 200 mm lens is telephoto. How 
does a lens focus an image of an object on the film in a 
camera? Part (b) of the figure shows the geometry 
involved for a thin convex lens. Point P at the top of the 
object is selected for illustration (any point on the object 
would do). Light rays from point P travel in all direc- 
tions. Those that go through the lens are focused at P’. 
Since light rays PA and CP’ are parallel, AP’ and CP 
pass through focal points F’ and F, respectively, which 
are equidistant from the lens; that is, FB = BF’ = f. 
Also note that AB = h, the height of the object, and 
BC = h', the height of the image. 


(A) Explain why triangles PAC and FBC are similar and 
why triangles ACP’ and ABF' are similar. 
(B) From the properties of similar triangles, show that 
ht+h' h' hAt+h' h 
= and = 
u f v f 
(C) Combining the results in part (B), derive the impor- 
tant lens equation 
1 i 1 
+ 
u v f 
where u is the distance between the object and the lens, 
vis the distance between the focused image on the film 
and the lens, and fis the focal length of the lens. 


(D) How far (to three decimal places) must a 50 mm 
lens be from the film if the lens is focused on an 
object 3 m away? 


Camera lens 


Parallel light rays \ 
= 
Focal length 
(a) 
Object ag 
P u ems AA Image 


on film 


(b) 


Figure for 33 and 34 


34. Fundamental Lens Equation (Refer to Problem 33.) 
For a 50 mm lens it is said that if the object is more than 
20 m from the lens, then the rays coming from the object are 
very close to being parallel, and v will be very close to f 


(A) Use the lens equation given in part (C) of Problem 
33 to complete the following table (to two decimal 
places) for a 50 mm lens. (Convert meters to mil- 
limeters before using the lens equation.) 
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u(m) | 10 20 30 = 40 50 = 60 


v(m) 


(B) Referring to part (A), how does v compare with f as 
u increases beyond 20? (Note that 0.1 mm is less 
than the diameter of a period on this page.) 
35. Construction A contractor wants to locate a square 
building on a triangular lot (see the figure). Find the 
width of the building. 


125 ft 180 ft 


36. Construction A carpenter is building a deck in the 
shape of a pentagon (see the figure). If the total area of 
the deck is 340 sq ft, find the width of the deck. 


37. Geometry Find x and y in the figure. 
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1.3. Trigonometric Ratios And Right Triangles 


Solution 


e Pythagorean Theorem 
© Trigonometric Ratios 
© Calculator Evaluation 
© Solving Right Triangles 


In the preceding section we used Euclid’s theorem to find relationships between 
the sides of similar triangles. In this section, we turn our attention to right trian- 
gles. Given information about the sides and acute angles in a triangle, we want to 
find the remaining sides and angles. This is called solving a triangle. In this sec- 
tion we show how this can be done without using scale drawings. The concepts 
introduced here will be generalized extensively as we progress through the book. 


B Pythagorean Theorem 


We start our discussion of right triangles with the familiar Pythagorean theorem. 


PYTHAGOREAN THEOREM 


In a right triangle, the side opposite the right angle is called the hypotenuse 
and the other two sides are called legs. If a, b, and c are the lengths of the 
legs and hypotenuse, respectively, then Crea, 


Hypotenuse 


@ 
b Leg 


Leg at+h=c* 


Area of a Triangle 


Find the area of the triangle in Figure | on page 23 (see Appendix C.2). 


We need both the base (23) and the altitude (h) to find the area of the triangle. 
First, we use the Pythagorean theorem to find h. 


232 + A? = 27° Evaluate squared terms 
529 + h? = 729 Subtract 529 from both sides 
h? = 729 — 529 Simplify 


= 200 Take the square root of both sides 
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27 ft 


23 ft 
FIGURE 1 


Matched Problem 1 


FIGURE 2 


h = V 200. Discard negative square root. (Why?) 
= 14 ft To two significant digits 
The area of the triangle is 
1 
A= 5 (base) (altitude) Substitute base = 23 and altitude = 14 
1 
= 5 (23)(14) Evaluate 
= 160 sq ft To two significant digits 


Find the area of the triangle in Figure 1 if the altitude is 17 feet and the base 
is unknown. a 


@ Trigonometric Ratios 


If 6 is an acute angle (0° < @ < 90°) ina right triangle, then one of the legs of the 
triangle is referred to as the side opposite angle 6 and the other leg is referred to as 
the side adjacent to angle 6 (see Fig. 2). As before, the hypotenuse is the side oppo- 
site the right angle. There are six possible ratios of the lengths of these three sides. 


Hypotenuse 
e 


b Opposite side 
becacba 


c becaab 


a 
Adjacent side 


These ratios are referred to as trigonometric ratios, and because of their 
importance, each is given a name: sine (sin), cosine (cos), tangent (tan), cosecant (csc), 
secant (sec), and cotangent (cot). And each is written in abbreviated form as follows: 
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EXPLORE/DISCUSS 1 


For a given acute angle @ in a right triangle, use Euclid’s theorem (from 
Section 1.2) to explain why the value of any of the six trigonometric ratios 
for that angle is independent of the size of the triangle. 


ail O 


The trigonometric ratios should be learned. They will be used extensively 
in the work that follows. We recommend that you remember the descriptive 
forms (Opp/Hyp, etc.), instead of the formulas (b/c, etc.). The descriptive forms 
are independent of the labels used for the sides or angles. It is important to note 
that the right angle in a right triangle can be oriented in any position and that 
the names of the angles and sides are arbitrary, but the hypotenuse is always 
opposite the right angle. To help make all of this clear, look at the ratios for 
this triangle: 


_ , . » _ Opp _ z _ Hyp 

sind = — = —— csc 6 = — = —— 

z Hyp y Opp 
Adj H 

ee Oe ee mena asd 

Z Hyp x Adj 

= O Adj 

=? nes = i ee 

x Adj y Opp 

Compare the ratios for angle @ with the ratios for angle 6 in the definition: 

sin 8 = cos@ sec 0 = csc tan @ = cotd 
cos 0 = sing csc 86 = sec cot @ = tand 


If 6 and ¢ are the acute angles in a right triangle, then they are complemen- 
tary angles and satisfy 8 + @ = 90°. (Why?)* Substituting 90° — 6 for ¢ gives 
us the complementary relationships in the following box. 


* Since the sum of the measures of all three angles in a triangle is 180°, and a right triangle has one 
90° angle, the two remaining acute angles must have measures that sum to 180° — 90° = 90°. 
Therefore, the two acute angles in a right triangle are always complementary. 


A Caution 
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COMPLEMENTARY RELATIONSHIPS FOR 0° < @ < 90° 


b 

sin @ = ras cos(90° — 6) 
b 

tan 0 = ie cot(90° — 6) 
c 

sec 0 = — = csc(90° — @) 
a 


Note that the sine of 6 is the same as the cosine of the complement of @ (which 
is 90° — @ in the triangle shown), the tangent of 6 is the cotangent of the comple- 
ment of 0, and the secant of 0 is the cosecant of the complement of 6. The trigono- 
metric ratios cosine, cotangent, and cosecant are sometimes referred to as the 
cofunctions of sine, tangent, and secant, respectively. 


B® Calculator Evaluation 


For the trigonometric ratios to be useful in solving right triangle problems, we must 
be able to find each for any acute angle. Scientific and graphing calculators can 
approximate (almost instantly) these ratios to eight or ten significant digits. 
Scientific and graphing calculators generally use different sequences of steps. 
Consult the user’s manual for your particular calculator. 


The use of a scientific calculator is assumed throughout the book, and a 
graphing calculator is required for many optional problems. A graphing 
calculator is a scientific calculator with additional capabilities, including 
graphing. 


Calculators have two trigonometric modes: degree and radian. Our interest 
now is in degree mode. Later we will discuss radian mode in detail. 


Refer to the user’s manual accompanying your calculator to determine how it is 
to be set in degree mode, and set it that way. This is an important step and should 
not be overlooked. Many errors can be traced to calculators being set in the 
wrong mode. 


If you look at the function keys on your calculator, you will find three keys 
labeled 


sin cos tan 


These keys are used to find sine, cosine, and tangent ratios, respectively. The cal- 
culator also can be used to compute cosecant, secant, and cotangent ratios using 
the reciprocal* relationships, which follow directly from the definition of the six 
trigonometric ratios. 


* Recall that two nonzero numbers a and b are reciprocals of each other if ab = 1; then we may write 
a = 1/bandb = 1/a. 
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Solution 


Sint aS 


eee 
4622673737 
are aoe 3 


» 4450RS 989 
lecost43,313 
1, 5328227141 


1etant12.562 
4. 568279399 


FIGURE 3 


Matched Problem 2 


RIGHT TRIANGLE RATIOS 


RECIPROCAL RELATIONSHIPS FOR 0° < @ < 90° q 


psig =n ¢=— 
csc 9 sin ies so csc aT 
CG Wi 1 

sec 9 cos 9 = —:— = 1 so sec 9 = 
@ cos 0 
b 1 

COL ehin@rs =a Se) cot? = 
D wi tan 0 


When using reciprocal relationships, many students tend to associate cosecant 
with cosine and secant with sine: Just the opposite is correct. 


Calculator Evaluation 


Evaluate to four significant digits using a calculator: 


(A) sin 23.72° 
(C) sec 49.31° 


(B) tan 54°37’ 
(D) cot 12.86° 


First, set the calculator in degree mode. 
(A) sin 23.72° = 0.4023 


(B) Some calculators require 54°37’ to be converted to decimal degrees first; 
others can do the calculation directly—check your user’s manual. 


tan 54°37’ = tan 54.6166... = 1.408 


Nt ea aah 


1 
(C) sec 49.31° = = 1.534 
cos 49.31° 
(D) cot 12.86° ees 4.380 |_| 
ne tan 12.86° 


Figure 3 shows the calculations in Example 2 on a TI-84 graphing calculator set 
in degree mode. 


Evaluate to four significant digits using a calculator: 


(A) cos 38.27° 
(C) cot 49.82° 


(B) sin 37°44’ 
(D) cse 77°53’ Oo 


A Caution 


W Check 
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EXPLORE/DISCUSS 2 


Experiment with your calculator to determine which of the following two 
window displays from a graphing calculator is the result of the calculator being 
set in degree mode and which is the result of the calculator being set in 
radian mode. 


Now we reverse the process illustrated in Example 2. Suppose we are given 
sin @ = 0.3174 


How do we find 6? That is, how do we find the acute angle 6 whose sine is 0.3174? 
The solution to this problem is written symbolically as either 


6 = arcsin 0.3174 “arcein” and “sin” both represent the same thing. 
or 
6 = sin | 0.3174 


Both of these expressions are read “@ is the angle whose sine is 0.3174.” 


It is important to note that sin! 0.3174 does not mean 1/(sin 0.3174); the 
—1 “exponent” is a superscript that is part of a function symbol. More will 
be said about this in Chapter 5, where a detailed discussion of these concepts 


is given. 


eal 


We can find @ directly using a calculator. The function key si "or its equiva- 
lent takes us from a trigonometric sine ratio back to the corresponding acute angle 
in decimal degrees when the calculator is in degree mode. Thus, if sin @ = 0.3174, 
then we can write @ = arcsin 0.3174 or @ = sin! 0.3174. We choose the latter 
and proceed as follows: 


6 = sin ! 0.3174 
= 18.506° To three decimal places 
or 18°30'21” To the nearest second 


sin 18.506° = 0.3174 Perform the check on a calculator. 
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EXAMPLE 3 


Solution 


cosh. Pea53 
42, 91935842 


FIGURE 4 


Matched Problem 3 


Finding Inverses 
Find each acute angle @ to the accuracy indicated: 


(A) cos 6 = 0.7335 (to three decimal places) 
(B) 6 = tan | 8.207 (to the nearest minute) 
(C) @ = arcsin 0.0367 (to the nearest 10’) 


First, set the calculator in degree mode. 


(A) If cos 6 = 0.7335, then (B) d= tan ! 8.207 
6 = cos! 0.7335 = 83.053 
= 42.819° To three decimal = 83°3’ To the nearest 
places minute 
(C) 6 = arcsin 0.0367 
= 2.103° 
= 2°10’ To the nearest 10’ | 


Figure 4 shows the inverse function calculations in Example 3 on a TI-84 
graphing calculator set in degree mode. 


Find each acute angle 6 to the accuracy indicated: 


(A) tan 8 = 1.739 (to two decimal places) 
(B) 6 = sin | 0.2571 (to the nearest 10”) 
(C) 6 = arccos 0.0367 (to the nearest minute) jet] 


We postpone discussion of cot !, sec™!, and csc! until Chapter 5. The 
preceding discussion will handle all our needs at this time. 


B Solving Right Triangles 


To solve a right triangle is to find, given the measures of two sides or the mea- 
sures of one side and an acute angle, the measures of the remaining sides and 
angles. Solving right triangles is best illustrated through examples. Note at the out- 
set that accuracy of the computations is governed by Table | (which is reproduced 
inside the front cover for easy reference). 


TABLE 1 
Significant digits 
Angle to nearest for side measure 
1° 2 
10’ or 0.1° 3 
1’ or 0.01° 4 
10” or 0.001° 5 


Remark 


EXAMPLE 4 


Solution 
124m b 
y Ol 
a 
FIGURE 5 
Matched Problem 4 


EXAMPLE 5 


Solution 
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When we use the equal sign (=) in the following computations, it should be 
understood that equality holds only to the number of significant digits justified by 
Table 1. The approximation symbol (~) is used only when we want to emphasize 
the approximation. 


Solving a Right Triangle 


Solve the right triangle in Figure 5. 


First set your calculator in degree mode. 


Solve for the complementary angle. 
90° — 6 = 90° — 35.7° = 54.3° Remember, 90” is exact. 


Solve for b. Since @ = 35.7° and c = 124 m, we look for a trigonometric ratio 
that involves 6 and c (the known quantities) and b (an unknown quantity). Referring 
to the definition of the trigonometric ratios (page 23), we see that both sine and 
cosecant involve all three quantities. We choose sine and proceed as follows: 


b 
sin 9 = — Solve for b. 
Cc 


b=csind Substitute b = 124 m and 0 = 35,7°. 
(124 m)(sin 35.7°) — Evaluate on a calculator. 


= 72.4m To three significant digits 


Solve for a. Now that we have b, we can use the tangent, cotangent, cosine, or 
secant to find a. We choose the cosine: 


a 


cos @ = — Solve for a. 
c 
a =ccosé Substitute c = 124 m and 0 = 35.7°. 
= (124 m)(cos 35.7°) — Evaluate on a calculator. 
= 101m To three significant digits E 
Solve the triangle in Example 4 with 6 = 28.3° and c = 62.4 cm a 


Solving a Right Triangle 


Solve the right triangle in Figure 6 for 6 and 
90° — @ to the nearest 10’ and for a to three 


significant digits. 51.3 km 
42.7 km 
Solve for 0. 
. b 42.7 km / Oo 
sin 0 = — = —— a 
c 51.3 km 


sin 8 = 0.832 FIGURE 6 
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Given the sine of 0, how do we find 6? We can find @ directly using a calculator 
as discussed in Example 3. 

The |sin-'| key or its equivalent takes us from a trigonometric ratio back 
to the corresponding angle in decimal degrees (if the calculator is in degree 
mode). 


sin ! 0.832 Use a calculator 
= 56.3° (0.3)(60) = 18' = 20' 
= 56°20’ To the nearest 10’ 


0 


Solve for the complementary angle. 


90° — 6 = 90° — 56°20’ 
= 33°40’ 


Solve for a. Use cosine, secant, cotangent, or tangent. We will use tangent: 


b 
tan@ = — Solve for a. 

a 

b 
a= Substitute a = 42.7 km and 0 = 56°20’" 

tan 0 

42.7 km r tics 
= — Use a calculator. 
tan 56°20" eats 


28.4 km To three significant digits 


W Check We check by using the Pythagorean theorem (see Fig. 7). 


28.47 + 42.77 4 51.37 Compute both sides to three significant digits. 


2,630 £ 2,630 


33° 40' 


42.7 km 


28.4 km 


FIGURE 7 | 


Matched Problem 5 Repeat Example 5 with b = 23.2km andc = 30.4 km. a 
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In this section we have concentrated on technique. In the next section we will 
consider a large variety of applications involving the techniques discussed here. 


Answers to —_1,_:180 sq ft 
Matched Problems (A) 0.7851  (B) 0.6120 = (C) 0.8445 (D) 1.023 
(A) 60.10° — (B) 14°53'50"— (C) 87°54 


war Ye Ny 


90° — 6 = 61.7°, b = 29.6 cm, a = 54.9 cm 
8 = 49°40’, 90° — 6 = 40°20’, a = 19.7km 


EXERCISE 1.3 


A In Problems 1-6, refer to the figure and identify each of the 


named trigonometric ratios with one of the following quotients: 
a/b, b/a, a/c, c/a, b/c, c/b. Try not to look back in the text. 


Cc 


b 
Pi es 
a 
Figure for 1-12 
1. cosé 2. sin 0 3. tan 0 
4. cot 0 5. sec 0 6. csc 0 


In Problems 7-12, refer to the figure and identify each of the quo- 
tients with a named trigonometric ratio from the following list: sin 
0, cos 0, sec 0, csc 8, tan 0, cot 0. Try not to look back in the text. 


7. ble 8. a/c 9. bla 
10. a/b 11. c/ 12. c/a 


In Problems 13-24, find each trigonometric ratio to three sig- 
nificant digits. 


13. sin 34.7° 14. cos 18.9° 15. tan 29°45’ 
16. cot 15°35’ 17. sec 42.2° 18. csc 22.5° 
19. cos 83.4° 20. sin 59.3° 21. cot 66.7° 
22. tan 72.6° 23. csc 81°20’ 24. sec 48°50’ 


In Problems 25-32, find each acute angle 0 to the accuracy 
indicated. 


25. cos@ = 0.5 (to the nearest degree) 


26. tan@ = 1 (to the nearest degree) 
27. sin @ = 0.8125 
28. tan @ = 2.25 
29. @ = arcsin 0.4517 (to the nearest 10’) 
30. @ = arccos 0.2557 (to the nearest 10’) 
31. @ = tan! (2.753) (to the nearest minute) 


(to two decimal places) 


(to two decimal places) 


32. @ = cos! (0.0125) (to the nearest minute) 


In Problems 33-36, if you are given the indicated measures in a 
right triangle, explain why you can or cannot solve the triangle. 


33. The measures of two adjacent sides a and b 
34. The measures of one side and one angle 
35. The measures of two acute angles 


36. The measure of the hypotenuse c 


In Problems 37-46, solve the right triangle (labeled as in the 
figure at the beginning of the exercises) given the information 
in each problem. 


37. 0 = 58°40’, c = 15.0mm 

38. 6 = 62°10’, c = 33.0cm 

39. 6 = 83.79, b= 3.21km 

40. 6 = 32.4°, a= 423m 

41. 0 = 71.5°, b = 12.8in. 

42. 0 = 44.5°, a = 2.30 X 10°m 

43. b = 63.8 ft, c = 134ft (angles to the nearest 10’) 
44. b = 22.0km, a= 46.2km (angles to the nearest 10’) 
45. b = 132 mi, a= 108mi (angles to the nearest 0.1°) 
46. a 


ll 


134m, c= 182m _ (angles to the nearest 0.1°) 


32 


47. 


48. 
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The graphing calculator screen that follows shows the 
solution of the accompanying triangle for sides a and b. 
Clearly, something is wrong. Explain what is wrong and 
find the correct measures for the two sides. 


235m 


In the figure that follows, side a was found two ways: one 
using q@ and sine, and the other using B and cosine. The 
graphing calculator screen shows the two calculations, 
but there is an error. Explain the error and correct it. 


In Problems 49-52, verify the truth of each statement for the 
indicated values. 


49. 


50. 


51. 


52. 


(sin 9)? + (cos 0)? = 1 

(A) 0= 11° (B) @=6.09°  (C) 8 = 43°24'47" 
(sin 0)? + (cos 0)? = 1 

(A) 6 = 34° (B) 6 = 37.281° — (C) 6 = 87°23'41" 
sin @ — cos(90° — 6) = 0 

(A) 6 = 19° (B) 6 = 49.06°  (C) 8 = 72°51'12" 


tan @ — cot(90° — @) = 0 


(A) 6=17°  (B) 6 = 27.143°. (C) 6 = 14°12'33" 


C In Problems 53-58, solve the right triangles (labeled as in the 
figure at the beginning of the exercises). 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


a = 23.82 mi, 0 = 83°12’ 

a= 6.482m, @ = 35°44’ 

b = 4239cm, a = 56.04cm 
(angles to the nearest 1’) 

a= 1234 ft, c = 163.8 ft 
(angles to the nearest 1’) 

b = 35.06cm, c = 50.37 cm 
(angles to the nearest 0.01°) 

b = 5.207 mm, a = 8.030 mm 


(angles to the nearest 0.01°) 
Show that (sin 9)? + (cos 0)? = 1, using the definition 
of the trigonometric ratios (page 23) and the Pythag- 
orean theorem. 
Without looking back in the text, show that for each 
acute angle 0: 
1 

(A) csc 0 = —— 

sin 0 
Without looking back in the text, show that for each 
acute angle 0: 


(B) cos(90° — 6) = sin@ 


1 
(A) cot @ = ——— (B) csc(90° — 0) = sec @ 
tan 0 


Without looking back in the text, show that for each 
acute angle 0: 


1 
(A) sec 0 = ——— 
c 


(B) cot(90° — @) = tan@ 
os 0 


Geometric Interpretation of Trigonometric Ratios Problems 
63-68 refer to the figure, where O is the center of a circle of 
radius 1, 0 is the acute angle AOD, D is the intersection point 
of the terminal side of angle 0 with the circle, and EC is tan- 
gent to the circle at D. 


csc 0 


O| cos@é A B 
le sec 0 


Figure for 63-68 


63. 


64. 


65. 


66. 


67. 


68. 


Show that: 
(A) sind = AD (B) tan@ = DC (C) csc @ = OE 


Show that: 
(A) cos@ = OA_ (B) cot@ = DE (C) sec? = OC 


Explain what happens to each of the following as the 
acute angle 6 approaches 90°: 
(A) sin 6 (B) tan 6 (C) csc 0 
Explain what happens to each of the following as the 
acute angle 6 approaches 90°: 


(A) cos 6 (B) cot 6 (C) sec 0 


Explain what happens to each of the following as the 
acute angle 6 approaches 0°: 
(A) cos 6 (B) cot 0 (C) sec 0 
Explain what happens to each of the following as the 
acute angle 0 approaches 0°: 


(A) sin 6 (B) tan 6 (C) csc 0 


In Problems 69-72, find the area of the polygon in the 
figure. 


69. 


Geometry 


7 ft 3 ft 


8 ft 
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70. Geometry 


{7 
7m |! 24m 
| 


71. Geometry 


Ma 


72. Geometry 


7cm 
) i... 
19cm 


14 Right Triangle Applications 


Now that you know how to solve right triangles, we can consider a variety of inter- 
esting and significant applications. 


EXPLORE/DISCUSS 1 


Discuss the minimum number of sides and/or angles that must be given in a right 
triangle in order for you to be able to solve for the remaining angles and sides. 
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BREET «stat apptication 


Solve the mine shaft problem in Example 2, Section 1.2, without using a scale 
drawing (see Fig. 1). 


O 
Solution tan 6 = ara Substitute 0 = 20°, Opp = x, and Adj = 310 ft. 
é 310 ft ; ? 
|| — 
P tan 20° = a ft Solve for x. 
x = (310 ft)(tan 20°) Use a calculator. 

B = 110 ft To two significant digits | 

FIGURE 1 
Matched Problem 1 _ Solve the problem in Example 1 if AC = 550 ft and ZA = 30°. Oo 


Before proceeding further, we introduce two new terms: angle of elevation 
and angle of depression. An angle measured from the horizontal upward is called 
an angle of elevation; one measured from the horizontal downward is called an 
angle of depression (see Fig. 2). 


FIGURE 2 


Angle of 
elevation 
Horizontal line 


Angle of 
depression 


Bo EXAMPLE? Length of Air-to-Air Fueling Hose 


To save time or because of the lack of landing facilities for large jets in some parts 
of the world, the military and some civilian companies use air-to-air refueling for 
some planes (see Fig. 3). If the angle of elevation of the refueling plane’s hose is 
6 = 32° and b in Figure 3 is 120 ft, how long is the hose? 


FIGURE 3 
Air-to-air fueling 
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: Cc 
Solution sec 9 = b Solve for c. 
| 
c = bsecé Use sec 6 = . 
b cos 0 
= Substitute b = 120 ft and @ = 32’. 
cos 9 
120 ft r selva 
= se a calculator. 
cos 32° 
= 140 ft To two significant digits | 


Matched Problem 2 The horizontal shadow of a vertical tree is 23.4 m long when the angle of eleva- 
tion of the sun is 56.3°. How tall is the tree? a 


EXAMPLE 3 Astronomy 


If we know that the distance from the earth to the sun is approximately 93,000,000 mi, 
and we find that the largest angle between the earth—sun line and the earth—Venus line 
is 46°, how far is Venus from the sun? (Assume that the earth and Venus have circu- 
lar orbits around the sun—see Fig. 4.) 


aN 
Earth 
93,000,000 mi 
{Note: Drawing not to scale.] 
FIGURE 4 


Solution The earth—Venus line at its largest angle to the earth-sun line must be tangent to 
Venus’s orbit. Thus, from plane geometry, the Venus—sun line must be at right 
angles to the earth-Venus line at this time. The sine ratio involves two known 
quantities and the unknown distance from Venus to the sun. To find x we proceed 


as follows: 
7 Solve fi 
sin = 93,000,000 olve for x. 
x = 93,000,000 sin 46° Use a calculator. 


= 67,000,000 mi To two significant digits |_| 
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Matched Problem 3 _ If the largest angle that the earth-Mercury line makes with the earth-sun line 
is 28°, how far is Mercury from the sun? (Assume circular orbits.) | 


EXAMPLE 4 Coastal Piloting 


A boat is cruising along the coast on a straight course. A rocky point is sighted at 
an angle of 31° from the course. After continuing 4.8 mi, another sighting is taken 
and the point is found to be 55° from the course (see Fig. 5). How close will the 


boat come to the point? 


FIGURE 5 


Solution Referring to Figure 5, y is the closest distance that the boat will be to the point. 
To find y we proceed as follows: From the small right triangle we note that 


x 
cot 55° = — Solve for x. 
y 
x = ycot 55° 
Now, from the large right triangle, we see that 
4.8 + x 
cot 31° = ———— Multiply both sides by y. 
y 


ycot3l° =48+ x 
Substituting equation (1) into (2), we obtain 
y cot 31° = 4.8 + ycot 55° 


ycot 31° — ycot 55° = 4.8 


y(cot 31° — cot 55°) = 4.8 
4.8 


ae cot 31° — cot 55° 
y = 5.0 mi 


(1) 


(2) 


Subtract y cot 55° 
from both sides. 


Factor. 


Solve for y. 
Use a calculator. 


To two significant digite* li 


* We will continue to use the guidelines in Appendix A.3 for determining the accuracy of a calcula- 


tion, but we will no longer explicitly state this accuracy. 


A 
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Matched Problem 4_ Repeat Example 4 after replacing 31° with 28°, 55° with 49°, and 4.8 mi 


with 5.5 mi. 
Answers to 1. 
Matched Problems 2. 
3. 
4. 


EXERCISE 1.4 


S Applications 


1. Construction A ladder 8.0 m long is placed against a 
building. The angle between the ladder and the ground is 
61°. How high will the top of the ladder reach up the 
building? 


| 
a 


Figure for 1 


2. Construction An 18 ft ladder is leaning against a house. 


It touches the bottom of a window that is 14 ft 6 in. above 
the ground. What is the measure of the angle that the 
ladder forms with the ground? 


. Surveying When the angle of elevation of the sun is 


58°, the shadow cast by a tree is 28 ft long. How tall is 
the tree? 


. Surveying Find the angle of elevation of the sun 


at the moment when a 21 m flag pole casts a 14 m 
shadow. 


10. 


11. 


12. 


13. 


320 ft (to two significant digits) 

35.1 m (to three significant digits) 
44,000,000 mi (to two significant digits) 
5.4 mi (to two significant digits) 


Flight An airplane flying at an altitude of 5,100 ft is 
12,000 ft from an airport. What is the angle of elevation 
of the plane? 


Flight The angle of elevation of a kite at the end of a 
400.0 ft string is 28.5°. How high is the kite? 


Surveying A flagpole stands in the middle of a flat, level 
parking lot. Twenty-nine ft away the angle of elevation to 
the top of the flagpole is 38°. How tall is the flagpole? 


Surveying The angle of elevation to the top of a dam 
at a point 38.4 m from the base of the dam is 64°30'. How 
high is the dam? 


Surveying You have walked 21 m away from a tree. At 
that point the angle of elevation to the top of the tree is 
75°. How tall is the tree? 

Flight A large airplane (plane A) flying at 31,000 ft 
sights a smaller plane (plane B) traveling at an altitude of 
28,000 ft. The angle of depression is 37°. What is the 
line-of-sight distance between the two planes? 
Surveying When the sun’s angle of elevation is 41°, a 
building casts a shadow of 38 m. How high is the building? 
Navigation From the top of a lighthouse 21 m high, a 
sailboat is sighted at an angle of depression of 6°. How 
far from the base of the lighthouse is the boat? 

Boat Safety Use the information in the figure to find 
the distance x from the boat to the base of the cliff. 


Figure for 13 
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14. Boat Safety In Problem 13, how far is the boat from 
the top of the cliff? 

15. Geography on the Moon Find the depth of the moon 
crater in Problem 31, Exercise 1.2, without using a scale 
drawing. 

16. Geography onthe Moon Find the height of the moun- 
tain on the moon in Problem 32, Exercise 1.2, without 
using a scale drawing. 

17. Flight Safety A glider is flying at an altitude of 8,240 m. 
The angle of depression from the glider to the control tower 
at an airport is 15°40’. What is the horizontal distance (in 
kilometers) from the glider to a point directly over the tower? 


18. Flight Safety The height of a cloud or fog cover over 
an airport can be measured as indicated in the figure. 
Find / in meters if b = 1.00 km and a = 23.4°- 


h DSc 
Vertical ce . i 
spotlight ===>; : 
b 


Figure for 18 


19. Space Flight The figure shows the reentry flight 
pattern of a space shuttle. If at the beginning of the final 
approach the shuttle is at an altitude of 3,300 ft and its 
ground distance is 8,200 ft from the beginning of the 


Horizon 


Landing strip 


Final approach 


Figure for 19 and 20 


landing strip, what glide angle (angle of depression) 
must be used for the shuttle to touch down at the begin- 
ning of the landing strip? 


20. Space Flight If at the beginning of the final approach 
the shuttle in Problem 19 is at an altitude of 3,600 ft and 
its ground distance is 9,300 ft from the beginning of the 
landing strip, what glide angle must be used for the shut- 
tle to touch down at the beginning of the landing strip? 


B 21. Architecture An architect who is designing a two- 


story house in a city with a 40°N latitude wishes to con- 
trol sun exposure on a south-facing wall. Consulting an 
architectural standards reference book, she finds that at 
this latitude the noon summer solstice sun has a sun 
angle of 75° and the noon winter solstice sun has a sun 
angle of 27° (see the figure). 


(A) How much roof overhang should she provide so that 
at noon on the day of the summer solstice the shadow 
of the overhang will reach the bottom of the south- 
facing wall? 


(B) How far down the wall will the shadow of the over- 
hang reach at noon on the day of the winter solstice? 


Summer solstice sun 


(noon) © 7) = 
as 
1 
! 
! . : 
! Winter solstice sun 


Overhang ! oo 


aoe ! Pig 
I r 1 ee 
r {fh ea 
ae... (ex 
| b________ eg 


—— 


oa 


Figure for 21 


22. Architecture Repeat Problem 21 for a house located at 
32°N latitude, where the summer solstice sun angle is 
82° and the winter solstice sun angle is 35°. 


23. Lightning Protection A grounded lightning rod on the 
mast of a sailboat produces a cone of safety as indicated 
in the following figure. If the top of the rod is 67.0 ft 
above the water, what is the diameter of the circle of 
safety on the water? 
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27. Earth Radius A person in an orbiting spacecraft (see 
the figure) / mi above the earth sights the horizon on the 
earth at an angle of depression of a. (Recall from geom- 
etry that a line tangent to a circle is perpendicular to the 
radius at the point of tangency.) We wish to find an 
expression for the radius of the earth in terms of 4 and a. 


(A) Express cos @ in terms of r and h. 
(B) Solve the answer to part (A) for r in terms of and a. 


(C) Find the radius of the earth if a@ = 22°47’ and 
= 335 mi. 


Figure for 23 and 24 


24. Lightning Protection In Problem 23 how high should 
the top of the lightning rod be above the water if the 
diameter of the circle on the water is to be 100 ft? 


25. Diagonal Parking To accommodate cars of most 
sizes, a parking space needs to contain an 18 ft by 8.0 ft 
rectangle as shown in the figure. If a diagonal parking 
space makes an angle of 72° with the horizontal, how 
long are the sides of the parallelogram that contain the 
rectangle? 


Figure for 27 


28. Orbiting Spacecraft Height A person in an orbiting 
spacecraft sights the horizon line on earth at an angle of 
depression a. (Refer to the figure in Problem 27.) 


(A) Express cos @ in terms of r and h. 
(B) Solve the answer to part (A) for / in terms of r and a. 


(C) Find the height of the spacecraft h if the sighted 
angle of depression a = 24°14’ and the known 
radius of the earth, r = 3,960 mi, is used. 


29. Navigation Find the radius of the circle that passes 
through points P A, and B in part (a) of the figure on the 
next page. [Hint: The central angle in a circle subtended 
by an arc is twice any inscribed angle subtended by the 
same arc—see figure (b).] If A and B are known objects on 
a maritime navigation chart, then a person on a boat at 

Figure for 25 point P can locate the position of P on a circle on the chart 

by sighting the angle APB and completing the calculations 
as suggested. By repeating the procedure with another pair 

26. Diagonal Parking Repeat Problem 25 using 68° of known points, the position of the boat on the chart will 
instead of 72°. be at an intersection point of the two circles. 
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6.0 mi 


(a) 


r 


(b) 


Figure for 29 


30. Navigation Repeat Problem 29 using 33° instead of 
21° and 7.5 km instead of 6.0 mi. 


31. Geography Assume the earth is a sphere (it is nearly 
so) and that the circumference of the earth at the equator 
is 24,900 mi. A parallel of latitude is a circle around the 
earth at a given latitude that is parallel to the equator 
(see the figure). Approximate the length of a parallel of 
latitude passing through San Francisco, which is at a lat- 
itude of 38°N. See the figure, where 6 is the latitude, R is 
the radius of the earth, and r is the radius of the parallel 
of latitude. In general, show that if E is the length of the 
equator and L is the length of a parallel of latitude at a 
latitude 6, then L = E cos 0. 


Figure for 31 


32. Geography Using the information in Problem 31 and 
the fact that the circumference of the earth at the equator 
is 40,100 km, determine the length of the Arctic Circle 
(66°33'N) in kilometers. 


33. Precalculus: Lifeguard Problem A lifeguard sitting 
in a tower spots a distressed swimmer, as indicated in the 
figure. To get to the swimmer, the lifeguard must run 
some distance along the beach at rate p, enter the water, 
and swim at rate g to the distressed swimmer. 


Distressed 
swimmer 


o 
Lifeguard P 
tower 


Figure for 33 and 34 


(A) To minimize the total time to the swimmer, should 
the lifeguard enter the water directly or run some 
distance along the shore and then enter the water? 
Explain your reasoning. 


(B) Express the total time T it takes the lifeguard to 
reach the swimmer in terms of 0, d, c, p, and q. 


(C) Find T (in seconds to two decimal places) if 
6 = 51°, d = 380 m,c = 76m, p = 5.1 m/sec, 
and gq = 1.7 m/sec. 

(D) The following table from a graphing calculator dis- 
play shows the various times it takes to reach the 
swimmer for 6 from 55° to 85° (X represents 0 and 
Y, represents 7). Explain the behavior of T relative 
to 0. For what value of 0 in the table is the total time 
T minimum? 


(E) How far (to the nearest meter) should the lifeguard 
run along the shore before swimming to achieve the 
minimal total time estimated in part (D)? 


34. 


35. 


Precalculus: Lifeguard Problem Refer to Problem 33. 


(A) Express the total distance D covered by the life- 
guard from the tower to the distressed swimmer in 
terms of d, c, and @. 


(B) Find D (to the nearest meter) for the values of d, c, 
and 6 in Problem 33C. 


(C) Using the values for distances and rates in Problem 
33C, what is the time (to two decimal places) it 
takes the lifeguard to get to the swimmer for the 
shortest distance from the lifeguard tower to the 
swimmer? Does going the shortest distance take the 
least time for the lifeguard to get to the swimmer? 
Explain. (See the graphing calculator table in 
Problem 33D.) 


Precalculus: Pipeline An island is 4 mi offshore in a 
large bay. A water pipeline is to be run from a water tank 
on the shore to the island, as indicated in the figure. 


Island 


Figure for 35 and 36 


The pipeline costs $40,000 per mile in the ocean and 
$20,000 per mile on the land. 


(A) Do you think that the total cost is independent of the 
angle 6 chosen, or does it depend on 6? Explain. 


(B) Express the total cost C of the pipeline in terms of 6. 
(C) Find C for 8 = 15° (to the nearest hundred dollars). 


(D) The following table from a graphing calculator 
display shows the various costs for 6 from 15° to 
45° (X represents 6 and Y, represents C). Explain 
the behavior of C relative to 0. For what value of 
0 in the table is the total cost C minimum? What 
is the minimum cost (to the nearest hundred 
dollars)? 


36. 


37. 
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(E) How many miles of pipe (to two decimal places) 
should be laid on land and how many miles placed 
in the water for the total cost to be minimum? 

Precalculus: Pipeline Refer to Problem 35. 


(A) Express the total length of the pipeline L in terms 
of 6. 


(B) Find L (to two decimal places) for 8 = 35°. 


(C) What is the cost (to the nearest hundred dollars) of 
the shortest pipeline from the island to the water 
tank? Is the shortest pipeline from the island to the 
water tank the least costly? Explain. (See the graph- 
ing calculator table in Problem 35D.) 

Surveying Use the information in the figure to find the 

height y of the mountain. 


y y 

tan 42° = — tan 25° = ———_ 

x LOE Xx 
| 
Ze 4 
aaa | 
me A | 
ee yr | 
a= | 

ee ko Dy 

a Yo | 
2S a | 
425° la! ia F 


I 


Figure for 37 


38. 


39. 


Surveying Standing on one bank of a river, a sur- 
veyor measures the angle to the top of a tree on the 
opposite bank to be 23°. He backs up 45 ft and remea- 
sures the angle to the top of the tree at 18°. How wide 
is the river? 

Surveying A surveyor wants to determine the height of 
a tall tree. He stands at some distance from the tree and 
determines that the angle of elevation to the top of the 
tree is 45°. He moves 36 ft closer to the tree, and now the 
angle of elevation is 55°. How tall is the tree? 


42 


40. 


41. 


42. 


43. 


44, 
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Surveying Using the figure, show that: 
d 


cot a — cot B 


k—a— 


Figure for 40 


Surveying From the sunroof of Janet’s apartment 
building, the angle of depression to the base of an office 
building is 51.4° and the angle of elevation to the top of 
the office building is 43.2° (see the figure). If the office 
building is 847 ft high, how far apart are the two build- 
ings and how high is the apartment building? 


Figure for 41 


Surveying Ata position across the street 65 ft from a 
building, the angle to the top of the building is 42°. An 
antenna sits on the front edge of the roof of the building. 
The angle to the top of the antenna is 55°. How tall is the 
building? How tall is the antenna itself, not including the 
height of the building? 


Surveying From the top of a lighthouse 175 ft high, 
the angles of depression of the top and bottom of a flag- 
pole are 40°20’ and 44°40’, respectively. If the base of 
the lighthouse and the base of the flagpole lie on the 
same horizontal plane, how tall is the pole? 

Surveying Using the figure, show that 

_- os, 

cota + cot B 


45. 


46. 


47. 


48. 


49. 


50. 


a. 
. d / 


Figure for 44 


Precalculus: Physics In physics one can show that the 
velocity (v) of a ball rolling down an inclined plane 
(neglecting air resistance and friction) is given by 

v = g(sin6)t 
where g is the gravitational constant and f is time (see the 


figure). 
<a 


Galileo’s experiment 
Figure for 45 


Galileo (1564-1642) used this equation in the form 

v 
(sin 0)t 
so he could determine g after measuring v experimental- 
ly. (There were no timing devices available then that 
were accurate enough to measure the velocity of a free- 
falling body. He had to use an inclined plane to slow the 
motion down, and then he was able to calculate an 
approximation for g.) Find g if at the end of 2.00 sec a 
ball is traveling at 11.1 ft/sec down a plane inclined 
at 10.0°. 
Precalculus: Physics In Problem 45 find g if at the end 
of 1.50 sec a ball is traveling at 12.4 ft/sec down a plane 
inclined at 15.0°. 
Geometry What is the altitude of an equilateral trian- 
gle with side 4.0 m? [An equilateral triangle has all sides 
(and all angles) equal.] 


g= 


Geometry The altitude of an equilateral triangle is 
5.0 cm. What is the length of a side? 

Geometry Two sides of an isosceles triangle have 
length 12 yd and the included angle, opposite the base of 
the triangle, is 48°. Find the length of the base. 
Geometry The perpendicular distance from the center 
of an eight-sided regular polygon (octagon) to each of 
the sides is 14 yd. Find the perimeter of the octagon. 


51. Geometry Find the length of one side of a nine-sided 
regular polygon inscribed in a circle with radius 8.32 cm 
(see the figure). 


— 


Vi 
\ 


pon wee Figure for 51 


XY 


52. Geometry What is the radius of a circle inscribed in 
the polygon in Problem 51? (The circle will be tangent to 
each side of the polygon, and the radius will be perpen- 
dicular to the tangent line at the point of tangency.) 

53. Geometry In part (a) of the figure, M and N are mid- 
points to the sides of a square. Find the exact value of 
sin 6. [Hint: The solution utilizes the Pythagorean 
theorem, similar triangles, and the definition of sine. Some 
useful auxiliary lines are drawn in part (b) of the figure.] 


N 
M 
0 
s 
(a) (b) 
Figure for 53 


54. Geometry Find r in the figure. The circle is tangent to 
all three sides of the isosceles triangle. (An isosceles tri- 
angle has two sides equal.) [Hint: The radius of a circle 
and a tangent line are perpendicular at the point of tan- 
gency. Also, the altitude of the isosceles triangle will 
pass through the center of the circle and will divide the 
original triangle into two congruent triangles. ] 
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Figure for 54 


55. Geometry A square is located inside an equilateral tri- 
angle as shown in the figure. Find the length of a side of 
the square. 


. 15 ft >| 


Figure for 55 


56. Geometry The length of each side of a six-sided regu- 
lar polygon (hexagon) is 20.0 cm. Find the distances x 
and y in the figure. 


20.0 cm—| 


Figure for 56 


] 
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CHAPTER 1 GROUP ACTIVITY 


A Logistics Problem 


A log of length L floats down a canal that has a right angle turn, as indi- 
cated in Figure 1. 


(A) Can logs of any length be floated around the corner? Discuss your first 
thoughts on this problem without any mathematical analysis. 


(B) Express the length of the log L in terms of @ and the two widths of the canal 
(neglect the width of the log), assuming the log is touching the sides and 
corner of the canal as shown in Figure 1. (In calculus, this equation is used 
to find the longest log that will float around the corner. Here, we will try 
to approximate the maximum log length by using noncalculus tools.) 

(C) An expression for the length of the log in part (B) is 
L = 12 csc@ + 8sec 0 


What are the restrictions on 6? Describe what you think happens to the 
length L as @ increases from values close to 0° to values close to 90°. 


(D) Complete Table 1, giving values of L to one decimal place. 


TABLE 1 


0 ale sb de zee a0 Sa Gr 


E Bee 


(E) Using the values in Table 1, describe what happens to L as 6 increases from 
30° to 60°. Estimate the longest log (to one decimal place) that will go 
around the corner in the canal. 

(F) We can refine the results in parts (D) and (E) further by using more val- 
ues of @ close to the result found in part (E). Complete Table 2, giving val- 
ues of L to two decimal places. 


TABLE 2 


0 44° 46° 48° 50° 52° 54° 56° 


Ec 28.40 


(G) Using the values in Table 2, estimate the longest log (to two decimal places) 
that will go around the corner in the canal. 


(H) Discuss further refinements on this process. (A graphing calculator with 
table-producing capabilities would be helpful in carrying out such a 
process.) 
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CHAPTER 1 REVIEW 4 


1.1 An angle is formed by rotating a half-line, called a ray, around its end point. See 
ANGLES, DEGREES, Figure 1: One ray k, called the initial side of the angle, remains fixed; a second 
AND ARCS ray /, called the terminal side of the angle, starts in the initial side position and 
is rotated around the common end point P in a plane until it reaches its terminal 

] position. The common end point is called the vertex. An angle is positive if the 


terminal side is rotated counterclockwise and negative if the terminal side is rotat- 
ed clockwise. Different angles with the same initial and terminal sides are called 
coterminal. An angle of 1 degree is 560 of a complete revolution in a counter- 
clockwise direction. Names for special angles are noted in Figure 2. 


Initial side 
Q 
180° 
FIGURE 1 90° 0 ~ 


ca 


(a) Acute angle: (b) Right angle: (c) Obtuse angle: (d) Straight angle: 
0° < 6< 90° i rotation 90° < 0< 180° 5 rotation 
FIGURE 2 


Two positive angles are complementary if the sum of their measures is 90°; 
they are supplementary if the sum of their measures is 180°. 

Angles can be represented in terms of decimal degrees or in terms of min- 
utes & of a degree) and seconds @ of a minute). Calculators can be used to con- 
vert from decimal degrees (DD) to degrees-minutes-seconds (DMS), and vice 
versa. The arc length s of an arc subtended by a central angle @ in a circle of 
radius r (Fig. 3) satisfies 


FIGURE 3 
P u ~  c=2 d 
— =a ah 
y 360°C 
0 in decimal degrees; s and C in same units 
Cc 
1.2 The properties of similar triangles stated in Euclid’s theorem are central to the 


SIMILAR TRIANGLES development of trigonometry: If two triangles are similar, their corresponding sides 
are proportional (see Fig. 4). 


he, 


Cc 


FIGURE 4 


Similar triangles 
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1.3 If a, b, and c are the legs and hypotenuse, respectively, of a right triangle, then the 
TRIGONOMETRIC Pythagorean theorem states that a* + b? = c’. The six trigonometric ratios for 
RATIOS AND RIGHT the angle 0 in a right triangle (see Fig. 5) with opposite side b, adjacent side a, 
TRIANGLES and hypotenuse c are: 
: b Opp c Hyp 
sin 8 = — = — csc 9 = — = 
Hyp c Hyp b Opp 
c Adj H 
- os a ees Se 
a 4 c Hyp a Adj 
F b O Adj 
big fang= = age ea] 
a a Adj b Opp 
Right triangle The complementary relationships that follow illustrate why cosine, cotangent, and 
FIGURE 5 cosecant are called the cofunctions of sine, tangent, and secant, respectively 
(see Fig. 6). 
Complementary Relationships Reciprocal Relationships 
in @ : (90° — @) 0 : 
sin @ = — = cos = csc 0 = 
6 sin 8 
: 0= a 90° — 6 d= : 
FIGURE 6 tan @ = a cot( ) ol aan 
g=— (90° — @) i= 
sec 9 = — = csc = cot# = 
a tan 0 


Solving a right triangle involves finding the measures of the remaining sides and 
acute angles when given the measure of two sides or the measure of one side and 


one acute angle. Accuracy of these computations is governed by the following 
table: 


Significant digits 
Angle to nearest for side measure 


i. 2 

10’ or 0.1° 3 

1’ or 0.01° 4 

10” or 0.001° =) 
1.4 An angle measured upward from the horizontal is called an angle of eleva- 
RIGHT TRIANGLE tion, and one measured downward from the horizontal is called an angle of 


APPLICATIONS depression. 
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Chapter 1 Review Exercise 


CHAPTER 1 REVIEW EXERCISE q 


Work through all the problems in this chapter review and 
check answers in the back of the book. Answers to all review 
problems are there, and following each answer is a number in 
italics indicating the section in which that type of problem is 
discussed. Where weaknesses show up, review appropriate 
sections in the text. 


AL 
a, 


2°90'54" = ou 
An arc of A the circumference of a circle subtends a cen- 
tral angle of how many degrees? 


Given two similar triangles, as shown in the figure, find 
aif c = 20,000, a’ = 4, andc’ = 5. 


y y 
c co 


Figure for 3 


Change 36°20’ to decimal degrees (to two decimal 
places). 


5. Write a definition of an angle of degree measure 1. 


6. Which of the following triangles are similar? Explain 


why. 


120° 


(a) (b) 


rill 


(c) 


Figure for 6 


10. 


11. 


12. 


13. 


16. 


17. 


Is it possible in two triangles that are similar to have one 
with an obtuse angle and the other with no obtuse angle? 
Explain. 

Explain why a triangle cannot have more than one obtuse 
angle. 

If an office building casts a shadow of 40 ft at the same 


time a vertical yardstick (36 in.) casts a shadow of 2.0 
in., how tall is the building? 


For the triangle shown here, identify each ratio: 
(A) sin 0 
(D) csc 0 


(B) sec 0 
(E) cos 0 


(C) tan 6 
(F) cot é 


Figure for 10 


Solve the right triangle in Problem 10, given 


c = 20.2 cm and 6 = 35.2°. 


Find the degree measure of a central angle subtended by 
an arc of 8.00 cm in a circle with circumference 20.0 cm. 


If the minute hand of a clock is 2.00 in. long, how far 
does the tip of the hand travel in exactly 20 min? 


. One angle has a measure of 27°14’ and another angle has 


a measure of 27.25°. Which is larger? Explain how you 
obtained your answer. 


. Use a calculator to: 


(A) Convert 67°42'31” to decimal degree form. 
(B) Convert 129.317° to degree-minute-second form. 


Perform the following calculations on a calculator and 
write the results in DMS form: 

(A) 82°14'37" — 16°32'45”" 

(B) 3(13°47'18" + 95°28'51”) 


For the triangles in Problem 3, find b to two significant 
digits ifa = 4.1 x 10° mm, a’ = 1.5 X 10-4 mm, and 
b’ = 2.6 X 104 mm. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 
25. 


26. 


27. 


28. 
29. 


30. 
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For the triangle in Problem 10, identify by name each of 
the following ratios relative to angle 6: 
(A) a/c (B) b/a 
(D) c/a (E) c/b 


(C) b/c 
(F) a/b 


For a given value 6, explain why sin @ is independent 
of the size of a right triangle having @ as an acute 
angle. 

Solve the right triangle in Problem 10, given 6 = 62°20’ 
and a = 4.00 x 10° m. 

Find each 6 to the accuracy indicated. 

(A) tan @ = 2.497 (to two decimal places) 

(B) 6 = arccos 0.3721 (to the nearest 10’) 

(C) 6 = sin | 0.0559 (to the nearest second) 

Which of the following window displays from a graph- 
ing calculator is the result of the calculator being set in 
degree mode and which is the result of the calculator 
being set in radian mode? 


(b) 


Solve the right triangle in Problem 10, given b = 13.3 mm 
and a = 15.7 mm. (Find angles to the nearest 0.1°.) 


Find the angles in Problem 23 to the nearest 10’. 


If an equilateral triangle has a side of 10 ft, what is its 
altitude (to two significant digits)? 


A curve of a railroad track follows an arc of a circle of 
radius 1,500 ft. If the arc subtends a central angle of 36°, 
how far will a train travel on this arc? 


Find the area of a sector with central angle 36.5° in a 
circle with radius 18.3 ft. Compute your answer to the 
nearest unit. 

Solve the triangle in Problem 10, given 90° — @ = 23°43’ 
and c = 232.6 km. 

Solve the triangle in Problem 10, given a = 2,421 m and 
c = 4,883 m. (Find angles to the nearest 0.01°.) 

Use a calculator to find csc 67.1357° to four decimal 
places. 


Ss Applications 


31. 


32. 


33. 


34. 


35. 


36. 


Precalculus: Shadow Problem A person is standing 
20 ft away from a lamppost. If the lamp is 18 ft above the 
ground and the person is 5 ft 6 in. tall, how long is the 
person’s shadow? 


Surveying Two ladders leaning against a wall make 
the same angle with the ground. The 12 ft ladder reach- 
es 9 ft up the wall. How much farther up the wall does 
the 20 ft ladder reach? 


Surveying Ifa person casts an 11 ft shadow when the 
elevation of the sun is 27°, how tall is the person? 


Surveying At two points 95 ft apart on a horizontal 
line perpendicular to the front of a building, the angles of 
elevation of the top of the building are 25° and 16°. How 
tall is the building? 


Construction The front porch of a house is 4.25 ft 
high. The angle of elevation of a ramp from the ground 
to the porch is 10.0° (see the figure). How long is 
the ramp? How far is the end of the ramp from the 
porch? 


Figure for 35 


Medicine: Stress Test Cardiologists give stress tests 
by having patients walk on a treadmill at various speeds 
and inclinations. The amount of inclination may be given 
as an angle or as a percentage (see the figure). Find the 
angle of inclination if the treadmill is set at a 4% incline. 
Find the percentage of inclination if the angle of inclina- 
tion is 4°. 


| 
| 
ia Angle of inclination: 6 
| 


Percentage of inclination: - 
b 


Figure for 36 


37. Geography/Navigation Find the distance (to the near- 
est mile) between Green Bay, WI, with latitude 44°31'N, 
and Mobile, AL, with latitude 30°42'N. (Both cities have 
approximately the same longitude.) Use r = 3,960 mi 
for the earth’s radius. 


38. Precalculus: Balloon Flight The angle of elevation 
from the ground to a hot air balloon at an altitude of 
2,800 ft is 64°. What will be the new angle of elevation 
if the balloon descends straight down 1,400 ft? 


39. Surveying Use the information in the figure to find the 
length x of the island. 


Figure for 39 


40. Precalculus: Balloon Flight Two tracking stations 
525 m apart measure angles of elevation of a weather 
balloon to be 73.5° and 54.2°, as indicated in the 
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figure. How high is the balloon at the time of the 
measurements? 


525 m—l 


Figure for 40 


41. Navigation: Chasing the Sun Your flight is westward 
from Buffalo, NY, and you notice the sun just above the 
horizon. How fast would the plane have to fly to keep the 
sun in the same position? (The latitude of Buffalo is 
42°50'N, the radius of the earth is 3,960 mi, and the earth 
makes a complete rotation about its axis in 24 hr.) 


Figure for 41 


42. Solar Energy A truncated conical solar collector is 
aimed directly at the sun as shown in part (a) of the fig- 
ure on the next page. An analysis of the amount of solar 
energy absorbed by the collecting disk requires certain 
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equations relating the quantities shown in part (b) of the 
figure. Find an equation that expresses 

(A) Bin terms of a 

(B) rin terms of a and h 

(C) H — hinterms of r, R, and a 

(Based on the article “The Solar Concentrating 
Properties of a Conical Reflector,’ by Don Leake in The 
UMAP Journal, Vol. 8, No. 4, 1987.) 


Parallel solar rays 


HITT 


Truncated 
reflecting 
cone 


Collecting disk 


(a) (b) 
Figure for 42 


43. Precalculus: Optimization A 5 ft fence is 4 ft away 
from a building. A ladder is to go from the ground, 
across the top of the fence to the building. (See the fig- 
ure.) We want to find the length of the shortest ladder that 
can accomplish this. 


— 


~~ 


. nt 


Figure for 43 


(A) How is the required length of the ladder affected as 
the foot of the ladder moves away from the fence? 


44. 


45. 


How is the length affected as the foot moves closer 
to the fence? 

(B) Express the length of the ladder in terms of the dis- 
tance from the fence to the building, the height of 
the fence, and 0, the angle of elevation that the 
ladder makes with the level ground. 

(C) Complete the table, giving values of L to two 
decimal places: 


0 25° 35° 45° 55° 65° 75° 85° 


i 16.25 


(D) Explain what happens to L as 6 moves from 25° to 
85°. What value of 6 produces the minimum value 
of L in the table? What is the minimum value? 

(E) Describe how you can continue the process to get a 
better estimate of the minimum ladder length. 


Surveying A triangular plot is marked by posts at A, 
B, and C (see the figure). Using AB as a baseline, a sur- 
veyor measures angle CAB. Then she measures the dis- 
tance from A to B and angle ABC. Find, to the nearest 
foot, the distance from A to C and the distance from 
Btoc. 


Figure for 44 


Surveying Find the area of the plot of land in the fig- 
ure to the nearest square foot. 


100 ft 
a 


120 ft 


300 ft 
Figure for 45 
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TRIGONOMETRIC FUNCTIONS 


2-1 


for indirect measurement. It was for this purpose only that trigonometry 

was used for nearly 2,000 years. Astronomy, surveying, mapmaking, 
navigation, construction, and military uses catalyzed the extensive development 
of trigonometry as a tool for indirect measurement. 

A turning point in trigonometry occurred after the development of the rectan- 
gular coordinate system (credited mainly to the French philosopher-mathematician 
René Descartes, 1596-1650). The trigonometric ratios, through the use of this sys- 
tem, were generalized into trigonometric functions. This generalization increased 
their usefulness far beyond the dreams of those originally responsible for this devel- 
opment. The Swiss mathematician Leonhard Euler (1707-1783), probably the great- 
est mathematician of his century, made substantial contributions in this area. (In 
fact, there were very few areas in mathematics in which Euler did not make sig- 
nificant contributions.) 

Through the demands of modern science, the periodic nature of these new 
functions soon became apparent, and they were quickly put to use in the study of 
various types of periodic phenomena. The trigonometric functions began to be used 
on problems that had nothing whatsoever to do with angles and triangles. 

In this chapter we generalize the concept of trigonometric ratios along the lines 
just suggested. Before we undertake this task, however, we will introduce anoth- 
er form of angle measure called the radian. 


- | ” he trigonometric ratios we studied in Chapter | provide a powerful tool 


Degrees and Radians 


e Degree and Radian Measure of Angles 
e Angles in Standard Position 
e Arc Length and Area of a Sector of a Circle 


B Degree and Radian Measure of Angles 


In Chapter | we defined an angle and its degree measure. Recall that a central angle 
in a circle has angle measure 1° if it subtends an arc aa of the circumference of 
the circle. Another approach to measuring angles, radian measure, has advantages 


J 
360 
circumference 


1° 1 rad 


FIGURE 1 
Degree and radian measure 


Remark 
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in mathematics and the sciences. A central angle subtended by an arc of length 
equal to the radius of the circle is defined to be an angle of radian measure 1 (see 
Fig. 1). When we write 6 = 2°, we are referring to an angle of degree measure 2. 
When we write 6 = 2 rad, we are referring to an angle of radian measure 2. 


EXPLORE/DISCUSS 1 


Discuss why the radian measure and degree measure of an angle are independent 
of the size of the circle having the angle as a central angle. 


It follows from the definition of radian measure that the radian measure of 
a central angle 6 subtended by an arc of length s is found by determining how 
many times the length of the radius 7 used as a unit length, is contained in the 
arc length s. 


s The radian measure of a central angle of a circle is given 
by 


5 6 
Gy 2 ~ eareuuans 
r 


where s is the length of the arc opposite 6 and r is the 
radius of the circle. 


[Note: s and r must be in the same units.] 


What is the radian measure of a central angle subtended by an arc of 32 cm 
in a circle of radius 8 cm? 


— 32cm 


= 4rad 
8cm 


The word radian or its abbreviation rad is sometimes omitted when we are deal- 
ing with the radian measure of angles. An angle of measure 4 is thus understood 
to mean 4 radians, not 4 degrees; if degrees are intended, we write 4°. 


54 


2 TRIGONOMETRIC FUNCTIONS 


EXAMPLE 1 


What is the radian measure of an angle of 180°? A central angle of 180° is 
subtended by an arc 5 of the circumference of the circle. If C is the circumference 
of a circle, then 5 of the circumference is given by 

C _ 2ar Ss 


== = d @=2=" = ard 
Ss 2 2 Tr an - a 7 Ya 


Therefore, 180° corresponds to 7 rad. This is important to remember, since the 
radian measures of many special angles can be obtained from this correspondence. 
For example, 90° is 180°/2; therefore, 90° corresponds to 7r/2 rad. Since 360° is 
twice 180°, 360° corresponds to 27 rad. Similarly, 60° corresponds to 7/3 rad, 
45° to 7/4 rad, and 30° to 77/6 rad. These special angles and their degree and radi- 
an measures will be referred to frequently throughout this book. Table 1 summa- 
rizes these special correspondences for ease of reference. 


TABLE 1 


Radians T/6 w/4 w/3 w/2 mw IW 


Degrees 30 45 60 90 180 360 


The following proportion can be used to convert the degree measure 6, of 
angle @ to its radian measure 0,. It applies to all angles, negative as well as posi- 
tive, including angles with measures greater than 360° or less than —360°. 


RADIAN-DEGREE CONVERSION FORMULAS 


180° 


d= 6,. Radians to degrees 
64 6, qT rad 
= or 
180° 7 rad 
pee HEL Degrees to radi 
= egrees to radians 
iP 180° d i) 


[Note: We will omit units in calculations until the final answer. ] 


Radian— Degree Conversion 


(A) Find the degree measure of —1.5 rad in exact form and in decimal form to 
four decimal places. 

(B) Find the radian measure of 44° in exact form and in decimal form to four 
decimal places. 

(C) Use a calculator with automatic conversion capability to perform the conver- 
sions in parts (A) and (B). 


Solution 


Matched Problem 1 
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180° 
(A) 6g = 
a rad 
180 
270° 
== Exact form 
T 
= —85.9437° To four decimal places 
(B) 6, = qr rad 9 
epg 
7 
= —— (44 
180 — 
wea! d Exact f 
45 ra xact form 
= 0.7679 rad To four decimal places 


(C) Check the user’s manual for your calculator to find out how to convert parts 
(A) and (B) with an automatic routine. The following window display is from 
a graphing calculator with an automatic conversion routine: 


(A) Find the degree measure of | rad in exact form and in decimal form to four 
decimal places. 


(B) Find the radian measure of —120° in exact form and in decimal form to four 
decimal places. 


(C) Use a calculator with automatic conversion capability to perform the conver- 
sions in parts (A) and (B). Fa 


B Angles in Standard Position 


To generalize the concept of trigonometric ratios, we first locate an angle in 
standard position in a rectangular coordinate system. To do this, we place the 
vertex at the origin and the initial side along the positive x axis. Recall that when 
the rotation is counterclockwise, the angle is positive and when the rotation is 
clockwise, the angle is negative. Figure 2 illustrates several angles in standard 
position. 
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ay Terminal 
side 


lla ° 
= — rad 
d= a rad or 45° a eon Gee 
> XxX x 
Vertex | Initial side 
(a) (b) (c) 


FIGURE 2 
Angles in standard position 


EXAMPLE 2 Sketching Angles in Standard Position 


Sketch the following angles in their standard positions: 


(A) —60° (B) 37/2 rad (C) —37 rad (D) 405° 


Solution (A) y (B) y 
uz rad 
> XxX > X 
—60° 
(C) y (D) y 
x > xX 
—3rrad 405° 


Matched Problem 2 Sketch the following angles in their standard positions: 
(A) 120° (B) —7/6 rad (C) 77/2 rad (D) —495° | 


Two angles are said to be coterminal if their terminal sides coincide when 
both angles are placed in their standard positions in the same rectangular coordi- 
nate system. Figure 3 shows two pairs of coterminal angles. 


Remarks 1. The degree measures of two coterminal angles differ by an integer* multiple 


of 360°. 


*An integer is a positive or negative whole number or 0; that is, the set of integers is 
{..., 4, -3, —2, -1, 0, 1, 2,3, 4, ...}. 


FIGURE 3 
Coterminal angles 


EXAMPLE 3 


Solution 


Matched Problem 3 
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2. The radian measures of two coterminal angles differ by an integer multiple 
of 277. 


(a) (b) 


Recognizing Coterminal Angles 


Which of the following pairs of angles are coterminal? 


(A) a = —135° (B) a = 120° 
B = 225° B = —420° 
(C) a = —7/3 rad (D) a = 7/3 rad 
B = 27/3 rad B = 71/3 rad 


(A) The angles are coterminal if a — B is an integer multiple of 360°. 
a — B = (—135°) — 225° = —360° = —1(360°) 
Therefore, a and B are coterminal 
(B) a — B = 120° — (—420°) = 540° 


The angles are not coterminal, since 540° is not an integer multiple of 360°. 


(C) The angles are coterminal if a — B is an integer multiple of 277. 


a-p-(-2) 27 i — 


3 3 3 
The angles are not coterminal, since —7 is not an integer multiple of 27. 
D) a p= = = Wag = (-1)(20) 
a 3 3 3 7 7 
Therefore, a and B are coterminal. |_| 


Which of the following pairs of angles are coterminal? 


(A) a = 90° (B) a = 750° 
B = —90° B = 30° 
(C) a = —7/6rad (D) a = 37/4 rad 
B = —257/6 rad B = 77/4 rad | 
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B Sector of 
a circle 


Ce Js 
Arc 


length 


A 


FIGURE 4 
Sector of a circle 


EXAMPLE 4 


Solution 


Matched Problem 4 


EXPLORE/DISCUSS 2 


(A) List all angles 6 that are coterminal with @ = 7/3rad, —5a S B S 5a. 
Explain how you arrived at your answer. 


(B) List all angles 6 that are coterminal with 9 = —45°, —900° = B = 900°. 
Explain how you arrived at your answer. 


B Arc Length and Area of a Sector of a Circle 


At first it may appear that radian measure of angles is more complicated and less 
useful than degree measure. However, just the opposite is true. Formulas for arc 
length and the area of a sector of a circle, which we obtain in this section, should 
begin to convince you of some of the advantages of radian measure over degree 
measure. Refer to Figure 4 in the following discussion. 

From the definition of radian measure of an angle, 


0= 5 rad 
r 


Solving for s, we obtain a formula for are length: 
s=rd 0 in radians (1) 


If 6 is in degree measure, we must multiply by 7/180 first (to convert to radians); 
then formula (1) becomes 


S= 6 0 in degrees (2) 


180 7 
We see that the formula for arc length is much simpler when 6 is in radian measure. 


Arc Length 
In a circle of radius 4.00 cm, find the arc length subtended by a central angle of: 
(A) 3.40 rad (B) 10.0° 
(A) s = 0 (B) s =~" r6 
180 
= 4.00(3.40) = 13.6 cm = 89 (4:00) (10.0) = 0.698cm 


In a circle of radius 6.00 ft, find the arc length subtended by a central angle of: 
(A) 1.70 rad (B) 40.0° O 
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EXPLORE/DISCUSS 3 


When you look at a full moon, the image appears on the retina of your eye as 
shown in Figure 5. 


[Note: Drawing not to scale] 


FIGURE 5 
Vision 


(A) Discuss how you would estimate the diameter d’ of the moon’s image 
on the retina, given the moon’s diameter d, the distance u from the moon 
to the eye lens, and the distance v from the image to the eye lens. [Recall 
from Section 1.1: For small central angles in circles with very large 
radii, the intercepted arc and its chord are approximately the same 
length.] 


(B) The moon’s image on the retina is smaller than a period on this page! To 
verify this, find the diameter of the moon’s image d’ on the retina to two 
decimal places, given: 


Moon’s diameter: d = 2,160 mi 
Moon’s distance from the eye: u = 239,000 mi 


Distance from eye lens to retina: vy = 17.4 mm 


A sector of a circle is the region swept out by segment CA as it rotates through 
the central angle 6 (see Fig. 4 on page 58); we require 6 to be positive but less 
than one complete revolution. The formula for the area A of a sector of a circle 
with radius r and central angle 0 in radian measure can be found by starting with 
the following proportion: 


A 0 


ar 21 


1 
A= >. r6 @ in radians (3) 
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EXAMPLE 5 


Solution 


Matched Problem 5 


Answers to 
Matched Problems 


If 6 is in degree measure, we must multiply by 7/180 first (to convert to radians); 
then formula (3) becomes 
7 


A= 360 ro 0 in degrees (4) 


The formula for the area of a sector of a circle is also simpler when @ is in radi- 
an measure. 


Area of a Sector of a Circle 


In a circle of radius 3 m, find the area (to three significant digits) of the sector 
with central angle: 


(A) 0.4732 rad (B) 25° 
(ij ASL Pp (B) A= ——?’o 
=—r = r 
2 360 
1 2 2 7 2 2 
= 4732) = 2.1 = 7 73\2(05) = 1; P| 
+ (3)°(0.4732) = 2.13 m see (3)2(25) = 1.96 m 


In a circle of radius 7 in., find the area (to four significant digits) of the sector with 
central angle: 


(A) 0.1332 rad (B) 110° a 


It is important to gain experience in the use of radian measure, since the 
concept will be used extensively in this book. By the time you finish the book you 
should feel as comfortable with radian measure as you now do with degree 
measure. 


1. (A) 180°/77; 57.2958° (C) 
(B) —27/3 rad; —2.0944 rad 


2. (A) (B) 


> X 


(C) y 
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(D) ay 


a rad —495° 


3. (A) Not coterminal 


4. (A) 10.2 ft 
5. (A) 3.263 in. 


EXERCISE 2.1 


1. Explain what it means for an angle to have radian 
measure |. 


2. Explain what it means for an angle to have degree 
measure |. 


3. Mentally convert the following to exact radian measure 
by starting with 30° and taking multiples (remember that 
180° corresponds to 7 radians): 


30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°, 270°, 
300°, 330°, 360° 


4. Mentally convert the following to exact radian measure 
by starting with 45° and taking multiples (remember that 
180° corresponds to 7 radians): 


45°, 90°, 135°, 180°, 225°, 270°, 315°, 360° 
5. Explain what it means for an angle to be in standard position. 


6. Explain what it means for two angles in standard posi- 
tion to be coterminal. 


B In Problems 7-12, sketch each angle in its standard position 


and find the degree measure of the two nearest angles (one pos- 
itive and one negative) that are coterminal with the given angle. 


7. 30° 8. 135° 9. 225° 
10. 60° 11. —75° 12. —140° 


In Problems 13-18, sketch each angle in its standard position 
and find the radian measure of the two nearest angles (one pos- 
itive and one negative) that are coterminal with the given angle. 


13. 7/8 rad 14. 7/3 rad 
15. —27/5 rad 16. —77/4 rad 
17. 27/3 rad 18. 67/5 rad 


(B) Coterminal (C) Coterminal (D) Not coterminal 
(B) 4.19 ft 
(B) 47.04 in.” 


19. Which is larger: an angle of degree measure 60 or an 
angle of radian measure 1? Explain. 


20. Which is smaller: an angle of radian measure 4 or an 
angle of degree measure 240°? Explain. 


In Problems 21-26, find the radian measure for each angle. 
Express the answer in exact form and also in approximate 
form to four significant digits. 


21. 3° 22. 5° 
23. 110° 24. 190° 
25. 36° 26. 108° 


In Problems 27-32, find the degree measure for each 
angle. Express the answer in exact form and also in 
approximate form (in decimal degrees) rounded to four 
significant digits. 


27. 2 rad 28. 3 rad 
29. 0.6 rad 30. 1.4 rad 
31. 27/7 rad 32. 27/9 rad 


In Problems 33-36, use a calculator with an automatic 
radian—degree conversion routine. 


33. Find the degree measure of: 


(A) 0.50 rad (B) 1.4 rad 

(C) 6.20 rad (D) —4.59 rad 
34. Find the degree measure of: 

(A) 0.750 rad (B) 1.5 rad 

(C) 3.80 rad (D) —7.21 rad 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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Find the radian measure of: 


(A) 25° (B) 164° 
(C) 648° (D) —221.7° 
Find the radian measure of: 

(A) 35° (B) 187° 
(C) 437° (D) —175.3° 


If the radius of a circle is 5.0 m, find the radian measure 
and the degree measure of an angle subtended by an arc 
of length: 


(A) 2m (B) 6m 
(C) 12.5m (D) 20 m 


If the radius of a circle is 40.0 cm, find the radian mea- 
sure and the degree measure of an angle subtended by an 
arc of length: 


(A) 15 cm (B) 65 cm 
(C) 123.5 cm (D) 210 cm 


In a circle of radius 7 m, find the length of the arc sub- 
tended by a central angle of: 


(A) 1.35 rad (B) 42.0° 

(C) 0.653 rad (D) 125° 

In a circle of radius 5 in., find the length of the arc sub- 
tended by a central angle of: 

(A) 0.228 rad (B) 37.0° 

(C) 1.537 rad (D) 175.0° 


If the radian measure of an angle is doubled, is the 
degree measure of the same angle also doubled? Explain. 


If the degree measure of an angle is cut in half, is the 
radian measure of the same angle also cut in half? 
Explain. 


An arc length s on a circle is held constant while the 
radius of the circle r is doubled. Explain what happens to 
the central angle subtended by the arc. 


The radius of a circle r is held constant while an arc 
length s on the circle is doubled. Explain what happens 
to the central angle subtended by the arc. 


In a circle of radius 12.0 cm, find the area of the sector 
with central angle: 


(A) 2.00 rad (B) 25.0° 
(C) 0.650 rad (D) 105° 


In a circle of radius 10.5 ft, find the area of the sector 
with central angle: 


(A) 0.150 rad 
(C) 1.74 rad 


(B) 15.0° 
(D) 105° 


C 47. Explain why an angle in standard position and of radian 


measure m intercepts an arc of length m on a unit circle 
with center at the origin. 


48. An angle in standard position intercepts an arc of length 
s on a unit circle with center at the origin. Explain why 
the radian measure of the angle is also s. 


In Problems 49-58, indicate the quadrant* in which the ter- 
minal side of each angle lies. 


49, 495° 50. 97/4 rad 
51. —177/6 rad 52. 696° 

53,. —937° 54. —11q/3 rad 
55. 2977/4 rad 56. —672° 

57. 10 rad 58. —20 rad 


In Problems 59-66, find each value to four decimal places. 
Convert radians to decimal degrees. 


59. 56.1225° = ? rad 60. 116.9853° = ? rad 


61. 0.4638 rad = ?° 62. 2.562 rad = ?° 
63. 87°39'42" = ?rad 64. 261°15'45” = ? rad 
65. 1977/7 rad = ?° 66. 437/11 rad = ?° 


In Problems 67-74, recall from geometry that an angle that is 
inscribed in a circle (see Z DEF in the figure) has measure 
0/2, where 0 is the measure of the central angle that subtends 
the same arc as the inscribed angle. 


67. An angle that is inscribed in a circle of radius 3 m sub- 
tends an arc of length 2 m. Find its radian measure. 


68. An angle that is inscribed in a circle of radius 4 m sub- 
tends an arc of length 5 m. Find its radian measure. 


69. An angle that is inscribed in a circle of radius 6 ft sub- 
tends an arc of length 13 ft. Find its degree measure to 
the nearest degree. 


70. An angle that is inscribed in a circle of radius 15 ft sub- 
tends an arc of length 34 ft. Find its degree measure to 
the nearest degree. 


* Recall that a rectangular coordinate system divides 
a plane into four parts called quadrants. These quad- Il I 
rants are numbered in a counterclockwise direction 
starting in the upper right-hand corner. mW | Iv 
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71. 


72. 


73. 


74. 


An angle of 3° is inscribed in a circle of radius 85 km. 
Find the length of the arc it subtends. 


An angle of 27° is inscribed in a circle of radius 52 km. 
Find the length of the arc it subtends. 


An angle of radian measure 7/8 is inscribed in a circle and 
subtends an arc of length 42 cm. Find the radius of the circle. 


An angle of radian measure 0.25 is inscribed in a circle 
and subtends an arc of length 26 cm. Find the radius of 
the circle. 


Ss Applications 


75. 


76. 
77. 


Radian Measure What is the radian measure of the 
smaller angle made by the hands of a clock at 2:30 (see 
the figure)? Express the answer in terms of 7 and as a 
decimal fraction to two decimal places. 


Figure for 75 and 76 


Radian Measure Repeat Problem 75 for 4:30. 


Pendulum A clock has a pendulum 22 cm long. If it 
swings through an angle of 32°, how far does the bottom 
of the bob travel in one swing? 


Figure for 77 and 78 


78. 


79. 


80. 


81. 


2.1 Degrees and Radians 


Pendulum If the bob on the bottom of the 22 cm pen- 
dulum in Problem 77 traces a 9.5 cm arc on each swing, 
through what angle (in degrees) does the pendulum 
rotate on each swing? 


Engineering Oil is pumped from some wells using a 
donkey pump as shown in the figure. Through how many 
degrees must an arm with a 72 in. radius rotate to pro- 
duce a 24 in. vertical stroke at the pump down in the 
ground? Note that a point at the end of the arm must trav- 
el through a 24 in. arc to produce a 24 in. vertical stroke 
at the pump. 


Donkey pump 


Figure for 79 and 80 


Engineering In Problem 79, find the arm length r that 
would produce an 18 in. vertical stroke while rotating 
through 21°. 


Bioengineering A particular woman, when stand- 
ing and facing forward, can swing an arm in a plane 
perpendicular to her shoulders through an angle of 
37/2 rad (see the figure). Find the length of the arc 
(to the nearest centimeter) her fingertips trace out for 
one complete swing of her arm. The length of her arm 
from the pivot point in her shoulder to the end of her 
longest finger is 54.3 cm while it is kept straight and 
her fingers are extended with palm facing in. 


Figure for 81 
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82. Bioengineering A particular man, when standing and 


83. 


facing forward, can swing a leg through an angle of 27/3 
rad (see the figure). Find the length of the arc (to the near- 
est centimeter) his heel traces out for one complete swing 
of the leg. The length of his leg from the pivot point in his 
hip to the bottom of his heel is 102 cm while his leg is kept 
straight and his foot is kept at right angles to his leg. 


S.J) 
Sos - 


Figure for 82 


Astronomy The sun is about 1.5 x 10° km from the 
earth. If the angle subtended by the diameter of the sun 
on the surface of the earth is 9.3 X 10°? rad, approxi- 
mately what is the diameter of the sun? [Hint: Use the 
intercepted arc to approximate the diameter. ] 


———— x > 


e- [93 10%rad oO 
Earth 7 
Sun 
Figure for 83 
84. Surveying Ifa natural gas tank 5.000 km away sub- 


85. 


86. 


87. 


tends an angle of 2.44°, approximate its height to the 
nearest meter (see Problem 83). 


Photography The angle of view for a 300 mm telepho- 
to lens is 8° (see the figure). At 1,250 ft, what is the 
approximate width of the field of view? Use an arc length 
to approximate the chord length to the nearest foot. 


Photography The angle of view for a 1,000 mm tele- 
photo lens is 2.5° (see the figure). At 865 ft, what is the 
approximate width of the field of view? Use an arc length 
to approximate the chord length to the nearest foot. 


Spy Satellites Some spy satellites have cameras that 
can distinguish objects that subtend angles of as little as 
5 X 10’ rad. If such a satellite passes over a particular 


88. 


89. 


prays 


1000 mm 


300 mm 


237 105 mm 


47° 50 mm 


15° 28 mm 


Fisheye 


Figure for 85 and 86 


country at an altitude of 250 mi, how small an object can 
the camera distinguish? Give the answer in meters to one 
decimal place and also in inches to one decimal place. 
(1 mi = 1,609 m; 1 m = 39.37 in.) 

Spy Satellites Repeat Problem 87 if the satellite pass- 
es over the country at an altitude of 155 mi. Give the 
answers to three decimal places. 


Satellite 


Figure for 87 and 88 


Astronomy Assume that the earth’s orbit is circular. 
A line from the earth to the sun sweeps out an angle of 
how many radians in 1 week? Express the answer in 
terms of 7 and as a decimal fraction to two decimal 
places. (Assume exactly 52 weeks in a year.) 


90. 
91. 


92. 


93. 


94. 


95. 


96. 


\ 
\ 
____—@ Earth 


1 week of travel 


Figure for 89 and 90 


Astronomy Repeat Problem 89 for 13 weeks. 


Astronomy In measuring time, an error of 1 sec per day 
may not seem like a lot. But suppose a clock is in error by 
at most | sec per day. Then in | year the accumulated error 
could be as much as 365 sec. If we assume the earth’s orbit 
about the sun is circular, with a radius of 9.3 X 107 mi, 
what would be the maximum error (in miles) in comput- 
ing the distance the earth travels in its orbit in 1 year? 


Astronomy Using the clock described in Problem 91, 
what would be the maximum error (in miles) in comput- 
ing the distance that Venus travels in a “Venus year’? 
Assume Venus’s orbit around the sun is circular, with a 
radius of 6.7 X 10’ mi, and that Venus completes one 
orbit (a “Venus year’’) in 224 earth days. 


Geometry A sector of a circle has an area of 52.39 ft” 
and a radius of 10.5 ft. Calculate the perimeter of the sec- 
tor to the nearest foot. 


Geometry A sector of a circle has an area of 145.7 cm” 
and a radius of 8.4 cm. Calculate the perimeter of the 
sector to the nearest centimeter. 


Revolutions and Radians 


(A) Describe how you would find the number of radians 
generated by the spoke in a bicycle wheel that turns 
through n revolutions. 


(B) Does your answer to part (A) depend on the size of 
the bicycle wheel? Explain. 


(C) Find the number of radians generated for a wheel turn- 
ing through 5 revolutions; through 3.6 revolutions. 


Revolutions and Radians 


(A) Describe how you would find the number of radians 
through which a 10 cm diameter pulley turns if u 
meters of rope are pulled through without slippage. 


(B) Does your answer to part (A) depend on the diame- 
ter of the pulley? Explain. 


(C) Through how many radians does the pulley in part 
(A) turn when 5.75 m of rope are pulled through 
without slippage? 


97. 


98. 


99. 


100. 


101. 


102. 
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Engineering Rotation of a drive wheel causes a shaft 
to rotate (see the figure). If the drive wheel completes 3 
revolutions, how many revolutions will the shaft com- 
plete? Through how many radians will the shaft turn? 
Compute answers to one decimal place. 


Shaft Drive wheel 


(rubber rim) 


Figure for 97 


Engineering In Problem 97, find the radius (to the 
nearest millimeter) of the drive wheel required for the 
12 mm shaft to make 7 revolutions when the drive wheel 
makes 3 revolutions. 


Radians and Arc Length A bicycle wheel of diameter 
32 in. travels a distance of 20 ft. Find the angle (to the 
nearest degree) swept out by one of the spokes. 


Radians and Arc Length A bicycle has a front wheel 
with a diameter of 24 cm and a back wheel with a diam- 
eter of 60 cm. Through what angle (in radians) does the 
front wheel turn if the back wheel turns through 12 rad? 


Figure for 100 


Cycling A bicycle has 28 in. diameter tires. The largest 
front gear (at the pedals) has 48 teeth and the smallest has 
20 teeth. The largest rear gear has 32 teeth and the small- 
est has 11 teeth. Determine the maximum distance trav- 
eled (to the nearest inch) in one revolution of the pedals. 


Cycling Refer to Problem 101. Determine the mini- 
mum distance traveled (to the nearest inch) in one revo- 
lution of the pedals. 
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*2.2 Linear and Angular Velocity 


Suppose that a point moves with uniform speed on the circumference of a circle of 
radius r. Its linear velocity is the distance traveled per unit of time (given, for exam- 
ple, in miles per hour or feet per second). Its angular velocity is the central angle swept 
out per unit of time (given, for example, in radians per second or degrees per minute). 

If the point moves a distance s on the circumference of a circle in time ¢ 
(Fig. 1), then 


V = Linear velocity of point on the circle 


= Arc length per unit of time 
Ss 


t 
Similarly, if the point sweeps out a central angle @ in time ¢ (Fig. 1), then 


w = Angular velocity of point on the circle 
= Angular measure per unit of time 
0 


e 
There is a simple connection between linear velocity and angular velocity that 
follows from the formula for arc length: Recall that s = r@ when @ is measured 
in radians (Section 2.1). 


s=r0 Divide both sides by t. 
Ss 
Tt 


0 6 0 
r— Substitute V = — and w = —. 
£ t t 


V=rw 


In words, the linear velocity is equal to the radius times the angular velocity. 
The preceding results are summarized in the box. 


Suppose that a point moves with uniform speed on the circumference of a 
circle of radius x If the point moves an arc length s and sweeps out a cen- 
tral angle of @ radians in time 1, then: 


s 
Linear velocity: V= 7 


Ms 
t 


ll 


Angular velocity: 0) 


Furthermore, V = rw. 


© Sections marked with a star may be omitted without loss of continuity. 
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EXPLORE/DISCUSS 1 


If the central angle 0 is measured in radians, then the arc length formula s = r0 
implies the formula V = rw. Recall that if 6 is measured in degrees, then the 
arc length formula is more complicated (see Section 2.1). What is the formu- 
la connecting linear and angular velocity in that case? 


EXAMPLE 1 Electrical Wind Generator 


An electrical wind generator (see Fig. 2) has propeller blades that are 5.00 m long. 
If the blades are rotating at 87 rad/sec, what is the linear velocity (to the nearest 
meter per second) of a point on the tip of one of the blades? 


Ne WES i T 


FIGURE 2 


Electrical wind generator 


Solution V=ra 


= 5.00(87) 


126 m/sec |_| 


Matched Problem 1 _ If a 3.0 ft diameter wheel turns at 12 rad/min, what is the velocity of a point on 
the wheel (in feet per minute)? | 
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EXAMPLE 2 


Solution 


Matched Problem 2 


EXAMPLE 3 


Solution 


Matched Problem 3 


Angular Velocity 


A point on the rim of a 6.0 in. diameter wheel is traveling at 75 ft/sec. What is 
the angular velocity of the wheel (in radians per second)? 


V 
V = roa, so o = — 

, 

75 

= —— = 300rad/sec [Note: 3.0 in. = 0.25ft] o 

0.25 
A point on the rim of a 4.00 in. diameter wheel is traveling at 88.0 ft/sec. What 
is the angular velocity of the wheel (in radians per second)? a 


Linear Velocity 


If a 6 cm diameter drive shaft is rotating at 4,000 rpm (revolutions per minute), 
what is the speed of a point on its surface (in centimeters per minute, to two sig- 
nificant digits)? 


Since | revolution is equivalent to 277 rad, we multiply 4,000 by 27 to obtain the 
angular velocity of the shaft in radians per minute: 


w = 8,0007 rad/min 
Now we use V = rw to complete the solution: 


V = 3(8,00077) = 75,000 cm/min | 


If an 8 cm diameter drive shaft in a boat is rotating at 350 rpm, what is the speed of 
a point on its surface (in centimeters per second, to three significant digits)? a 


EXPLORE/DISCUSS 2 


The earth follows an elliptical path around the sun while rotating on its axis. Relative 
to the sun, the earth completes one rotation every 24 hr, which is called the mean 
solar day. However, relative to certain fixed stars used in astronomy, the average 
time it takes the earth to rotate about its axis, called the mean sidereal day, is 23 
hr 56 min 4.091 sec of mean solar time. The earth’s radius at the equator is 3,963.205 
mi. Use a mean sidereal day in the following discussions. 


(A) Discuss how you would find the angular velocity w of the earth’s rotation 
in radians per hour; then find w to three decimal places. 


(B) Explain how you would find how fast a person standing on the equator is 
moving in miles per hour; then find this linear velocity. 


Solution 


Matched Problem 4 


Answers to 
Matched Problems 
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Hubble Space Telescope 


The 25,000 lb Hubble space telescope (see Fig. 3) was launched April 1990 and 
placed in a 380 mi circular orbit above the earth’s surface. It completes one orbit every 
97 min, going from a dawn-to-dusk cycle nearly 15 times a day. If the radius of the 
earth is 3,964 mi, what is the linear velocity of the space telescope in miles per 
hour (mph)? 


FIGURE 3 
Hubble space telescope 


The telescope completes | revolution (27 rad) in 


97 
“tee eh 
60 : 


The angular velocity generated by the space telescope relative to the center of the 
earth is 


0 2 
== 3.9 rad/hr 
t 1.6 
The linear velocity of the telescope is 
V=ro 


(3,964 + 380) (3.9) 
17,000 mph | 


A space shuttle was placed in a circular orbit 250 mi above the earth’s surface. One 
orbit is completed in 1.51 hr. If the radius of the earth is 3,964 mi, what is the lin- 
ear velocity of the shuttle in miles per hour (to three significant digits)? | 


1. 18 ft/min 2. 528 rad/sec 3. 147 cm/sec 
4. 17,500 mph 
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EXERCISE 2.2 


. Explain the meaning of linear velocity for a point moy- 


ing on the circumference of a circle. 


Explain the meaning of angular velocity for a point mov- 
ing on the circumference of a circle. 


A point moves on the circumference of a circle at 
100 radians per second. Is this a linear velocity or an 
angular velocity? Explain. 


A car travels around a circular race track at 185 miles per 
hour. Is this a linear velocity or an angular velocity? 
Explain. 


In Problems 5-8, use the indicated information to find the 
velocity V of a point on the rim of a wheel. 


5. 


6 
7. 
8 


. r= 125mm, 


r=12cm,  w = 0.7 rad/min 
w = 0.07 rad/sec 


r= 1.2 ft, w = 200 rad/hr 


. r = 0.567 km, w = 145 rad/hr 


In Problems 9-12, use the indicated information to find the 
angular velocity w. 


9. 
10. 
11. 


r = 250 mi, V = 1,950 mi/hr 

r = 8.0 ft, V = 90 ft/sec 

r = 98m, V = 210 m/min 
. r= 125cem, V = 355cm/sec 


B im Problems 13-1 6, find the angular velocity of a wheel turn- 
ing through @ radians in time t. 


13. 
14. 
15. 
16. 
17. 
18. 


6 = 37rad, t = 0.056hr 
60 =57rad, t = 22.0 sec 
6 = 9.62 rad, t = 1.53 min 
6= 4.75 rad, t = 12.9 sec 


Explain the concept of a mean solar day. 


Explain the concept of a mean sidereal day. 


19. 


3 Applications 


Engineering A 16mm diameter shaft rotates at 1,500 rps 
(revolutions per second). Find the speed of a point on its 
surface (to the nearest meter per second). 


22. 


23. 


24, 


. Engineering A 6 cm diameter shaft rotates at 500 rps. 


Find the speed of a point on its surface (to the nearest 
meter per second). 


. Space Science An earth satellite travels in a circular 


orbit at 20,000 mph. If the radius of the orbit is 4,300 mi, 
what angular velocity (in radians per hour, to three sig- 
nificant digits) is generated? 


‘se Satellite 


Figure for 21 


Engineering A bicycle is ridden at a speed of 7.0 m/sec. 
If the wheel diameter is 64 cm, what is the angular veloc- 
ity of the wheel in radians per second? 


Physics The velocity of sound in air is approximately 
335.3 m/sec. If an airplane has a 3.000 m diameter pro- 
peller, at what angular velocity will its tip pass through 
the sound barrier? 


Physics If an electron in an atom travels around 
the nucleus in a circular orbit (see the figure on the 
next page) at 8.11 x 10° cm/sec, what angular veloci- 
ty (in radians per second) does it generate, assuming 
the radius of the orbit is 5.00 x 10-° cm? 


25. 


26. 


27. 


wa 


@ 
oS 


Atom 


Figure for 24 


Astronomy The earth revolves about the sun in an 
orbit that is approximately circular with a radius of 
9.3 X 10’ mi (see the figure). The radius of the orbit 
sweeps out an angle with what exact angular velocity 
(in radians per hour)? How fast (to the nearest hun- 
dred miles per hour) is the earth traveling along its 
orbit? 


fp oa% ie eee 


Sun 


Velocity of the earth 


Figure for 25 


Astronomy Take into consideration only the daily 
rotation of the earth to find out how fast (in miles 
per hour) a person halfway between the equator 
and North Pole would be moving. The radius of the 
earth is approx. 3,964 mi, and a daily rotation takes 
23.93 hr. 


Astronomy Jupiter makes one full revolution about its 
axis every 9 hr 55 min. If Jupiter’s equatorial diameter is 
88,700 mi: 


(A) What is its angular velocity relative to its axis of 
rotation (in radians per hour)? 


(B) What is the linear velocity of a point on Jupiter’s 
equator? 


28. 


29. 
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Astronomy The sun makes one full revolution about 
its axis every 27.0 days. Assume 1 day = 24 hr. If its 
equatorial diameter is 865,400 mi: 


(A) What is the sun’s angular velocity relative to its axis 
of rotation (in radians per hour)? 


(B) What is the linear velocity of a point on the sun’s 
equator? 


Space Science For an earth satellite to stay in orbit 
over a given stationary spot on earth, it must be placed in 
orbit 22,300 mi above the earth’s surface (see the figure). 
It will then take the satellite the same time to complete 
one orbit as the earth, 23.93 hr. Such satellites are called 
geostationary satellites and are used for communica- 
tions and tracking space shuttles. If the radius of the 
earth is 3,964 mi, what is the linear velocity of a geosta- 
tionary satellite? 


Communication )# 
es 
. fa 
satellite ~~~” 


eae 7 
ZA 


Figure for 29 


30. 


31. 


Astronomy Until 1999 the planet Neptune was the 
planet farthest from the sun, 2.795 x 10° mi. (After 
1999 and for the next 228 years Pluto will have this 
honor.) If Neptune takes 164 years to complete one orbit, 
what is its linear velocity in miles per hour? 


Space Science The earth rotates on its axis once every 
23.93 hr, and a space shuttle revolves around the earth in 
the plane of the earth’s equator once every 1.51 hr. Both 
are rotating in the same direction (see the figure on the 
next page). What is the length of time between consecu- 
tive passages of the shuttle over a particular point P on 
the equator? [Hint: The shuttle will make one complete 
revolution (27 rad) and a little more to be over the same 
point P again. Thus, the central angle generated by point 
P on earth must equal the central angle generated by the 
space shuttle minus 277.] 
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Figure for 31 


Astronomy One of the moons of Jupiter rotates around 
the planet in its equatorial plane once every 42 hr 30 min. 
Jupiter rotates around its axis once every 9 hr 55 min. Both 
are rotating in the same direction. What is the length of time 
between consecutive passages of the moon over the same 
point on Jupiter’s equator? [See the hint for Problem 31.] 


Precalculus: Rotating Beacon A beacon light 15 ft 
from a wall rotates clockwise at the rate of exactly | rps 
(see the figure). To answer the following questions, start 
counting time (in seconds) when the light spot is at C. 


Figure for 33 and 34 


(A) Describe how you can represent 0 in terms of time t¢; 
then represent @ in terms of t. 


(B) Describe how you can represent a, the distance the 
light travels along the wall, in terms of ¢; then repre- 
sent a in terms of ¢. 


(C) Complete Table 1, relating a and f, to two decimal 
places. (If your calculator has a table-producing 


capability, use it.) What does Table | seem to tell you 
about the motion of the light spot on the wall as t 
increases from 0.00 to 0.24? What happens to a 
when t = 0.25? 


TABLE 1 

t(sec) | 0.00 0.04 0.08 0.12 0.16 0.20 0.24 
a (ft) 3.85 
34. Precalculus: Rotating Beacon 


(A) Referring to the rotating beacon in Problem 33, 
describe how you can represent c, the length of the 
light beam, in terms of ft; then represent c in terms of t. 


(B) Complete Table 2, relating c and ¢, to two decimal 
places. (If your calculator has a table-producing 
capability, use it.) What does Table 2 seem to tell you 
about the rate of change of the length of the light 
beam as f increases from 0.00 to 0.24? What happens 
to c when t = 0.25? 


TABLE 2 
t(sec) | 0.00 0.04 0.08 0.12 0.16 0.20 0.24 
c (ft) 15.49 

35. Cycling A racing bicycle has 28 in. diameter tires. 


36. 


The front gears (at the pedals) have 53 teeth and 
39 teeth. The largest rear gear has 21 teeth and the 
smallest has 11 teeth. Determine the maximum speed 
of the bicycle (to the nearest tenth of a mile per hour) 
if the cyclist’s cadence is 90 revolutions of the pedals 
per minute. 


Cycling Refer to Problem 35. When the bicycle is in its 
highest gear, what cadence (to the nearest rpm) is 
required to maintain a speed of 26.5 miles per hour? 
(“Highest gear” refers to the largest ratio of teeth on the 
front gear to teeth on the rear gear.) 


2.3 


FIGURE 1 
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Trigonometric Functions: 
Unit Circle Approach 


Definition of Trigonometric Functions 


Calculator Evaluation 


Application 


Summary of Sign Properties 


The correspondence that associates each acute angle 6 with the trigonometric ratio 
sin @ is a function.* We will remove the requirement that 6 be acute in this sec- 
tion’s unit circle approach to the sine function. We will define the sine of any angle 
in standard position, positive, negative, or zero. Equivalently, since any angle in stan- 
dard position has a radian measure, we can define the sine of any real number: pos- 
itive, negative, or zero. In a similar manner we will define the cosine, tangent, 
cosecant, secant, and cotangent functions. This generalization of trigonometric 
ratios frees the trigonometric functions from angles and opens them up to a large 
variety of significant applications that are not directly related to triangles. 


B Definition of Trigonometric Functions 


The unit circle in a rectangular coordinate system is the circle of radius 1 with 
center the origin (Fig. 1). If (a, b) is a point on a circle of radius r > 0, then, by 
the Pythagorean theorem, 


aet+h=r Divide both sides by r*. 
2 2 
b 
r r 
Ab 


Therefore, (a/r, b/r) is a point on the unit circle that lies on the same ray from the 
origin as the point (a, b). We define the trigonometric functions in terms of the coor- 
dinates of points on the unit circle. There are six trigonometric functions: sine, cosine, 
tangent, cotangent, secant, and cosecant. The values of these functions at a real num- 
ber x are denoted by sin x, cos x, tan x, cot x, sec x, and csc x, respectively. The real 
number x represents the radian measure of an angle in standard position. 


* A brief review of Appendix B.1 on functions might prove helpful before you start this section. 
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Definition 1 


Remarks 


TRIGONOMETRIC FUNCTIONS ~—y df 


For an arbitrary angle in standard position having radian measure x, let 
P = (a, b)be the point of intersection of the terminal side of the angle and 
the circle of radius r > 0. Then: 


b r 
i = — = sé 
sin.x =~ ese x = (b # 0) 
cosx = — sec x = — (a # 0) 
i a 
b a 
tanx =— (a#0) COL (b # 0) 
a 


>a 


(r, 0) 


1. Note that sin x equals the second coordinate of the point (a/r, b/r) on the unit 


circle, cos x equals the first coordinate, and tan x equals the second coordinate 
divided by the first coordinate. 


. If r = 1 then the point (a, b) of Definition | is on the unit circle and the 


values of the six trigonometric functions are simply 


: 1 
sinx = b csc x = + (b # 0) 
1 
cosx =a secx =— (a #0) 
a 
b a 
tanx =— (a#0) cot x = + (b # 0) 
a 


. If we associate angles with their radian measures, we obtain a one-to-one 


correspondence between angles in standard position and real numbers. This 
makes it possible to use the symbol x of Definition 1 to denote an angle as 
well as its radian measure. So when it is convenient we say, for example, 
“the angle 7/2” rather than “the angle with radian measure 77/2.” A trigono- 
metric function of an angle in degree measure is defined to be the trigono- 


Coley 
EXAMPLE’ | 


La 


Solution 
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metric function of the same angle in radian measure; for example, 
sin 270° = sin(3a/2) = —1 because (0, —1) is the point on the unit circle 
that lies on the terminal side of the angle 377 /2. 


Any real number x is the radian measure of some angle in standard position, 
and the ordinate b of the corresponding point P on the unit circle lies between — 1 
and 1. Furthermore, any real number b such that —1 = b < 1 is the ordinate of 
at least one point on the unit circle. Therefore, the domain of the function y = sin x 
is the set of all real numbers, and its range is the set of all real numbers y such 
that —1 = y = 1. The function y = cos x, by similar reasoning, has the same 
domain and range as y = sin x. These results are summarized in the following box. 


DOMAIN AND RANGE FOR SINE AND FOR COSINE 


Domain: All real numbers 
Range: —1 = y = 1, y areal number 


The restrictions in the definitions of the other four trigonometric functions (see 
Definition 1) imply that their domains do not contain all real numbers. Their 
domains and ranges will be determined in Chapter 3. 


Evaluating Trigonometric Functions 


Find the exact values of each of the six trigonometric functions for the angle x 
with terminal side containing the point (—4, —3). 


The distance* from the point (—4, —3) to the origin is 


r= V(-4)? + (3 = V16+9= V25=5 


We apply Definition | with a = —4,b = —3, andr = 5: 


. 3 r 5 
ag ae ee 
a 4 r 5 
ee ge a= 
een eee ee ees | 
a 4 b 3 


* The Pythagorean theorem implies that the distance between two points P; = (x1, 91) and Pz = (x, y2) 
in a rectangular coordinate system is given by the formula d(P;, P)) V (x9 x1)? + (» — 1). 
Distance is always greater than or equal to zero. 
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Matched Problem 1 


Remark 


EXAMPLE 2 


Solution 


Find the exact values of each of the six trigonometric functions for the angle x 
with terminal side containing the point (—6, 8). a 


In Section 2.5 we discuss a variant of the method of Example | using reference 
triangles. 


Using Given Information to Evaluate Trigonometric 
Functions 


Find the exact value of each of the other five trigonometric functions for the 


angle x—without finding x—given that the terminal side of x is in quadrant IV 
and cos x = 2 


Because cos x = a/r = 2 we let a = 3, r = 5. We find D so that (a, b) is the 
point in quadrant IV that lies on the circle of radius r = 5 with center 
the origin. 


a+b Substitute a = 3, r= 5. 
9 + b? = 25 Solve for . 


b= 16 b is negative since (a, b) lies in quadrant lV. 
b=-4 


II 
re 


We now apply Definition | with a = 3, b = —4, andr = 5S: 


: _b_ 4 
Pee ag ee 
b 4 
tax = = => 
a 3 
f= 
ee A 
a 
ee a ee 
a 3 
eS a |_| 


Matched Problem 2 _ Find the exact value of each of the other five trigonometric functions for the 


angle x—without finding x—given that the terminal side of x is in quadrant I 
and sin x = 73. o 


EXAMPLE 3 


Solution 


Matched Problem 3 
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Using Given Information to Evaluate Trigonometric 
Functions 


Find the exact value of each of the other five trigonometric functions for the angle 
x—without finding x—given that the terminal side of x is in quadrant III and 
cot x = 2. 


Because cot x = a/b = 2, we let a = —2, b = —1 (both coordinates of points 
in quadrant III are negative). The distance from (a, b) to the origin is 


r= V(-2)? + (-1% = V441= V5 


We apply Definition 1 with a = —2,b = —1, andr = V5: 


: b 1 
sin x = — = ——> 
r V5 
a 2 
cos x = — = —— >= 
r V5 
b 1 
tanx =—=— 
a 2 
fl 5 
cscx =— = 
b 
r V5 | | 
sec x = — = ——— 
a 2 


Find the exact value of each of the other five trigonometric functions for the angle 
x—without finding x—given that the terminal side of x is in quadrant II and 
tan x = —3. | 


EXPLORE/DISCUSS 1 


(A) Find the coordinates of the eight equally spaced points A, B, C, D, E, F 
G, H on the unit circle. 


Ab 


78 
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A Caution 


(B) Use the coordinates of the eight points and Definition 1 to complete 
Table | (note that tan x is undefined when x = 7/2 or 37/2). 


TABLE 1 

x 0) a/4 m/2 | 30/4 | aw | S5a/4 | 30/2 | 7r/4 | 20 
sinx | O | V2/2 ] 

@osxx| I | w2/2 0) 

tan x| O ] - - 


BH Calculator Evaluation 


We used a calculator in Section 1.3 to approximate trigonometric ratios for acute 
angles in degree measure. These same calculators are internally programmed to 
approximate (to eight or ten significant digits) trigonometric functions for any 
angle (however large or small, positive or negative) in degree or radian measure, 
or for any real number. (Remember, most graphing calculators use different 
sequences of steps than scientific calculators. Consult the owner’s manual for your 
calculator.) In Section 2.5 we will show how to obtain exact values for certain spe- 
cial angles (integer multiples of 30° and 45° or integer multiples of 77/6 and 7/4) 
without the use of a calculator. 


— 


Set your calculator in degree mode when evaluating trigonometric functions 
of angles in degree measure. 

2. Set your calculator in radian mode when evaluating trigonometric functions 
of angles in radian measure or trigonometric functions of real numbers. 


We generalize the reciprocal relationships stated in Section 1.3 to evaluate 
secant, cosecant, and cotangent. 


RECIPROCAL RELATIONSHIPS 4 


For x any real number or angle in degree or radian measure, 


1 : 
csc x = — sin x # 0 
sin x 
il 
sec x = cos x # 0 
cos x 
1 
cotx = tanx # 0 


tan x 
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EXAMPLE 4 Calculator Evaluation of Trigonometric Functions 


With a calculator, evaluate to four significant digits: 


(A) sin 286.38° (B) tan(3.472 rad) (C) cot 5.063 
(D) cos(—107°35’) (E) sec(—4.799) (F) ese 192°47'22" 
Solution (A) sin 286.38° = —0.9594 Degree mode 
(B) tan(3.472 rad) = 0.3430 Radian mode 
1 
Cc t 5.063 -=| ————— 
oe tan 5.063 
= —0.3657 Radian mode 
(D) cos(—107°35')|= cos(—107.5833 ... ) 
= —0.3021 Degree mode 
(E) sec(—4.799) : 
sec(—4. = ——_—_ 
cos(—4.799) 
= 11.56 Radian mode 
1 
F 192°47'22” |= 
ae sin 192.7894... 
= —4,517 Degree mode is 


Matched Problem 4 With a calculator, evaluate to four significant digits: 
(A) cos 303.73° (B) sec(—2.805) (C) tan(—83°29') 
(D) sin(12 rad) (E) esc 100°52’43” (F) cot 9 | 
B Application 


An application of trigonometric functions that does not involve any angles will 
now be considered. 


EXAMPLE 5 Wind Generators 


In 2008 the Department of Energy reported that wind energy could produce 20% 
of the nation’s total electrical output by the year 2030. “Wind farms” are spring- 
ing up in many parts of the United States (see Fig. 3 on page 80). A particular 
wind generator can generate alternating current given by the equation 


T = 50 cos(120at + 4577) 


where f is time in seconds and / is current in amperes. What is the current / 
(to two decimal places) when t = 1.09 sec? (More will be said about alternating 
current in subsequent sections.) 
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FIGURE 3 
Wind generators 


Solution — Set the calculator in radian mode; then evaluate the equation for t = 1.09: 


T = 50 cos[1207(1.09) + 4577] = 40.45 amperes | 


Matched Problem 5 Repeat Example 5 for t = 2.17 sec. | 


B@ Summary of Sign Properties 


We close this important section by having you summarize the sign properties of 
the six trigonometric functions in Table 2 in Explore/Discuss 2. Note that Table 2 
does not need to be committed to memory because particular cases are readily deter- 
mined from the definitions of the functions involved (see Fig. 4). 


EXPLORE/DISCUSS 2 


Using Figure 4 as an aid, complete Table 2 by determining the sign of each of 
the six trigonometric functions in each quadrant. In Table 2, x is associated with 
an angle that terminates in the respective quadrant, (a, b) is a point on the ter- 
minal side of the angle, r = VVa* + b* > 0, and (a/r, b/r) is the point on the 
terminal side of the angle that lies on the unit circle. 


A 


FIGURE 4 
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TABLE 2 
Quadrant | Quadrant Il | Quadrant Ill Quadrant IV 
a r oe i wf |e & «F Cnn on g 
+ t t | t t t 

sin x = b/r - 

exe = i/o) 

cos x = a/r 

sec x = r/a 

tan x = b/a 

cot x = a/b 


Answers to 1 
Matched Problems 


: _ 4 _ 3 _ 
- SINX = 3,COSx = —3, tanx = 


_4 = 5 = — cotx = —3 
3, CSC X = 4, 8eC x = —3, cotx = —F 


12 
2. cos x = 73, tanx = 


3. sin x 


5 
i9» CSC X = 


13 een 12 
g, SCC X = 75, Cox = | 


= 3/V 10, cos x = —1/V10, cse x = V10/3, 


sec x = —V10, cot x = —1/3 


4. (A) 0.5553 
(E) 1.018 


(B) —1.059 
(F) —2.211 


(C) —8.754 (D) —0.5366 


5. I = —15.45 amperes 


EXERCISE 2.3 


AQ In Problems 1-6, verify that the point Q lies on the unit circle 
and find the exact value of each of the six trigonometric func- 
tions if the terminal side of angle x contains Q. 


1. Q= (3, §) 2. Q= an) 
3. O = (1/V2,1/V2) 4. @ = (V3/2,1/2) 
5. Q = (-1/2, V3/2) 6 Q = (-1/V2,-1/V2) 


In Problems 7-12, find the exact value of each of the six 
trigonometric functions if the terminal side of angle x con- 
tains the point P. 


7. P = (8,6) 
9. P = (-7,—24) 
11. P = (-12,5) 


8. P = (-12,9) 
10. P = (—5, -12) 
12, P = (24,7) 


In Problems 13-24, find the exact value of each of the other 


five trigonometric functions for the angle x, (without finding 


x), given the indicated information. 
Z 3 ‘ 
13. sinx = 5; x is a quadrant I angle 


14. cosx = 73; x is a quadrant I angle 


15. cos x = 4; x is a quadrant IV angle 
16. sinx = —4 x is a quadrant III angle 
17. tanx = 3: x is a quadrant III angle 
18. cotx = 4; x is a quadrant I angle 


19. cotx = 5; x is a quadrant I angle 
20. tanx = -5 x is a quadrant IV angle 
21. sec x = V2; xis a quadrant IV angle 


22. csc x = —2, x is a quadrant III angle 
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23. csc x = —3. x is a quadrant III angle 


24. secx = —V2; x is a quadrant II angle 


25. Is it possible to find a real number x such that cos x is 
positive and sec x is negative? Explain. 


26. Is it possible to find an angle x such that tan x is negative 
and cot x is positive? Explain. 


Use a calculator to find the answers to Problems 27-44 
to four significant digits. Make sure the calculator is in the 
correct mode (degree or radian) for each problem. 


27. sin 62° 28. cos(7 rad) 29. tan(6 rad) 
30. cot 5 31. sec 4 32. csc 129° 
33. cos 208° 34. sin 198° 35. cot 312° 
36. tan 483° 37. csc 2 38. sec 3977/5 
39. sinll7/7 40. csc(—9) 41. sec(—1) 


42. cos(—55°) 43. cot(—22°) 44, tan(—138°) 


In Problems 45-50, refer to Definition I and the remarks that 
follow the definition. 


45. Explain why the largest possible value of sin x is 1. 

46. Explain why the smallest possible value of cos x is —1. 

47. Explain why there is no largest possible value of tan x. 

48. Explain why there is no largest possible value of csc x. 

49. For any angle x in radians, explain why sin x is equal to 
sin (x + 277). 


50. For any angle x in radians, explain why cos x is equal to 
cos (x — 277). 


In Problems 51-54, find the exact value of each of the six 
trigonometric functions for an angle x that has a terminal side 
containing the indicated point. 

51. (V3, 1) 52. (1, 1) 

53. (1, —V3) 54. (—1, V3) 


In which quadrants can the terminal side of an angle x lie in 
order for each of the following to be true? 


55. cosx >0 56 sinx > 0 57. tanx > 0 
58. cotx > 0 59. secx > 0 60. csc x > 0 
61. sinx <0 62. cos x < 0 63. cotx < 0 
64. tanx<O0O 65. cscx <0 66. secx < 0 


In Problems 67-72, find the exact value of each of the other 
five trigonometric functions for an angle x (without finding x), 
given the indicated information. 


68. cos x = —}cotx > 0 
70. csc x = V5; cos x < 0 
71. cotx = —V3;sinx <0 


67. sin x =} tanx < 0 


Bus 
69. secx = 5;sinx < 0 


72. tanx = 5 cos x > 0 

73. If angles a and B, a # B, are in standard position and 
are coterminal, are cos a and cos 6 equal? Explain. 

74. If cosa = cos B,a # B, are a and B coterminal? 
Explain. 


75. From the following display on a graphing calculator, 
explain how you would find cot x without finding x. Then 
find cot x to five decimal places. 


76. From the following display on a graphing calculator, 
explain how you would find sec x without finding x. Then 
find sec x to five decimal places. 


costk3 
-.41615 


Use a calculator to find the answers to Problems 77-94 to 
four significant digits. 

77. cos 1.539 78. sin 37.85° 79. csc 26°42'18" 
80. sec 107.53° 81. cot(—3.86°) 82. tan 4.738 

83. sec(—245.06°) 84. csc(—0.408) 85. tan 12°38’27” 


86. cot 352°5'55” 87. sin 12.48 88. cos(—432.18°) 
89. csc(—595.62°) 90. sin 605°42'75” 91. cos 6.77 
92. sec 3.55 93. tan 482°12'52" 94. cot(—567.43°) 


C 95. Which trigonometric functions are not defined when 


the terminal side of an angle lies along the positive or 
negative vertical axis? Explain. 


96. 


Which trigonometric functions are not defined when the 
terminal side of an angle lies along the positive or nega- 
tive horizontal axis? Explain. 


For Problems 97-100, refer to the figure: 


97. 


98. 


99. 


100. 


101. 


102. 
103. 


104. 


— 
a, 


In the figure, the coordinates of the center of the circle 
are (0, 0). If the coordinates of A are (5, 0) and arc length 
s is exactly 6 units, find: 

(A) The exact radian measure of x 

(B) The coordinates of B (to three significant digits) 

In the figure, the coordinates of the center of the circle 
are (0, 0). If the coordinates of A are (4, 0) and arc length 
s is exactly 10 units, find: 

(A) The exact radian measure of x 

(B) The coordinates of B (to three significant digits) 

In the figure, the coordinates of the center of the circle 
are (0, 0). If the coordinates of A are (1, 0) and the arc 
length s is exactly 2 units, find: 

(A) The exact radian measure of x 

(B) The coordinates of B (to three significant digits) 

In the figure, the coordinates of the center of the circle 
are (0, 0). If the coordinates of A are (1, 0) and the arc 
length s is exactly 4 units, find: 

(A) The exact radian measure of x 

(B) The coordinates of B (to three significant digits) 

A circle with its center at the origin in a rectangular coor- 
dinate system passes through the point (4, 3). What is the 
length of the arc on the circle in the first quadrant 
between the positive horizontal axis and the point (4, 3)? 
Compute the answer to two decimal places. 

Repeat Problem 101 with the circle passing through (3, 4). 
An angle x in standard position has its terminal side in 


quadrant IV. If tan x = -} find the exact values of the 
other five trigonometric functions of x. 


An angle x in standard position has its terminal side in 
quadrant II. If cot x = 5, find the exact values of the 
other five trigonometric functions of x. 
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Ss Applications 


105. Solar Energy Light intensity J on a solar cell changes 
with the angle of the sun and is given by the formula in 
the following figure. Find the intensity in terms of the 
constant k for 6 = 0°, @ = 20°, @ = 40°, 8 = 60°, and 
0 = 80°. Compute each answer to two decimal places. 


Solar cell 


Figure for 105 and 106 


106. Solar Energy In Problem 105, at what angle will the 
light intensity / be 50% of the vertical intensity? 


Sun’s Energy and Seasons The reason we have summers 
and winters is that the earth’s axis of rotation tilts 23.5° away 
from the perpendicular, as indicated in the figure. The formu- 
la given in Problem 107 quantifies this phenomenon. 


Northern Hemisphere Northern Hemisphere 


107. The amount of heat energy E from the sun received per 
square meter per unit of time in a given region on the sur- 
face of the earth is approximately proportional to the 
cosine of the angle @ that the sun makes with the vertical 
(see the figure on page 84). That is, 


E=kcos0 


where & is the constant of proportionality for a given 
region. For a region with a latitude of 40°N, compare 
the energy received at the summer solstice (@ = 15°) 
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with the energy received at the winter solstice 
(@ = 63°). Express answers in terms of k to two 
significant digits. 


Figure for 107 and 108 


108. For a region with a latitude of 32°N, compare the ener- 
gy received at the summer solstice (@ = 8°) with the 
energy received at the winter solstice (9 = 55°). Refer 
to Problem 107, and express answers in terms of k to 
two significant digits. 


For Problems 109 and 110, refer to the figure: 


SS 


[7X 
LZ 


——— 
Figure for 109 and 110 


109. Precalculus: Calculator Experiment It can be shown 
that the area of a polygon of n equal sides inscribed in a 
circle of radius 1 is given by 


A, = Ze sin( 20° i 
2 n 


(A) Complete the table, giving A,, to five decimal places: 


Refer to the figure. 


n 6 10 100 1,000 10,000 


n 


(B) As n gets larger and larger, what number does A, 
seem to approach? [Hint: What is the area of a circle 
with radius 1?] 


(C) Will an inscribed polygon ever be a circle for any n, 
however large? Explain. 


110. Precalculus: Calculator Experiment It can be shown 
that the area of a polygon of n equal sides circumscribed 
around a circle of radius 1 is given by 


180 \° 
An = ntan( 2) 
n 


(A) Complete the table, giving A,, to five decimal places: 


n 6 10 100 1,000 10,000 


A 


n 


(B) As n gets larger and larger, what number does A, 
seem to approach? [Hint: What is the area of a circle 
with radius 1?] 


(C) Will a circumscribed polygon ever be a circle for any 
n, however large? Explain. 


111. Engineering The figure shows a piston connected to a 
wheel that turns at 10 revolutions per second (rps). If P 
is at (1, 0) when t = 0, then 6 = 20zrt, where tf is time 
in seconds. Show that 


b? = cos 20mt + V25 — (sin 207)? 


x=adt 5 


6 = 207 rad 


Figure for 111 and 112 


112. Engineering In Problem 111, find the position (to two 
decimal places) of the piston (the value of x) for tf = 0 
and t = 0.01 sec. 


113. Alternating Current An alternating current generator 
produces an electric current (measured in amperes) that 
is described by the equation 


I = 35 sin(48at — 1277) 
where ¢ is time in seconds. (See Example 5 and the 


figure that follows.) What is the current J when 
t = 0.13 sec? 


114. 


115. 


De 
Ne avg Nie 


Figure for 113 and 114 


Alternating Current What is the current / in Problem 
113 when t = 0.310 sec? 


Precalculus: Angle of Inclination The slope of a non- 
vertical line passing through points P, = (x,,y,) and 
Py = (xX, y2) is given by the formula 
Slope = m = eee 

x2 * 


The angle @ that the line L makes with the x axis, 
0° = 6 < 180°, is called the angle of inclination of 
the line L (see the figure). Thus, 


Slope = m = tan@ 0° = 6 < 180° 


“2.4 
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(A) Compute the slopes (to two decimal places) of the 
lines with angles of inclination 63.5° and 172°. 

(B) Find the equation of a line passing through (—3, 6) 
with an angle of inclination 143°. [Hint: Recall 
y — yy = m(x — x,).] Write the answer in the 
form y = mx + b, with m and b to two decimal 
places. 


116. Precalculus: Angle of Inclination Refer to Problem 115. 


(A) Compute the slopes (to two decimal places) of the 
lines with angles of inclination 89.2° and 179°. 

(B) Find the equation of a line passing through (7, —4) 
with an angle of inclination 101°. Write the answer 
in the form y = mx + b, with m and b to two 
decimal places. 


AY AY 


2 = (X2, yo) 


Py = (%, Yo) 


P, = (x,y) 


> xX 


(a) (b) 


Figure for 115 and 116 


Additional Applications 


© Modeling Light Waves and Refraction 
° Modeling Bow Waves 


® Modeling Sonic Booms 
e High-Energy Physics: Modeling Particle Energy 
e Psychology: Modeling Perception 


If time permits, the material in this section will provide additional understanding 
of the use of trigonometry relative to several interesting applications. If the mate- 
rial must be omitted, at least look over the next few pages to gain a better appre- 
ciation of some additional applications of trigonometric functions. 


* Sections marked with a star may be omitted without loss of continuity. 
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FIGURE 1 
One or two pencils? There is 
actually only one. 


FIGURE 2 
Refraction 


B Modeling Light Waves and Refraction 


Did you ever look at a pencil in a glass of water or a straight pole pushed into a 
clear pool of water? The objects appear to bend at the surface (see Fig. 1). This 
bending phenomenon is caused by refracted light. The principle behind refracted 
light is Fermat’s least-time principle. In 1657, the French mathematician Pierre 
Fermat proposed the intriguing idea that light, in going from one point to another, 
travels along the path that takes the least time. In this single simple statement, 
Fermat captured a benchmark principle in optics. It can be shown, using more 
advanced mathematics, that the least-time path of light traveling from point A in 
medium M, to point B in medium M3 is a bent line as shown in Figure 2. For the 
light reflected off the surface of medium M)> back into medium M,, the angle of 
incidence equals the angle of reflection (see Fig. 2). This principle, called the law 
of reflection, was known to Euclid in the third century BC. 


Incident ray Reflected ray 


Medium M, 


Medium M, 


B Refracted ray 


In physics it is shown that 


aa (a) 

C2 sin 6 
where c, is the speed of light in medium M,, cp is the speed of light in medium 
M), and @ and £ are as indicated in Figure 2. 

A more convenient form of equation (1) uses the notion of the index of 
refraction, which is the ratio of the speed of light in a vacuum to the speed of 
light in a given substance: 


Speed of light in a vacuum 


Index of refraction, n = - - 
Speed of light in a substance 


If we let c represent the speed of light in a vacuum, then 


eq _ afe _ lfm _ m 
c2 Co/c 1/n ny 


(2) 


EXAMPLE 1 


Solution 


Water 


FIGURE 3 
Refraction 


Matched Problem 1 
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where n, is the index of refraction in medium M,, and np is the index of 
refraction in medium M). (The index of refraction of a substance, rather than 
the velocity of light in that substance, is the property that is generally tabu- 
lated.) Substituting (2) into (1), we obtain Snell’s law: 

Ls ao Snell's law (3) 

ny sin 6 
[Note: nz is on the top and n, is on the bottom in (3), while c; is on the top and 
C2 is on the bottom in (1).] 

For any two given substances, the ratio n/n, is a constant. Thus, equation 
(3) is equivalent to 


sin @ 


sin B 


= Constant 


The fact that the sines of the angles of incidence and refraction are in a constant 
ratio to each other was discovered experimentally by the Dutch astronomer- 
mathematician Willebrod Snell (1591-1626) and was deduced later from basic 
principles by the French mathematician-philosopher René Descartes (1596-1650). 
The law of refraction stated in equation (3), Snell’s law, is known in France as 
Descartes’ law. 


Refracted Light 


A spotlight shining on a pond strikes the water so that the angle of incidence a in 
Figure 3 is 23.5°. Find the refracted angle B. Use Snell’s law and the fact that 
n = 1.33 for water and n = 1.00 for air. (Ignore the reflected ray.) 


Use 
ny _ sina 
ny sin B 
where ny = 1.33, n, = 1.00, and a = 23.5°, and solve for B: 


1.33 sin 23.5° 


1.00 sin B 
. _ sin 23.5° 
ae aa 
in 23.5° 
p= sin = ) = 17.4° 2 
1.33 


Repeat Example | with a = 18.4°. a 


88 
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The fact that light bends when passing from one medium into another is 
what makes telescopes, microscopes, and cameras possible. It is the careful- 
ly controlled bending of light rays that produces the useful results in optical 
instruments. Figures 4—6 illustrate a variety of phenomena connected with 
refracted light. 


4 


Glass prism 


Yellow 


FIGURE 4 


Light spectrum — different wavelengths, different 
indexes of refraction, different colors 


Eye 


ba 


eta al This lens magnifies the image 
from the front lens 


FIGURE 5 
Telescope optics 


FIGURE 6 
Mirage — light is refracted and bent to appear as if it came from water 
on the ground 
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Table 1 lists refractive indexes for several common materials. 


TABLE 1 
Refractive Indexes 
Material Refractive index 

Air 1.0003 

Crown glass 1,52 

Diamond 2.42 

Flint glass 1.66 

Ice 1.31 

Water 1,33 
EXAMPLE 2 Reflected Light 


If an underwater flashlight is directed toward the surface of a swimming pool, at 
what angle of incidence a will the light beam be totally reflected? 


Solution — The index of refraction for water is n, = 1.33 and that for air is ny = 1.00. Find 
the angle of incidence a in Figure 7 such that the angle of refraction B is 90°. 


sina Ng 
sin B ny 


1.00 
sin a = —— sin 90° 


1.33 
1.00 
. =e 
sin a 133 (1) 


I: 
a= sin! Basil = 48.8° 


FIGURE 7 
Underwater light refraction 
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The light will be totally reflected if a = 48.8° (no light will be transmitted through 
the surface). | 


Matched Problem 2 Show that the light beam passing through the flint glass prism shown in Figure 8 
is totally reflected off the slanted surface. 


FIGURE 8 
Flint glass prism a 


EXPLORE/DISCUSS 1 


Figure 9 shows a person spear fishing from a rocky point over clear water. The 
real fish is the dark one, and the apparent fish (the fish that is actually seen) is 
the light one. Discuss this phenomenon relative to refraction. Should the per- 
son aim high or low relative to the apparent image in order to spear the fish? 
Explain why. 


FIGURE 9 
Aim high or low? 
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In general, the angle of incidence a such that the angle of refraction B is 90° 
is called the critical angle. For any angle of incidence larger than the critical angle, 
a light ray will be totally reflected. This critical angle (for total reflection) is impor- 
tant in the design of many optical instruments (such as binoculars) and is at the 
heart of the science of fiber optics. A small-diameter glass fiber bent in a curve 
(shown in Fig. 10) will “trap” a light ray entering one end, and the ray will be 
totally reflected and emerge out the other end. 


Emerging 


77 ray 


Entering 
ray 


FIGURE 10 
Fiber optics 


Important uses of fiber optics are found in medicine and communications. 
Physicians use fiber-optic instruments to see inside functioning organs. 
Surgeons use fiber optics to perform surgery involving only small incisions 
and outpatient facilities. A fiber-optic communication cable carries informa- 
tion using high-frequency pulses of laser light that are essentially distortion- 
free. Using underwater armored cable (Fig. 11), fiber-optic communication 
networks are now in place worldwide. (The Atlantic cable was completed in 
1988, and the Pacific cable was completed in 1989.) One fiber-optic commu- 
nication cable can carry 40,000 simultaneous telephone conversations or trans- 
mit the entire contents of the Encyclopaedia Britannica in less than | minute. 


Glass fibers 


FIGURE 11 
Transoceanic fiber-optic armored 
cable (about 1 in. diameter) 
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FIGURE 12 

Bow waves of boats, sonic booms, 
and high-energy physics are relat- 
ed in a curious way; this section 
explains how 


FIGURE 13 


B Modeling Bow Waves 


A boat moving at a constant rate, faster than the water waves it produces, gener- 
ates a bow wave that extends back from the bow of the boat at a given angle 
(Fig. 12). If we know the speed of the boat and the speed of the waves produced 
by the boat, then we can determine the angle of the bow wave. Actually, if we know 
any two of these quantities, we can always find the third. Surprisingly, the solu- 
tion to this problem also can be applied to sonic booms and high-energy particle 
physics, as we will see later in this section. 


Referring to Figure 13, we reason as follows: When a boat is at P;, the water 
wave it produces will radiate out in a circle, and by the time the boat reaches P2, 
the wave will have moved a distance of r;, which is less than the distance between 
P, and P since the boat is assumed to be traveling faster than the wave. By the 
time the boat reaches the apex position B in Figure 13, the wave motion at P» will 
have moved r> units, and the wave motion at P; will have continued on out to r3. 
Because of the constant speed of the boat and the constant speed of the wave 
motion, these circles of wave radiation will all have a common tangent that pass- 
es through the boat. Of course, the motion of the boat is continuous, and what we 
have said about P; and P, applies to all points along the path of the boat. The 
result of this phenomenon is the clearly visible wave front produced by the bow 


EXAMPLE 3 


Solution 


Matched Problem 3 


FIGURE 14 
Sound cones and sonic booms 
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of the boat. Refer again to Figure 13, and you will see that the boat travels from 
P| to B in the same time ¢ that the bow wave travels from P to A; hence, if Sp is 
the speed of the boat and S,, is the speed of the bow wave, then (using d = rt), 


Distance from P; to A = Syt Distance from P; to B = Spt 


and, since triangle P| BA is a right triangle, 


SO Swt Sw 
sin — = —— = — 
2 Spt Sp 
Thus, 
Pr = Sw 
2 Sp 


where S\y is the speed of the bow wave, 5} is the speed of the boat, and S, > Sy. 


Bow Wave Speed 


If a speedboat travels at 45 km/hr and the angle between the bow waves is 72°, 
how fast is the bow wave traveling? 


We use 


where 0 = 72° and Sj = 45 km/hr. Then we solve for Sy: 
Sw = (45 km/hr) (sin 36°) © 26 km/hr a 


If a speedboat is traveling at 121 km/hr and the angle between the bow waves is 
74.5°, how fast is the bow wave moving? a 


B Modeling Sonic Booms 


If we follow exactly the same line of reasoning as in the discussion of bow 
waves, we see that an aircraft flying faster than the speed of sound produces 
sound waves that pile up behind the aircraft in the form of a cone (see Fig. 14). 
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The cone intersects the ground in the form of a hyperbola, and along this curve 
we experience a phenomenon called a sonic boom. As in the bow wave analysis, 
we have 


where S, is the speed of the sound wave, S, is the speed of the aircraft, and 
Sa > Se 


EXPLORE/DISCUSS 2 


Chuck Yeager (1923—__) was a 24-year-old U.S. Air Force test pilot when he 
broke the sound barrier in 1947 in a Bell X-1 rocket plane, ushering in the age 
of supersonic flight. The speed of supersonic aircraft is measured in terms of 
Mach numbers. [The designation Mach is named for Ernst Mach (1838-1916), 
an Austrian physicist who made significant contributions to the study of sound.] 
A Mach number is the ratio of the speed of an object to the speed of sound 
in the surrounding medium. Mach | is the speed of an object flying at the speed 
of sound, approximately 750 mph at sea level. 


(A) Write a formula for the Mach number ™ of a supersonic aircraft, if S, is 
the speed of the aircraft and S, is the speed of sound in the surrounding 
medium. 


(B) Rewrite the formula for the angle @ of the sound cone in Figure 14 in terms 
of M, assuming S, > S.. 

(C) Find the angle 6 of the sound cone of the British-French commercial 
aircraft Concorde (now retired), flying at Mach 2. 


@ High-Energy Physics: Modeling Particle Energy 


Nuclear particles can be made to move faster than the velocity of light in certain 
materials, such as glass. In 1958, three physicists (Cerenkov, Frank, and Tamm) 
jointly received a Nobel prize for the work they did based on this fact. Interestingly, 
the bow wave analysis for boats applies equally well here. Instead of a sound cone, 
as in Figure 14, they obtained a light cone, as shown in Figure 15 on page 95. 

By measuring the cone angle 0, Cerenkov, Frank, and Tamm were able to 
determine the speed of the particle because the speed of light in glass is readily 
determined. They used the formula 
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Glses Parse 
Cone of light 4 


~~ 


FIGURE 15 
Particle energy 


where S¢ is the speed of light in glass, S', is the speed of the particle, and S, > S¢. 
By determining the speed of the particle, they were then able to determine its 
energy by routine procedures. 


B Psychology: Modeling Perception 


An important field of study in psychology concerns sensory perception—hearing, 
seeing, smelling, feeling, and tasting. It is well known that individuals see certain 
objects differently in different surroundings. Lines that appear to be parallel in one set- 
ting may appear to be curved in another. Lines of the same length may appear to have 
different lengths in two different settings. Is a square always a square (see Fig. 16)? 


Y N 
jp SX 

FIGURE 16 

Illusions 


Figure 17 on page 96 illustrates a perspective illusion in which the people far- 
thest away appear to be larger than those closest—they are actually all the same size. 

An interesting experiment in visual perception was conducted by psycholo- 
gists Berliner and Berliner. A tilted field of parallel lines was presented to sever- 
al subjects, who were then asked to estimate the position of a horizontal line in 
the field. Berliner and Berliner (American Journal of Psychology, vol. 65, 
pp. 271-277, 1952) reported that most subjects were consistently off and that the 
difference in degrees d between their estimates and the actual horizontal could be 
approximated by the equation 


d=a+tbsin 40 
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FIGURE 17 
Which person is tallest? 


where a and D are constants associated with a particular individual and 6 is the 
angle of tilt of the visual field in degrees (see Fig. 18). 


FIGURE 18 yy 


Visual perception 


Answers to 1. 13.7° 


Matched Problems sin 45° 1.00 Since sin B cannot exceed | (see Definition | of 
: oe trigonometric functions on page 74), the condi- 
sin B 1.66 f ; = : 
. — 166 sin 45° tion sin B = 1.17 cannot physically happen! In 
— B * 117 it other words, the light must be totally reflected, 
ig cami as indicated in Figure 8. 
3. 73.2 km/hr 


EXERCISE 2.4 


Applications 
< PP What is an angle of incidence? 


What is an angle of reflection? 


1. Explain Fermat’s least-time principle. 


2. Explain why the index of refraction of a substance is a Explain the law of reflection. 


number that is greater than 1. 


oo Se & 


What is an angle of refraction? 


7. Explain the law of refraction, also known as Snell’s law. 


8. Explain the concept of critical angle. 


In Problems 9-16, refer to the following figure and table 
(repeated from the text for convenience): 


10. 
. A light ray from an underwater spotlight passes through 


12. 
13. 


Reflected ray 
A a 
4 
Incident ray 6 
Medium M, 
Medium M, 
Refracted ray 
B 
Refractive Indexes 
Material Refractive index 
Air 1.0003 
Crown glass 1.52 
Diamond 2.42 
Flint glass 1.66 
Ice 1.31 
Water 1.33 


A light ray passing through air strikes the surface of a 
pool of water so that the angle of incidence is a = 40.6°. 
Find the angle of refraction B. 


Repeat Problem 9 with a = 34.2° 


a porthole (of flint glass) of a sunken ocean liner. If the 
angle of incidence a is 32.0°, what is the angle of refrac- 
tion B? 

Repeat Problem 11 with a = 45.0° 


If light inside a diamond strikes one of its facets (flat sur- 
faces), what is the critical angle of incidence a for total 
reflection? (The diamond is surrounded by air.) Compute 
your answer in decimal degrees to three significant 
digits. 


14. 


15. 


16. 
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Figure for 13 


If light inside a triangular flint glass prism strikes one of 
the flat surfaces, what is the critical angle of incidence a 
for total reflection? (The prism is surrounded by air.) 


A golfer hits a ball into a pond. From the side of the 
pond, the ball is spotted on the bottom. Does the ball 
appear to be above or below the real ball? Explain. 


a 


The figure shows a diver looking up on a very calm day. 
Explain why the diver sees a bright circular field sur- 
rounded by darkness. What does the diver see within this 
bright circular field? The bright circular field with the 
diver’s eye at the apex forms a cone. What is the angle 6 
of the cone? 
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17. Index of Refraction An experiment is set up to find the 
index of refraction of an unknown liquid. A rectangular 
container is filled to the top with the liquid and the exper- 
imenter moves the container up and down until the far bot- 
tom edge of the container is just visible (see the figure). 
Use the information in the figure to determine the index of 
refraction of the liquid. 


= 


as 


, Eye of 
, “experimenter 

a 

7 
Air 7 es “3 
rd 
7 
i ae 
12 in. / Liquid 
/ 
/ 
/ 


7.2 in. 


Figure for 17 and 18 


18. Index of Refraction Repeat Problem 17 with 38° 
replaced by 43°. 

19. Explain what is meant by the angle of a bow wave. 

20. Explain the concept of Mach number. 

21. Bow Waves _ If the bow waves of a boat travel at 
20 km/hr and create an angle of 60°, how fast is the 
boat traveling? 

22. Bow Waves A boat traveling at 55 km/hr produces 
bow waves that separate at an angle of 54°. How fast is a 
bow wave moving? 

23. Sound Cones If a supersonic jet flies at Mach 1.5, 
what will be the cone angle (to the nearest degree)? 

24. Sound Cones If a supersonic jet flies at Mach 3.2, 
what will be the cone angle (to the nearest degree)? 

25. Light Cones In crown glass, light travels at approx. 
1.97 x 10!° cm/sec. If a high-energy particle passing 
through this glass creates a light cone of 92°, how fast is 
it traveling? 

26. Light Cones Repeat Problem 25 using a light cone 
angle of 126°. 


Psychology: Perception In Problems 27 and 28, use the 
empirical formula d = a+ bsin 40, from Berliner and 
Berliner’s study of perception, and determine d (to the near- 
est degree) for the given values of a, b, and 0. 


7. a=-22, b=-45, 0=30° 
28. a=-18, b=-42, 6= 40° 


29. Construction A construction company builds residen- 
tial and commercial retaining walls from concrete blocks 
that weigh 87 lb. The tapered sides of the blocks allow for 
both straight and curved walls. The top of each block is an 
isosceles trapezoid with dimensions a = 16”, b = 14” 
and h = 12" (see figure). If the indicated distance t 
between consecutive blocks is 2”, the wall is straight. If r 
is less than 2”, the end points of the faces lie on a circular 
arc. Determine the radius r of the circular arc (to the 
nearest inch) if tf = 1”. 

30. Construction Stone Strong casts 5,600 Ib concrete 
blocks with 24 sq ft faces that are used to build massive 
retaining walls. The dimensions of the top of each block 
are a = 96",b = 90.5" and h = 42” (see figure). 
Determine the distance t between consecutive blocks (to 
the nearest quarter inch) so that the end points of the 
faces lie on a circular arc of radius 192’. 


at  b > 1tke 


Figure for 29 and 30 


EXAMPLE 1 


pee 
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Exact Values and Properties 
of Trigonometric Functions 


e Exact Values of Trigonometric Functions at Special Angles 
e Reference Triangles 

e Periodic Functions 

e Fundamental Identities 


In Section 2.3 we defined the trigonometric functions in terms of coordinates of 
points on the unit circle. Given an arbitrary angle of radian measure x, it may be 
impossible to give the exact values of the trigonometric functions of x; in that case 
we use a calculator to give approximate values. However, for certain special angles, 
we can employ some basic geometric facts to find the exact values of the trigono- 
metric functions. 

We will also study more general properties of the trigonometric functions that 
can be quickly deduced from their definitions. 


@ Exact Values of Trigonometric Functions 
at Special Angles 


For certain special angles it is easy to give exact values of the six trigonometric 
functions without using a calculator. 

A quadrantal angle is an integer multiple of 7 /2 or 90°. A quadrantal angle 
has its terminal side on one of the coordinate axes. Because we know the coordi- 
nates of the four points on the unit circle that lie on the coordinate axes (Fig. 1), 
we can easily give the exact values of the trigonometric functions for any quad- 
rantal angle (some values may be undefined). 


Ab 


(0, 1) 


(=1,,0) a,9) 4 


(0, —1) 


FIGURE 1 


Evaluating Trigonometric Functions 
of Quadrantal Angles 


Find: 
(A) sin 90° (B) cos 7 (C) tan(—277) (D) cot(—180°) 
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Solution 


Matched Problem 1 


27 _ 
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A 
3a i 
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Sy 4 
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(a) Multiples of 5 (45°) 


FIGURE 2 
Multiples of special angles 


For each angle, visualize the point (a, b) on the unit circle that lies on the termi- 
nal side of the angle. Then determine the value of the trigonometric function from 
a and b (see Definition 1 in Section 2.3). 


(A) (a,b) = (0,1); sin90° = b =1 


(B) (a,b) = (-1,0); cosa =a = —-1 

(C) (a,b) = (1,0); tan(—277) = b/a = 0/1 = 0 

(D) (a,b) = (—1,0); cot(—180°) = a/b = —1/0 Not defined ] 
Find: 

(A) sin(37r/2) (B) sec(—7) (C) tan 90° (D) cot(—270°) | 


EXPLORE/DISCUSS 1 


In Example 1D, notice that cot(—180°) is not defined. Discuss other angles in 
degree measure for which the cotangent is not defined. For what angles in 
degree measure is the cosecant function not defined? 


We can also calculate exact values of the trigonometric functions, without 
using a calculator, for angles that are multiples of a /4 (45°) or 7/6 (30°). 

Before doing so, it is helpful to recall the multiples of 7/4 (45°), 7/6 (30°), 
and 7/3 (60°). See Figure 2. 
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EXAMPLE 2 


Solution 


Matched Problem 2 
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To find exact values of the trigonometric functions at multiples of 7 /4 (45°), 
let F = (a, b) be the point on the unit circle that lies on the terminal side of a 45° 
angle. Then a = b (why?), and we can use the equation of the unit circle to solve 
for a: 


a7+b*=1 Substitute a for b. 
a+a=1 
{a= 1 
c= 5 a is positive since F is in quadrant |. 
1 
a= SS 
V2 


The point F is (1/2, 1/V2). By symmetry and reflection in the coordinate axes 
we obtain the coordinates of the points on the unit circle at angles of 37/4, 57/4, 
and 77/4 (Fig. 3). 


FIGURE 3 


Evaluating Trigonometric Functions of Multiples of 7/4 
Find: 


(A) sec(5z/4) (B) tan(—45°) (C) sin(135°) (D) cos(97 /4) 


(A) (a,b) = (-1/V2, -1/V2); sec (50/4) = 1/a = -V2 

(B) (a,b) = (1/V2, —1/V2); tan(—45°) = b/a = -1 

(C) (a,b) = (-1/V2, 1/-V2); sin(135°) = b = 1/2 

(D) (a,b) = (1/V2,1/V2); cos(97/4) = a = 1/V2 a 
Find: 


(A) cos(225°) (B) tan(37 /4) (C) csc(45°) (D) sec(—7/4) | 
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To find exact values of the trigonometric functions at angles that are multiples 
of 7/6 (30°), let T = (a, b) be the point on the unit circle that lies on the termi- 
nal side of an angle of 7/6 radians (Fig. 4). Let T' be the point at —7/6. The 
triangle TOT" is isosceles and has a 60° angle, so all three angles are 60°, and tri- 
angle TOT" is equilateral. 


FIGURE 4 


Therefore, b = 1/2 (why?), and we can use the equation of the unit circle to 
solve for a: 


1 
a+bh=1 Substitute b = —. 
1 2 
xe 
2 
1 2 
21-(2) 
2 


II 
= 


a |s positive since Tis in quadrant |. 


The point T is (V3/2, 1/2), and by symmetry and reflection we obtain the 
coordinates of the points on the unit circle at angles of 7/3 (60°), 27 /3 (120°), 
Sar /6 (150°), 72/6 (210°), 477 /3 (240°), Sr /3 (300°), and 1177/6 (330°) (see 
Fig. 5 on page 103, which also incorporates the points in Figs. | and 3). 
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FIGURE 5 
Multiples of 7/6 and 7/4 on a 


unit circle 


EXAMPLE 3 


Solution 


Matched Problem 3 


Unit circle a2 + b? = 1 


Evaluating Trigonometric Functions Exactly 


Find each exactly: 


(A) sin(77 /6) (B) sec(—60°) — (C) tan(120°)_— (D)_cos(—117/6) 


Refer to Figure 5 to find the point (a, b) on the unit circle that lies on the termi- 
nal side of the angle. 


(A) (a,b) = (-—V3/2, -1/2); sin(77/6) = b = -1/2 

(B) (a,b) = (1/2, -V3/2); sec(—60°) = 1/a = 2 

(C) (a,b) = (—1/2, V3/2); tan(120°) = b/a = —V3 

(D) (a, b) = (V3/2, 1/2); cos(—117/6) = a = V3/2 a 


a, 


Find each exactly: 
(A) cot(57/6)  (B) csc(330°) (C) sin(315°) (D) tan(47 /3) Oo 


Because sin 45° = cos 45° = 1/2, any right triangle with a 45° angle has 
sides that are proportional to the sides of the first triangle in Figure 6 on page 104. 
Because sin 30° = 1/2 and cos 30° = V3/2, any right triangle with a 30° angle 
has sides that are proportional to the sides of the second triangle in Figure 6. It is 
helpful to remember the side lengths of these two special right triangles. 
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A45°—45°—90° AND 30°—60°—90° RIGHT TRIANGLES 


FIGURE 6 


B Reference Triangles 


Reference triangles provide a handy tool for calculating values of trigonometric 
functions and make it unnecessary to memorize Figure 5. 


For a nonquadrantal angle 0: 

1. Drop a perpendicular from a point P = (a, b) on the terminal side of 
@ to the horizontal axis. Let F denote the foot of the perpendicular. The right 
triangle PFO is a reference triangle for 6. 

2. The reference angle a is the acute angle (always taken positive) 
between the terminal side of 6 and the horizontal axis (see Fig. 7). 


(a, b) # (0, 0) 
pa VERE 


FIGURE 7 


The point P = (a, b) in Definition 1 is allowed to be any point on the termi- 
nal side of the angle other than the origin; P is not required to lie on the unit circle. 


aN 


is EXAMPLE 4 Reference Triangles and Angles 
i. 


7 Sketch the reference triangle and find the reference angle a@ for each of the fol- 
lowing angles: 


(A) @ = 330° (B) 6 = —315° (C) 6= -7/4 (D) 6 = 47/3 


Solution 
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(A) (B) A Pp 
330° fr 
| 
CS —315° 5 | 
| 
P 
a = 360° — 330° = 30° a = 360° — 315° = 45° 
FIGURE 8 FIGURE 9 
(C) (D) i: 
cir 
I 
Re 
I 
P 
a = |-n/4| = 0/4 a eee 
FIGURE 10 FIGURE 11 w 


Matched Problem 4 _ Sketch the reference triangle and find the reference angle a for each of the 


EXAMPLE 5 


following angles: 


(A) 06 = —225° (B) 6 = 420°. (C) 6 = —5z/6 (D) 0=27/3 


To compute values of the trigonometric functions of a nonquadrantal angle 
0, label the legs of the reference triangle with the coordinates of P (note that one 
or both of these labels may be negative depending on the quadrant in which P lies) 
and label the hypotenuse with y = \/q? + b? (r is always positive) as indicated 
in Figure 7. Then use the following formulas, interpreting Adj, Opp, and Hyp as 
the labels a, b, and r, respectively: 


_, . Opp _ Hyp 
sin 9 = —— csc 9 = —— 
Hyp Opp 
Adj H 
cos 8 = — sec 9 = = 
Hyp Adj 
O Adj 
tan@ = ar cot@ = ei 
Adj Opp 


Note that the calculations are similar to finding the trigonometric ratios of the acute 
reference angle a, except that Adj or Opp (or both) may be negative. 


Evaluation of Trigonometric Functions 
Using Reference Triangles 


Use reference triangles to evaluate exactly: 


(A) cos(27 /3) (B) tan 315° (C) sin(—37 /4) (D) cot 300° 
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Solution Each angle has a 45°—45°—90° or 30°—60°—90° right triangle as its reference 
triangle; we can use the special right triangles in Figure 6. Locate the reference 
triangle, label its sides, and evaluate the trigonometric function (see Figs. 12-15). 


235 Seas > Wail sa 
OS = _ = = n => — => — = — 
a a pe 2 : aol 
A A 
(-1, V3) 
V3 ° | 2 
3 
a 
= 
FIGURE 13 
FIGURE 12 
db -I a 1 
C) sin(—37/4) = — = —= D) cot 300° = — = ——— 
(C) sin(—37/4) : Vi (D) co b Vv, 
A A 
300° ; 
—] > 
q 
| —3 a 
=i ca 2 V3 
| V2 I 
BL (1, —V3) 
FIGURE 14 FIGURE 15 a 


Matched Problem 5 __ Use reference triangles to evaluate exactly: 
(A) sin(—30°)  (B) cot(7r/6) —(C) sec(135°)  (D) tan(7m/4) | 


EXAMPLE 6 Finding Special Angles 


Find the least positive 0 in degree and radian measure for which each is true. 
(A)sin@ = V3/2 (B) cos 6 = —1/V2 
Solution (A) Draw a reference triangle (Fig. 16) in the first quadrant with side opposite ref- 


erence angle V3 and hypotenuse 2. Observe that this is a special 30°—60°—90° 
triangle: 


FIGURE 16 


7 
6 = 60° or — 


FIGURE 17 


Matched Problem 6 
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(B) Draw a reference triangle (Fig. 17) in the second quadrant with side adjacent 
reference angle —1 and hypotenuse V2. Observe that this is a special 
45°—45°—90° triangle: 


0 = 180° — 45° = 135° or —= a 


Repeat Example 6 for: 
(A) tan@ = 1/V3 (B) sec@ = —V2 o 


BH Periodic Functions 


Let Q = (a, b) be the point on the unit circle that lies on the terminal side of an 
angle having radian measure x (Fig. 18). Then, since there are 277 radians in one 
complete rotation, the same point lies on the terminal side of x + 27. 


q 


aa, 
v 


(1, 0) 


FIGURE 18 


Therefore, 
b = sin x = sin(x + 27) 
a = cos x = cos(x + 27) 


More generally, if we add any integer multiple of 277 to x, we will return to the 
same point Q. So 


sin x = sin(x + 2k7) 
cos x = cos(x + 2k7r) 


for k = 0, £1, +2, +3,... 
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Functions with this kind of repetitive behavior are called periodic functions. 
In general: 


A function fis periodic if there is a positive real number p such that 
f(x + p) = f(x) 


for all x in the domain of f. The smallest such positive p, if it exists, is called 
the period of f. 


From the definition of a periodic function, we conclude that: 
Both the sine function and cosine function have a period of 277. 


The other four trigonometric functions also have periodic properties, which we 
discuss in detail in the next chapter. 


EXAMPLE 7 Using Periodic Properties 
If cos x = —0.0315, what is the value of each of the following? 
(A) cos(x + 277) (B) cos(x — 27r) 
(C) cos(x + 187) (D) cos(x — 347) 


Solution All are equal to —0.0315, because the cosine function is periodic with period 277. 
That is, cos (x + 2kar) = cos x for all integers k. In part (A), k = 1; in part (B), 
k = —1; in part (C),k = 9; and in part (D), k = —17. || 


Matched Problem 7 If sin x = 0.7714, what is the value of each of the following? 
(A) sin(x + 277) (B) sin(x — 277) 
(C) sin(x + 1477) (D) sin(x — 267r) a 


The periodic properties of the circular functions are of paramount importance 
in the development of further mathematics as well as the applications of mathe- 
matics. As we will see in the next chapter, the circular functions are made to order 
for the analysis of real-world periodic phenomena: light, sound, electrical, and 
water waves; motion in buildings during earthquakes; motion in suspension sys- 
tems in automobiles; planetary motion; business cycles; and so on. 


EXPLORE/DISCUSS 2 


The function y = tan x is a periodic function but its period is smaller than 277. 
What is the period of the tangent function? Make a conjecture by considering 
the values of y = tan x at angles x that are multiples of 7/4 and 77/6. 


Ab 


(a, —b) 


FIGURE 19 


> a 
(1, 0) 


A Caution 


EXAMPLE 8 
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HB Fundamental Identities 


Let Q = (a, b) be the point on the unit circle that lies on the terminal side of an 
angle having radian measure x (Fig. 19). Then 


b= sin x and a = cos x 


The definitions of the other four trigonometric functions imply the following use- 
ful relationships: 


1 1 

csex = — =— (1) 
b sin x 
1 1 

sec x = — = (2) 
a cos x 
a 1 1 

tx =—= = } 

eb ba tanx 3) 
b : 

ages aoe sin x (4) 
a cos x 

etx = — = —* (5) 
b sin x 


Because the terminal points of x and —x are symmetric with respect to the 
horizontal axis (see Fig. 19), we have the following sign properties: 


sin(—x) = —b = —sinx (6) 
cos(—x) = a = cosx (7) 
tan(—x) = aaa = i = —tanx (8) 


Finally, because (a, b) = (cos x, sin x) is on the unit circle a” + b* = 1, it 
follows that 


(cos x)? + (sin x)? = 1 


which is usually written in the form 
2 


(9) 


x and cos” x are concise ways of writing (sin ae and (cos )", respectively. 


sin? x + cos*x = 1 


where sin” 


Note that sin?x is not the same as sin x”: sin?x = (sin x) but sin x7 = sin (x7). 


This caution applies to cosine as well. 


Equations (1)—(9) are called fundamental identities. They hold true for all 
replacements of x by real numbers (or angles in degree or radian measure) for 
which both sides of an equation are defined. 


Use of Identities 

Simplify each expression using the fundamental identities. 
+2 2 a es 

sin-x + cos* x sin(=x) 

(A) ———_ 


tan x cos(—.x) 
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P sin? x + cos? x 
Solution (A) Use identity (2). 
tan x 
1 
= Use identity (3). 
tan x 
= cot x 
sin(—x) 
(B) pa Use identity (4). 
cos(—x) 
= tan(—x) Use identity (8). 
= —tanx Oo 


Matched Problem 8 Simplify each expression using the fundamental identities. 


1 — cos? x 


(A). — (B) tan(—x) cos(—x) aa 
sin” x 

Some of the fundamental identities will be used in Chapter 3 as aids to 

graphing trigonometric functions. A detailed discussion of identities is found in 


Chapter 4. 
Answersto 1. (A) —1 (B) —1 (C) Not defined (D) 0 
withed Promies) -2.(Ay =1/V2 (B) -1 (C) v2 (D) V2 
3. (A) -V3 (B) —2 (C) -1/V2 (D) V3 
4. (A) A (B) A 
P 
_ns\_| 420° 
a@ = 225° — 180° = 45° a@ = 420° — 360° = 60° 
(C) A (D) 
P 
> 27 
ie A 3 
ZS 
P! 6 — 


a=7— 57/6 = 77/6 a= 7-27/3 = 77/3 
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. (A) -1/2 

. (A) 30° or 7/6 
. All are 0.7714 
. (A) csc x 


on nN NH 


EXERCISE 2.5 


1. What is a quadrantal angle? 


2. Which trigonometric functions are undefined at certain 
of the quadrantal angles? Explain. 


3. For a nonquadrantal angle 6, explain how to construct the 
reference triangle for 0. 


4. Explain the concept of a reference angle. 


In Problems 5-16, sketch the reference triangle and find the 
reference angle a. 


5. 6 = 60° 6. 0 = 45° 7. 0 = —60° 
_ a _ =m _ =a 
8. 6 = —45 99 = ar a 
_ 3a =. OT = : 
11. a a a a 13. 9 = —210 
_ 5 _ 7S _ 7S 
14. 6 = —150 rr 16. 


In Problems 17-34, find the exact value of each trigonometric 
function. 


17. sin 0° 18. cos 0° 19. tan 0 
20. cot 0 21. cos 60° 22. sin 30° 
23. cot 45° 24. tan 30° 25; seo 

- —3 
26. ese 27. sin 28. cos - 

—3 
29. cot 7 30. tan 31. cos 7 
_ 7% 

32. sin 33. tan(—60°) 34. cot (—30°) 


In Problems 35-46, find the exact value of each trigonometric 
function. 
5 7 
35. sin = 36. cos aus 
4 4 


lla 


38. cot 


Sar 
37. tan — 
an 3 


(B) V3 
(B) 135° or 32/4 


(C) -V2 (D) -1 


(B) —sin x 

39. sec = 40. csc (—277) 
41. cos (—210°) 42. sin (—300°) 
43. cot 405° 44. tan 480° 
45. csc(—495°) 46. sec(—510°) 


In Problems 47-50, find all angles 0,0 = 0 = 2a, for which 


the following functions are not defined. Explain why. 
47. tangent 48. cotangent 


49. cosecant 50. secant 
In each graphing calculator display in Problems 51-54, indi- 


cate which values are not exact and find the exact value. 
51. 


53. 


In Problems 55-60, find the least positive 0 in (A) degree mea- 
sure (B) radian measure for which each is true. 


1 1 
55. sind = — 56. 6=—> 
sin 5 cos Vi 
—1 . —1 
57. cos 9 = —— 58. sind = —— 
2 2 
59. tan@ = —V3 60. cot@é = —-1 


2 


61. Is there a difference between sin” x and sin x7? Explain. 


62. Is there a difference between (cos x)” and cos” x? Explain. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


If sin x = 0.9525, what is the value of each of the 
following? 


(A) sin(x + 27) (B) sin(x — 277) 

(C) sin(x + 1077) (D) sin(x — 677) 

If cos x = —0.0379, what is the value of each of the 
following? 

(A) cos(x + 277) (B) cos(x — 27) 

(C) cos(x + 877) (D) cos(x — 1277) 
Evaluate tan x and (sin x)/(cos x) to two significant 
digits for: 


(A) x =1 (B) x = 5.3 (C) x = —2.376 
Evaluate cot x and (cos x)/(sin x) to two significant 
digits for: 


(A)x=-l ()x=87 (C) x= 12.64 
Evaluate sin(—x) and —sin x to two significant digits 
for: 


(A). x= 3 (B) x = -12.8 (C) x = 407 


Evaluate cos(—x) and cos x to two significant digits 
for: 

(A) x =5 (B) x = —13.4 (C) x = —1,003 
Evaluate sin?x + cos” x to two significant digits for: 
(A) x = 1 (B) x = -8.6 (C) x = 263 
Evaluate 1— sin? x and cos* x to two significant digits 
for: 

(A) x = 14 (B) x = —-16.3 (C) x = 766 


Simplify each expression using the fundamental identities. 


71. 
73: 


75. 


77. 


79. 


80. 


81. 


82. 


sin x csc x 72. cos x sec x 
cot x sec x 74, tan x csc x 

sin x COs x 
fouta a as 
1 — cos* x 1 — sin“ x 
cot(—x) sin(—x) 78. tan(—x) cos(—x) 


Find the exact value of all the angles between 0° and 
360° for which sin 9 = —V3/2. 


Find the exact value of all the angles between 0° and 
360° for which tan = —V3. 


Find the exact value of all the angles between 0 rad and 
2a rad for which cot @ = —V3 


Find the exact value of all the angles between 0 rad and 
2a rad for which cos 6 = —V3/2. 


For each graphing calculator display in Problems 83-86, find 
the least positive exact X in radian measure that produces the 
result shown. 


3. ee 


(Cae 
-, PAP 1Be rele 
cost 


PAP iBer siz 


84.0 [TeTees 
.7arlaerei2 


Since 
»rerleersis 


85. [Te [ess 
Por PSoe2eg? 

Lanta 
DoF FPSse2es? 


86. [-Tes> 


“1, 732658805 
Lanta? 
“1. 7326586888 


Find the exact values of x and y in Problems 87 and 88. 


87. (A) (B) 
y | y | Z | 
88. (A) (B) 


aid 
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Problems 89 and 90 show the coordinates of a point on a unit 
circle in a graphing calculator window. Let s be the length of 
the least positive arc from (1, 0) to the point. Find s to three 
decimal places. 


89. 1.5 


=—227 2.27 


H=.5H064516 I=.81415674 


90. 
WEIL -#2) 


22] 22) 


HBP 096774 WY=.4912402 
= 15 


For Problems 91 and 92, fill the blanks in the Reason column 
with the appropriate identity, (1)—(9). 


91. Statement Reason 
2 sin x \? 
tan*x+1= +1 (A) 
cos x 
a) 
sin* x 
= 5 1 Algebra 
cos* x 
sin? x + cos? x 
= 5 Algebra 
cos’ x 
— (B)_ 
cos” x 
1 2 
= ( ) Algebra 
cos x 
= sec” x (C) 
92. Statement Reason 
2 cos x \? 
coi x +1= : +1 (A) 
sin x 
cos” x 
= Algebra 
sin* x 
cos’ x + sin? x 
= 5) Algebra 


sin” x 


1 
= B 
sin? x ®) 
1 2 
= ( : ) Algebra 
sin x 
= csc? x (C) 


93. What is the period of the cosecant function? 

94. What is the period of the secant function? 

95. Explain why the function f(x) = 5 sin(27x) is periodic 
and find its period. 

96. Explain why the function g(x) = 4 cos (x/3) is periodic 
and find its period. 


97. Explain why the function A(x) = (sin x)/x is not 
periodic. 


98. Explain why the function k(x) = 2x cosx is not 
periodic. 


§ Applications 


99. Precalculus: Pi Estimate With s, as shown in the 
figure, a sequence of numbers is formed as indicated. 
Compute the first five terms of the sequence to six dec- 
imal places and compare the fifth term with the value 
of 7/2. 


5s =1 


So = S$, + cossy 


53 = So T COS So 


Snt] = Sp + COS Sy 


100. Precalculus: Pi Estimate Repeat Problem 99 using 
s,; = 0.5 as the first term of the sequence. 
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TRIGONOMETRIC FUNCTIONS 


FIGURE 1 
Refraction 


CHAPTER 2 GROUP ACTIVITY 


Speed of Light in Water 


Given the speed of light in air, how can you determine the speed of light in 
water by conducting a simple experiment? To start, read “Modeling Light 
Waves and Refraction” in Section 2.4. Snell’s law for refracted light is stated 
here again for easy reference: 


Incident ray Reflected ray 


Cc} sin @ . 
Medium M, == Snell’s law 
C2 sin B 
WeSenN hs where c, is the speed of light in 
medium M, c> is the speed of light 
in medium M,, and a and B are as 
B Refracted ray indicated in Figure 1. 


The speed of light in clean air is c, = 186,225 mi/sec. The problem is to 
find the speed of light in clear water, c,,. Start by showing that 


sin B 


a . 
sin @ 


Cw=Cc 


If you can find a and P for light going from a point in air to a point in water, 
you can calculate c,, using equation (1). The following simple experiment using 
readily available materials produces fairly good estimates for a@ and B, which in 
turn produce a surprisingly good estimate for the speed of light in water. 


EXPERIMENT 
Materials needed 


e A large, straight-sided, light-colored coffee mug—on the inside of the mug, 
opposite the handle mark, draw a small dark line along the edge where the 
bottom meets the side. Use a black or red marking pen. 

© A centimeter scale, with each centimeter unit divided into tenths 
(millimeters). 


FIGURE 2 


Water 


FIGURE 3 
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© A piece of light-colored stiff cardboard approximately 8.5 in. by 11 in. 
(or 28 cm by 22 cm)—cut out of a box, or use a manila file folder. Place 
the cardboard with the long side down and make a clear mark perpendic- 
ular to the bottom edge 15 cm from the lower right corner. Place a paper 
clip on the right side with the edge parallel to the bottom (see Fig. 2). 


Procedure 


Perform the experiment working in pairs or as individuals; then compare 
results with other members of your group and average your estimates for 
the speed of light in water. Discuss any problems and how you could 
improve your estimates. 


Step 1 Place the mug on a flat surface where there is good overhead light and 
position the handle toward you. Fill the mug to the top with clear tap water. 


Step 2 Place the cardboard vertically on top of the cup with the 15 cm mark 
at the inside edge of the cup. The cardboard should be lined up over the han- 
dle and the mark you made on the inside bottom edge of the cup opposite the 
handle (see Fig. 3). 


Step 3 Holding the vertical cardboard as instructed in step 2, and with your 
face 2 or 3 in. away from the right edge of the board, move your eye up and 
down until the near inside top edge of the cup lines up with the dark mark on 
the opposite bottom edge. Move the paper clip until the bottom right-hand cor- 
ner is on the line of sight indicated above (see Fig. 3). Remove the cardboard 
and measure (to the nearest millimeter) the distance from the bottom right cor- 
ner to the bottom edge of the paper clip. 

Step 4 Discuss how you can find a, and find it. 

Step 5 Discuss how you can find B, and find it. 

Step 6 Use equation (1) to find your estimate of the speed of light in water, 
and compare your value with the values obtained by others in the group. 
Step 7 The speed of light in clear water, determined through more precise 
measurements, is cy, = 140,061 miles per second. How does the value you 
found compare with this value? 

Step 8 Discuss why you think the average of all the values found by your 
group should be more or less precise than your individual value. Calculate 
the average of all the individual values produced by the group. What is your 
conclusion? 
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21 
DEGREES AND 
RADIANS 


B Sector of 
a circle 


<2 }s 
Arc 
length 
A eng’ 


FIGURE 1 


42.2 
LINEAR AND 
ANGULAR VELOCITY 


2.3 
TRIGONOMETRIC 
FUNCTIONS: UNIT 
CIRCLE APPROACH 


FIGURE 2 


An angle of radian measure | is a central angle of a circle subtended by an arc 
having the same length as the radius. The radian measure of a central angle sub- 
tending an arc of length s in a circle of radius ris 9 = s/r radians (rad). Radian 
measure and degree measure are related by 
6, 9, 
180° 

An angle with its vertex at the origin and initial side along the positive x axis is 
in standard position. Two angles are coterminal if their terminal sides coincide 
when both angles are placed in their standard position in the same coordinate sys- 
tem. The arc length and the area of a sector of a circle (see Fig. 1) are given by 


a rad 


Radian Measure Degree Measure 


7 
Arc length = r0 = ——r0 
re leng s=r s 180” 
1 4 WT 2 
Area A=—ré A= rd 
2 360 


Suppose that a point moves with uniform speed on the circumference of a cir- 
cle of radius 7, covering an arc length s and sweeping out a central angle of 0 
radians, in time ¢. Then the linear velocity of the point is V = s/t, and its angu- 
lar velocity is @ = 6/t. The linear velocity and angular velocity are related by 
V = ro. 


The unit circle in a rectangular coordinate system is the circle of radius 1 with cen- 
ter the origin. The six trigonometric functions—sine, cosine, tangent, cotangent, secant, 
and cosecant—are defined in terms of the coordinates of points on the unit circle. 

For an arbitrary angle in standard position having radian measure x, let P = (a, b) 
be the point of intersection of the terminal side of the angle and the circle of radius 
r > 0 (Fig. 2). Then (a/r, b/r) is the point on the unit circle that lies on the 


Ab 


+24 
ADDITIONAL 
APPLICATIONS 


FIGURE 3 
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same ray from the origin as point P. The six trigonometric functions of x are 
defined by: 


b 

sin x = — csc x = — (b # 0) 
r b 
a r 

cos x = — secx = — (a #0) 
r a 
b a 

tanx =— (a #0) cot x = (b # 0) 
a 


The domain of the function y = sin x is the set of all real numbers, and its range is 
the set of real numbers y such that —1 = y = 1. The function y = cos x has the same 
domain and range as y = sin x. The restrictions in the definitions of the other four 
trigonometric functions imply that their domains do not contain all real numbers. 

If x is any real number or any angle in degree or radian measure, then the follow- 
ing reciprocal relationships hold (division by 0 excluded): 


7 sec x = cotx = 
sin x COs x tan x 


Refraction 

If n, and ny represent the index of refraction for mediums M, and M), respec- 
tively, @ is the angle of incidence, and f is the angle of refraction (see Fig. 3), 
then according to Snell’s law: 


csc xX = 


Incident ray Reflected ray 
A 
’ 
Medium M, Ny Sita 
Medium M, ny 7 sin B 


B’ Refracted ray 


The angle a for which B = 90° is the critical angle. 


Bow Waves 
If S), is the (uniform) speed of a boat, S,, is the speed of the bow waves generat- 
ed by the boat, and 6 is the angle between the bow waves, then 


0 Sw 
in = —— Sp > S 
sin, S, b - 
This relationship also applies to sound waves when planes travel faster than the 
speed of sound and to nuclear particles that travel faster than the speed of light 


in certain materials. 
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27 

EXACT VALUES 

AND PROPERTIES 

OF TRIGONOMETRIC 
FUNCTIONS 


(a, b) # (0, 0) 
FIGURE 5 


Perception 
When individuals try to estimate the position of a horizontal line in a field of 
parallel lines tilted at an angle @ (in degrees), the difference between their esti- 
mate and the actual horizontal in degrees d can be approximated by 

d=a+t bsin 46 
where a and b are constants associated with a particular individual. 


A quadrantal angle is an integer multiple of 77/2 or 90°. Because we know the 
coordinates of the four points on the unit circle that lie on the coordinate axes, we 
can easily give the exact values of the trigonometric functions for any quadrantal 
angle (some values may be undefined). Exact values can also be given for the 
trigonometric functions of angles that are multiples of 7/4 (45°) or 7/6 (30°), 
either by calculating the coordinates of points on the unit circle or by using ref- 
erence triangles. It is helpful to remember the side lengths of two special right 
triangles (Fig. 4). 


30° 


f\*_s 7 | 


1 1 
FIGURE 4 


A reference triangle for a nonquadrantal angle 6 is formed by dropping a per- 
pendicular from a point P = (a, b) on the terminal side of 6 to the horizontal axis. 
The reference angle a is the acute angle (always taken positive) between the ter- 
minal side of @ and the horizontal axis (see Fig. 5). The trigonometric functions 
of 6 can be calculated by first labeling the legs of the reference triangle with a and 
b (one or both may be negative) and the hypotenuse with r = V at+bh>0, 
and then using those labels to find “trigonometric ratios” (some may be negative) 


of the reference angle a. 

A function f is periodic if there is a positive real number p such that 
f(x + p) = f(*) for all x in the domain of f. The smallest such positive p, if it 
exists, is called the period of /. Both the sine function and the cosine function 
have a period of 277. 

The properties of trigonometric functions can be used to establish the following 
fundamental identities: 


- 2. sec x = 
sin x cos x 


1. csc x = 


1 
3. cot x = 
tan x 
sin x 
4. tan x = 
cos x 
cos x 
5. cot x = — 
sin x 
6. sin (—x) = —sinx 
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7. cos (—x) = cos x 


8. tan (—x) = —tan x 


9. sin2x-+cos?x=1 


CHAPTER 2 REVIEW EXERCISE a 


A Work through all the problems in this chapter review and 


check the answers. Answers to all review problems appear in 
the back of the book; following each answer is an italic num- 
ber that indicates the section in which that type of problem is 
discussed. Where weaknesses show up, review the appropriate 
sections in the text. Review problems flagged with a star (+=) 
are from optional sections. 


1. Convert to radian measure in terms of 77. 


(A) 60° (B) 45° (C) 90° 

2. Convert to degree measure. 
(A) 7/6 (B) 77/2 (C) 77/4 

3. Explain the meaning of a central angle of radian 
measure 2. 


4. Which is larger: an angle of radian measure 1.5 or an 
angle of degree measure 1.5? Explain. 


5. (A) Find the degree measure of 15.26 rad. 
(B) Find the radian measure of —389.2°. 


6. Find the velocity V of a point on the rim of a wheel if 
r = 25 ft and w = 7.4 rad/min. 


7. Find the angular velocity w of a point on the rim of a 
wheel if r = 5.2 mand V = 415 m/hr. 


8. Find the value of sin 6 and tan @ if the terminal side of 0 
contains P = (—4, 3). 


9. Is it possible to find a real number x such that sin x is 
negative and csc x is positive? Explain. 


Evaluate Problems 10-12 to four significant digits using a 
calculator. 


10. (A) cot 53°40’ 
11. (A) cos 23.5° 


(B) csc 67°10’ 
(B) tan 42.3° 


12. (A) cos 0.35 (B) tan 1.38 


13. Sketch the reference triangle and find the reference angle 
a for: 


(A) 0 = 120° 


B)o = = 
(B) 6 = 4 


14. Evaluate exactly without a calculator. 
(A) sin 60° (B) cos(7/4) (C) tan 0° 


In Problems 15 and 16, refer to the following figure. 


b 
a b 
P=(cos x, sin x) 


aA 
\ units 
> a 


(0, 1) 


15. Refer to the figure and state the coordinates of P for the 
indicated values of x. 


(A) x = -27 (B)x=7 
(C) x = —3a/2 (D) x = 7/2 
(E) x = —57 (F) x = 70/2 


16. Refer to the figure: Given y = sin x, how does y vary for 
the indicated variations in x? 


(A) x varies from 0 to 7/2 
(B) x varies from 7/2 to 7 
(C) x varies from 7 to 37/2 


(D) x varies from 37/2 to 27 
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(E) x varies from 27 to 52/2 
(F) x varies from 52/2 to 37 


17. List all angles that are coterminal with @ = 7/6 rad, 
—3a = 0 = 3m. Explain how you arrived at your 
answer. 


18. What is the degree measure of a central angle subtended 
7 ; : 
by an arc exactly g of the circumference of a circle? 


19. If the radius of a circle is 4 cm, find the length of an arc 
intercepted by an angle of 1.5 rad. 


20. Convert 212° to radian measure in terms of 77. 
21. Convert 77/12 rad to degree measure. 


22. Use a calculator with an automatic radian—degree con- 
version routine to find: 


(A) The radian measure (to two decimal places) of 
= 213/23? 


(B) The degree measure (to two decimal places) of 
4.62 rad 


23. If the radian measure of an angle is tripled, is the degree 
measure of the angle tripled? Explain. 


24. If sina = sin B,a # B, are angles a and B necessarily 
coterminal? Explain. 


25. From the following display on a graphing calculator, 
explain how you would find csc x without finding x. Then 
find csc x to four decimal places. 


SincxX3 
8594 


26. Find the tangent of 0, 7/2, 7, and 37/2. 
27. In which quadrant does the terminal side of each angle lie? 
(A) 732° (B) —7 rad 


Evaluate Problems 28-33 to three significant digits using a 
calculator. 


28. cos 187.4° 29. sec 103°20' 
30. cot(—37°40’) 31. sin 2.39 
32. cos 5 33. cot(—4) 


In Problems 34-42, find the exact value of each without using 
a calculator. 


at age 45° a 
. COS 6 «, ‘CO 4 


36. Gao e 37. es 
2 2 
—4 —4 
38. sin 7 39. sec a 
40. cos 37 41. cot 37 
gg 
6 


43. In the following graphing calculator display, indicate 
which value(s) are not exact and find the exact value. 


In Problems 44—47, use a calculator to evaluate each to five 
decimal places. 


44. sin 384.0314° 45. tan(—198°43'6”) 
46. cos 26 47. cot(—68.005) 
48. If sin@ = -3 and the terminal side of 6 does not lie in 


the third quadrant, find the exact values of cos 6 and tan 0 
without finding 6. 


49. Find the least positive exact value of 6 in radian measure 
such that sin 9 = 4. 


50. Find the exact value of each of the other five trigonometric 


functions if 
2 


sin@ = —% and tan éd < 0 
51. Find all the angles exactly between 0° and 360° for 
which tan 6 = —1. 


52. Find all the angles exactly between 0 and 27 for which 
cos 6 = —V3/2. 

53. In a circle of radius 12.0 cm, find the length of an arc 
subtended by a central angle of: 
(A) 1.69 rad (B) 22.5° 

54. In acircle with diameter 80 ft, find the area (to three sig- 
nificant digits) of the circular sector with central angle: 
(A) 0.773 rad (B) 135° 

55. Find the distance between Charleston, West Virginia 
(38°21'N latitude), and Cleveland, Ohio (41°28'N lati- 
tude). Both cities have the same longitude, and the radius 
of the earth is 3,964 mi. 


y< 56. Find the angular velocity of a wheel turning through 6.43 
rad in 15.24 sec. 


w 57, 


58. 


59. 


60. 


61. 
62. 
63. 


C 64. 


65. 


66. 


67. 


What is meant by a rotating object having an angular 
velocity of 127 rad/sec? 


Evaluate cos x to three significant digits for: 
(A)x=7 (B)x = 7+ 27 
(C) x = 7 —- 307 


Evaluate tan(—x) and —tan x to three significant digits 
for: 


(A)x =7 (B) x = -17.9 
(C) x = —2,135 
One of the following is not an identity. Indicate which one. 
1 1 
(A) csc x = ——— (B) cot x = 
sin x tan x 
sin x 1 
(C) tan x = (D) sec x = — 
cos x sin x 
(E) sin®x + cos*x=1 (FB) cotx = — = 
sin x 


Simplify: (csc x)(cot x)(1 — cos” x) 

Simplify: cot(—x) sin(—) 

A point P = (a, b) moves clockwise around a unit cir- 
cle starting at (1, 0) for a distance of 29.37 units. Explain 
how you would find the coordinates of the point P at its 
final position, and how you would determine which 
quadrant P is in. Find the coordinates to four decimal 
places and the quadrant. 


An angle in standard position intercepts an arc of length 
1.3 units on a unit circle with center at the origin. Explain 
why the radian measure of the angle is also 1.3. 


Which trigonometric functions are not defined for 
x = ka, k any integer? Explain. 


In the following graphing calculator display, find the 
least positive exact value of x (in radian measure) that 
produces the indicated result. 


The following graphing calculator display shows the 
coordinates of a point on a unit circle. Let s be the length 
of the least positive arc from (1, 0) to the point. Find s to 
four decimal places. 


68. 


69. 
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Chapter 2 Review Exercise 


W4=Iti-42) 


=2:21 227 


H=.BS90F226 Wa PPP FP Ie 
=15 


A circular sector has an area of 342.5 m? and a radius of 
12 m. Calculate the arc length of the sector to the nearest 
meter. 


A circle with its center at the origin in a rectangular coor- 
dinate system passes through the point (4, 5). What is the 
length of the arc on the circle in the first quadrant 
between the positive horizontal axis and the point (4, 5)? 
Compute the answer to two decimal places. 


70. 


71. 


5S Applications 


Engineering Through how many radians does a pulley 
with 10 cm diameter turn when 10 m of rope has been 
pulled through it without slippage? How many revolu- 
tions result? (Give answers to one decimal place.) 


Engineering — If the large gear in the figure completes 5 
revolutions, how many revolutions will the middle gear 
complete? How many revolutions will the small gear 
complete? 


Figure for 71 


w72. 


73. 


Engineering An automobile is traveling at 70 ft/sec. If 
the wheel diameter is 27 in., what is the angular velocity 
in radians per second? 


Space Science A satellite is placed in a circular orbit 
1,000 mi above the earth’s surface. If the satellite com- 
pletes one orbit every 114 min and the radius of the earth 
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is 3,964 mi, what is the linear velocity (to three signifi- (A) Express the length of the ladder in terms of 6. 
cant digits) of the satellite in miles per hour? (B) Describe what you think happens to the length of 
74, Electric Current An alternating current generator pro- the ladder L as 6 varies between 0 and 77/2 radians. 


duces an electrical current (measured in amperes) that is 


: . (C) Complete the table (to two decimal places) using 
described by the equation 


a calculator. (If handy, use a table-generating 
I = 30 sin(120at — 6077) calculator.) 


where ¢ is time in seconds. What is the current J when 


t = 0.015 sec? (Give the answer to one decimal place.) Orad | 0.70 0.80 0.90 1.00 1.10 1.20 1.30 
75. Precalculus’ A ladder of length L leaning against a Lft 18.14 

building just touches a fence that is 10 ft high located 2 ft 

from the building (see the figure). (D) From the table, select the angle @ that produces the 


shortest ladder that satisfies the conditions in the prob- 
lem. [Calculus techniques can be used on the equation 
from part (A) to find the angle @ that produces the 
shortest ladder. ] 


x76. Light Waves A light wave passing through air strikes 
the surface of a pool of water so that the angle of inci- 
dence is a = 31.7°. Find the angle of refraction. (Water 
has a refractive index of 1.33 and air has a refractive 
index of 1.00.) 


x77. Light Waves A triangular crown glass prism is sur- 
rounded by air. If light inside the prism strikes one of its 
facets, what is the critical angle of incidence a for total 
reflection? (The refractive index for crown glass is 1.52, 
and the refractive index for air is 1.00.) 

vx 78. Bow Waves If a boat traveling at 25 mph produces 
bow waves that separate at an angle of 51°, how fast are 
the bow waves traveling? 


Figure for 75 
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Basic Graphs 
Graphing 

y=k+ Asin Bx and 
y=k+Acos Bx 
Graphing 

y=k+ Asin(Bx + C) 
and 

y =k + Acos(Bx + C 


Additional Applications 
Graphing Combined 
Forms 


Tangent, Cotangent, 
Secant, and Cosecant 
Functions Revisited 
Chapter 3 Group Activity: 
Predator—-Prey Analysis Involving 
Coyotes and Rabbits 
Chapter 3 Review 


Cumulative Review Exercise, 
Chapters 1-3 


* Sections marked with a star may be omitted 
without loss of continuity. 
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Before you begin this chapter, briefly review Appendix B.2 on graphs and 
transformations. Many of the concepts discussed there will be used in our 
study of the graphs of trigonometric functions. 


ith the trigonometric functions defined, we are now in a position to 
consider a substantially expanded list of applications and properties. 
As a brief preview, look at Figure 1. 

What feature seems to be shared by the different illustrations? All appear to 
be repetitive—that is, periodic. The trigonometric functions, as we will see shortly, 
can be used to describe such phenomena with remarkable precision. This is one 
of the main reasons that trigonometric functions have been widely studied for over 


Sunrise time (A.M.) 


Time of sunrise 


> Month 


TASONDIFM TASOND 


MJ 


e MJ 


Water level (ft) 


Ocean waves 


Time (sec) 


Sound waves 
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Radio waves Intensity of magnetic field at antenna 


> Time (sec) 


800,000 


FIGURE 1 
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2,000 years! You may find it interesting to take a quick look through Section 3.4, 
“Additional Applications,” to preview an even greater variety of applications. 

In this chapter you will learn how to quickly and easily sketch graphs of the 
trigonometric functions. You will also learn how to recognize certain fundamen- 
tal and useful properties of these functions. 


3.1 Basic Graphs 


e Graphs of y = sin x and y = cos x 
e Graphs of y = tan x and y = cot x 
e Graphs of y = csc x and y = sec x 
¢ Graphing with a Graphing Calculator 


In this section we will discuss the graphs of the six trigonometric functions introduced 
in Chapter 2. We will also discuss the domains, ranges, and periodic properties of 
these functions. 

Although it seems like there is a lot to remember in this section, you mainly 
need to be familiar with the graphs and properties of the sine, cosine, and tangent 
functions. The reciprocal relationships we discussed in Section 2.3 will enable you 
to determine the graphs and properties of the other three trigonometric functions 
based on the sine, cosine, and tangent functions. 


B Graphs of y = sin x and y = cos x 


First, we consider 

y = sinx x areal number (1) 
The graph of the sine function is the graph of the set of all ordered pairs of real 
numbers (x, y) that satisfy equation (1). How do we find these pairs of numbers? 
To help make the process clear, we refer to a function machine with the unit cir- 
cle definition inside (Fig. 1). 


x 
Domain 
R 
Output 
Range 
(subset 
of R) 
y=b=sinx 
FIGURE 1 


Sine function machine (R = All real numbers) 
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ae 
2 
Ab 
P=(a,b) 
(0, 1) : 
x 
Lae 
(-1, 0) Qa 
(1, 0) 
(0, —1) 
3a 
2 
FIGURE 2 
y=sinx=b 


We are interested in graphing, in an xy coordinate system, all ordered pairs 
of real numbers (x, y) produced by the function machine. We could resort to point- 
by-point plotting using a calculator, which becomes tedious and tends to obscure 
some important properties. Instead, we choose to speed up the process by using 
some of the properties discussed in Section 2.5 and by observing how 
y = sin x = b varies as P = (a,b) moves around the unit circle. We know that 
the domain of the sine function is the set of all real numbers R, its range is the set 
of all real numbers y such that —1 = y < 1, and its period is 277. 

Because the sine function is periodic with period 277, we will begin by find- 
ing the graph over one period, from 0 to 277. Once we have the graph for one peri- 
od, we can complete as much of the rest of the graph as we wish by drawing 
identical copies of the graph to the left and to the right. 

Figure 2 illustrates how y = sin x = b varies as x increases from 0 to 277 and 
P = (a, b) moves around the unit circle. 


As x increases y=sinx=b 
from 0 to 7/2 increases from 0 to 1 
from 7/2 to 7 decreases from | to 0 
from 7 to 37/2 decreases from 0 to —1 
from 37/2 to 27 increases from —1 to 0 


The information in Figure 2 can be translated into a graph of y = sin x for x 
between 0 and 277 as shown in Figure 3 on the next page. (Where the graph is 
uncertain, if you like, you can fill in with calculator values.) 

To complete the graph of y = sin x over any interval we like, we just need 
to repeat the final graph in Figure 3 to the left and to the right as far as we wish. 
The next box summarizes what we now know about the graph of y = sin x and 
its basic properties. 


GRAPH OF y = sin x 


Domain:R Range:-1=y=1 Period: 27 
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y=sinx,O=xs 27 


Both the x and y axes are real number lines (see Appendix A.1). Because 
the domain of the sine function is all real numbers, the graph of y = sin x 
extends without limit in both horizontal directions. Also, because the range is 
—1 = y = 1, no point on the graph can have a y coordinate greater than | or 
less than —1. 

In Example 1, we’ll use a similar procedure to draw the graph of the cosine 
function. 
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EXAMPLE 1 The Graph of y = cos x 


Use Figure 4 to make a table similar to the table accompanying Figure 2, this time 
describing the cosine function. Then use the result to draw the graph of y = cos x 
for0 = x S$ 27. 


Solution We can construct the table by focusing on the first coordinate of points as we 
move around the unit circle. 


LD 
2 
Ab : 
P= (a, b) As x increases y=cosx=a 
(0, 1) / from 0 to 7/2 decreases from 1 to 0 
\s from 77/2 to 7 decreases from 0 to —1 
T 0 >a A 
(—1, 0) Q0 from 7 to 37/2 increases from —1 to 0 
(1, 0) from 37/2 to 27 increases from 0 to | 
(0, —1) 
a Now we can use this information to draw the graph of y = cos x on the inter- 
val 0 = x = 27, starting at the point (1, 0). 
FIGURE 4 
y=cosx=a y 


Matched Problem 1 Use the result of Example | to draw the graph of y = cos x on the interval 
—37 = x = 30. i] 


The box below shows a portion of the graph of y = cos x and summarizes 
some of the properties of the cosine function. 


GRAPH OF y = cos x 


Diy 


ai 


Domain:R Range:-—1=y=1 Period: 27 
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If you take a few minutes to learn the basic characteristics of the sine and 
cosine graphs, you’ll be able to sketch them quickly and easily. In particular, you 
should be able to answer the following questions: 

(A) How often does the graph repeat (what is the period)? 
(B) Where are the x intercepts? 

(C) Where are the y intercepts? 

(D) Where do the high and low points occur? 


(E) What are the symmetry properties relative to the origin, y axis, and x axis? 


EXPLORE/DISCUSS 1 


(A) Discuss how the graphs of the sine and cosine functions are related. 


(B) Can one be obtained from the other by a horizontal shift? Explain how. 


@ Graphs of y = tanx andy = cotx 


First, we discuss the graph of y = tan x. Later, because cot x = 1/(tan x), we 
will be able to get the graph of y = cot x from the graph of y = tan x using rec- 
iprocals of second coordinates. 

Take a look at Figure 5. Notice that for x = 0, 7, —a, 277, —27, .. ., the 
corresponding point on the unit circle has coordinates either (1, 0) or (—1, 0). In 
general, whenever x = kar for some integer k, then (a,b) = (41,0) and 
tan x = b/a = 0/+1 = 0. We have just found the x intercepts of the graph of 
y = tanx! 


x intercepts: x = ka k an integer 


So as a first step in graphing y = tan x, we locate the x intercepts with solid 
dots along the x axis, as indicated in Figure 6. (We’ll explain the dashed vertical 
lines in a bit.) 


a 
5) y 
Ab 
P= (a,b) E 
Ov] | : 
7 OH 4 + + 4 b> Xx 
(=1,0) 2 ee 
(1, 0) [ 
(0, —1) r 
i L 
2 FIGURE 6 
FIGURE 5 x intercepts and vertical 


y = tanx = b asymptotes for y = tan x 
a 


130 


3 GRAPHING TRIGONOMETRIC FUNCTIONS 


EXAMPLE 2 


Solution 


Matched Problem 2 


Also, from Figure 5 we can see that whenever P = (a, b) is on the ver- 
tical axis of the unit circle (that is, whenever x = 7/2 + ka, k an integer), 
then (a,b) = (0, +1) and tanx = b/a = +1/0, which is not defined. This 
tells us that there can be no points plotted for these values of x. So, as a sec- 
ond step in graphing y = tan x, we draw dashed vertical lines through each 
of these points on the x axis where tan x is not defined; the graph cannot 
touch these lines (see Fig. 6). These dashed lines will become guidelines, 
called vertical asymptotes, which are very helpful for sketching the graph of 
y = tan x. 


7 
Vertical asymptotes: x = = +ka k an integer 


We next investigate the behavior of the graph of y = tan x over the interval 
0 = x < 7/2. Two points are easy to plot: tan 0 = 0 and tan(a/4) = 1. What 
happens to tan x as x approaches 7/2 from the left? [Remember that tan(z/2) is 
not defined.] When x approaches 7r/2 from the left, P = (a, b) approaches (0, 1) 
and stays in the first quadrant. That is, a approaches 0 through positive values and 
b approaches |. What happens to y = tan x in this process? In Example 2, we per- 
form a calculator experiment that suggests an answer. 


Calculator Experiment 


Form a table of values for y = tan x with x approaching 7/2 ~ 1.570 796 from 
the left (through values less than 77/2). Any conclusions? 


We create a table as follows: 


x 0 0.5 1 1.5 1.57 1.5707 1.570 796 


fan x 0 0.5 1.6 14.1 1,256 = 10,381 3,060,023 


Conclusion: As x approaches 7r/2 from the left, y = tan x appears to increase 
without bound. a 


Repeat Example 2, but with x approaching —7/2 ~ —1.570 796 from the right. 
Any conclusions? i 


Figure 7a shows the results of the analysis in Example 2: y = tan x increas- 
es without bound when x approaches 7/2 from the left. 

Now we examine the behavior of the graph of y = tan x over the inter- 
val -a7/2<x=0. We will take advantage of the identity 
tan (—x) = — tan x (see Section 2.5). At the very least, we can use the identity 
to see that tan (—7/4) = —1. But we can also conclude that as x approaches 
—q /2 from the right, y = tan x decreases without bound. 

The result is the full graph over the interval —7/2 < x < 7/2 shown in 
Figure 7b on the next page. 


FIGURE 7 
y = tan x 
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FIGURE 8 
tan (x + a) = tan x 
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Proceeding in the same way for the other intervals between the asymptotes 
(the dashed vertical lines), it appears that the tangent function is periodic with 
period 7. We confirm this as follows: If (a, b) are the coordinates of the point P 
associated with x (see Fig. 8), then (—a, —b) are the coordinates of the point Q 
associated with x + 7 (this is due to the symmetry of the unit circle and to con- 
gruent reference triangles). Consequently, 

—b b 
tan(x + 77) tan x 
=a 
We conclude that the tangent function is periodic with period 7. In general, 


tan(x + kar) = tanx k an integer 


for all values of x for which both sides of the equation are defined. 

Now, to complete as much of the general graph of y = tan x as we wish, all we 
need to do is to repeat the graph in Figure 7b to the left and to the right over intervals 
of 77 units. The main characteristics of the graph of y = tan x should be learned so that 
the graph can be sketched quickly. Most importantly, make note of the x intercepts and 
vertical asymptotes. The figure in the next box summarizes the preceding discussion. 


GRAPH OF y = tan x 


ae 


> X 


Domain: All real numbers x except x = 7/2 + kz, k an integer 
Range: R_ Period: a 
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To graph y = cot x, we recall that 


1 


tan x 


cotx = 


and proceed by taking reciprocals of y values in the graph of y = tan x. Note that 
the x intercepts for the graph of y = tan x become vertical asymptotes for the graph 
of y = cot x, and the vertical asymptotes for the graph of y = tan x become x inter- 
cepts for the graph of y = cot x. The graph of y = cot x is shown in the following 
box. Again, you should learn the main characteristics of this function so that its graph 
can be sketched readily. Note that the x intercepts occur at x = a/2 + ka, k an 
integer, while the vertical asymptotes occur at integer multiples of 7. 


GRAPH OF y = cot x 
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Domain: All real numbers x except x = kz, k an integer 
Range: R_ Period: 7 


EXPLORE/DISCUSS 2 


(A) Discuss how the graphs of the tangent and cotangent functions are related. 


(B) Explain how the graph of one can be obtained from the graph of the other 
by horizontal shifts and/or reflections across an axis or through the origin. 


B Graphs of y = csc x and y = sec x 


Just as we obtained the graph of y = cot x by taking reciprocals of the y coordi- 
nates in the graph of y = tan x, since 
1 1 


: and sec x = 
sin x cos x 


csc xX = 


we can obtain the graphs of y = csc x and y = sec x by taking reciprocals of y 
coordinates in the respective graphs of y = sin x and y = cos x. 

The graphs of y = csc x and y = sec x are shown in the next two boxes. Note 
that, because of the reciprocal relationship, vertical asymptotes occur at the x inter- 
cepts of sin x and cos x, respectively. It is helpful to first draw the graphs of y = sin x 


3.1 


Basic Graphs 


and y = cos x and then draw vertical asymptotes through the x intercepts. 


GRAPH OF y = csc x 
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Domain: All real numbers x, except x 
Range: All real numbers y such that y 


Period: 27 


GRAPH OF y = sec x 
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EXAMPLE 3 


Solution 


Matched Problem 3 


10 


=10 


—10 


FIGURE 9 
Standard viewing window 


10 


Calculator Experiment 


To verify some points on the graph of y = csc x,0 < x < 7, make a table of 
values for y = csc x. Use x = 0.001, 0.01, 0.1, 1.57, 3.00, 3.13, and 3.14. 


x 0.001 0.01 0.1 1.57 3.00 3.13 3.14 


cSC X 1,000 100 10 1 7A 86.3 628 


To verify some points on the graph of y = sec x, —7/2 < x < 7/2, complete 
the following table using a calculator: 


x | = 157 —1.56 —14 0 1.4 1.56 1.57 


sec X 
(| 


B Graphing with a Graphing Calculator* 


We determined the graphs of the six basic trigonometric functions by analyzing 
the behavior of the functions, exploiting relationships between the functions, and 
plotting only a few points. We refer to this process as curve sketching; one of the 
major objectives of this course is that you master this technique. 

Graphing calculators also can be used to sketch graphs of functions; their accu- 
racy depends on the screen resolution of the calculator. The smallest darkened rec- 
tangular area on the screen that the calculator can display is called a pixel. Most 
graphing calculators have a resolution of about 50 pixels per inch, which results 
in rough but useful sketches. Note that the graphs shown earlier in this section were 
created using sophisticated computer software and printed at a resolution of about 
1,000 pixels per inch. 

The portion of the xy coordinate plane displayed on the screen of a graphing 
calculator is called the viewing window and is determined by the range and scale 
for x and for y. Figure 9 illustrates a standard viewing window using the follow- 
ing range and scale: 


xmin = —10 xmax = 10 xscl = | 
ymin = —10 ymax = 10 yscl = 1 


Most graphing calculators do not display labels on the axes. We have added 
numeric labels on each side of the viewing window to make the graphs easier to 


* Material that requires a graphing calculator is included in the text and exercise sets in this and sub- 
sequent chapters. This material is clearly identified with the icon shown in the margin. Any or all of 
the graphing calculator material may be omitted without loss of continuity. Treatments are generic in 
nature. If you need help with your specific calculator, refer to your user’s manual. 


i \\ EXAMPLE 4 


Solution 
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read. Now we want to see what the graphs of the trigonometric functions will look 
like on a graphing calculator. 


Trigonometric Graphs on a Graphing Calculator 
Use a graphing calculator to graph the functions 
y = sinx y = tanx y = sec x 


for —27 = x = 27,—-5 = y = 5. Display each graph in a separate viewing 
window. 


First, set the calculator to the radian mode. Most calculators remember this set- 
ting, so you should have to do this only once. Next, enter the following values: 
xmax = 27 xmax = 277 xscl = | 
ymin = —5 ymax = 5 yscl = 1 
This defines a viewing window ranging from —277 to 277 on the horizontal axis 
and from —S to 5 on the vertical axis with tick marks one unit apart on each 
axis. Now enter the function y = sin x and draw the graph (see Fig. 10a). Repeat 


for y = tan x and y = sec x = 1 /(cos x) to obtain the graphs in Figures 10b 
and 10c. | 


pA, 
alla 


20 27 . 27 = 
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(a) y = sinx (b) y = tanx (c) y= secx 


FIGURE 10 


Graphing calculator graphs of trigonometric functions a 


Matched Problem 4 


Repeat Example 4 for: 
(A) y = cos x (B) y = cotx (C) y = csc x Oo 


In Figure 10b, it appears that the calculator has drawn the vertical asymptotes 
for y = tan x, but in Figure 10c they do not appear for y = sec x. The differ- 
ence is due to the fact that Figure 10b was drawn with a TI-83 and Figure 10c 
was drawn with a TI-84. Some calculator models will appear to draw vertical 
asymptotes, but this is not actually what they are doing. Most graphing 
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calculators graph functions by calculating many points on a graph and connect- 
ing these points with line segments. The last point plotted to the left of the 
asymptote and the first plotted to the right of the asymptote will usually have 
very large y coordinates. If these y coordinates have opposite signs, then some 
calculators will connect the two points with a nearly vertical line segment, which 
gives the appearance of an asymptote. There is no harm in this as long as you 
understand that the calculator is not performing any analysis to identify asymp- 
totes; it is simply connecting points with line segments. If the model you are 
using connects segments of the graph, as in Figure 10b, you can set the calcu- 
lator in dot mode to plot the points without the connecting line segments, as 
illustrated in Figure 11. 


=) 


FIGURE 11 
Graph of y = tan x in dot mode 


Answers to 1. 
Matched Problems 


2. 
x 0 0.5 1 IS 157 —1.5707 —1.570 796 
fan x | 0 0.5 1.6 14.1 1,256 10,381 —3,060,023 
Conclusion: As x approaches —7r/2 from the right, y = tan x appears to 
decrease without bound. 
3. 


x =157 = 1.56. —1.4 0 1.4 1.56 1.57 


sec X 1,256 92.6 5.9 1 5.9 92.6 1,256 


4. (A) y =cosx 


297 


EXERCISE 3.1 


. What are the periods of the cosine, secant, and tangent 
functions? 


. What are the periods of the sine, cosecant, and cotangent 
functions? 


. Explain how to remember the x intercepts for the graph of 
y = sin x and y = cos x by thinking of the unit circle. 


. Explain how to remember the vertical asymptotes for the 
graph of y = tan x and y = cot x by thinking of the unit 
circle. 

. Explain how to obtain the graph of y = csc x from the 
graph of y = sin x. 

. Explain how to obtain the graph of y = sec x from the 
graph of y = cos x. 

. How far does the graph of each of the following func- 
tions deviate from the x axis? 


(A) sin x (B) cot x (C) sec x 
. How far does the graph of each of the following func- 


tions deviate from the x axis? 


(A) cos x (B) tan x (C) csc x 
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(B) y = cotx 
5 5 
27 —Inr Qa 
5 5 
5 
27 


In Problems 9-14, what are the x intercepts for the graph of 
each function over the interval —27 = x = 27? 


9. cosx 10. sinx 11. tan x 


12. cotx 13. sec x 14. csc x 


. For what values of x, -27 = x = 27, are the following 
not defined? 


(A) sin x (B) cot x (C) sec x 


16. For what values of x, —277 = x < 277, are the following 
not defined? 


(A) cos x (B) tan x (C) csc x 


17. Use a calculator and point-by-point plotting to produce 
an accurate graph of y = cosx, 0 = x = 1.6, using 
domain values 0, 0.1, 0.2,..., 1.5, 1.6. 


18. Use a calculator and point-by-point plotting to produce 
an accurate graph of y = sinx, 0 = x = 1.6, using 
domain values 0, 0.1, 0.2,..., 1.5, 1.6. 
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In Problems 19-24, make a sketch of each trigonometric func- 
tion without looking at the text or using a calculator. Label 
each point where the graph crosses the x axis in terms of 7. 


19. y=sinx, -27 5x27 
20. y=cosx, -27 =x=27 
21. y=tanx, OS x27 


23. 
24. 


25. (A) With your graphing calculator set in radian mode, 
graph y = sinxon—-27 =x =27,-2=5 y=2. 


y 

22. y=cotx, O<x< 27 
yrooex, -Tixi< 7 
y = 


= secx, —-T7 LST 


(B) Switch your calculator to degree mode and have it 
redraw the graph. 


(C) What can you conclude about the importance of 
the mode setting in graphing trigonometric 
functions? 


. (A) With your graphing calculator set in radian mode, graph 
y=tanxon-7/2Sx57/2,-5Sys5. 


(B) Switch your calculator to degree mode and have it 
redraw the graph. 


(C) What can you conclude about the importance of the 
mode setting in graphing trigonometric functions? 


Problems 27-32 require the use of a graphing calculator. 
These problems provide a preliminary exploration into 
the relationships of the graphs of y= Asinx, 
y= Acosx, y=sin Bx, y= cos Bx, y = sin(x + C), 
and y = cos(x + C) relative to the graphs of y = sinx 
and y = cos x. The topic is discussed in detail in the next 
section. 
27. (A) Graphy = A sinx (—27 S x S 27,-3 S y S 3) 
for A = —2, 1, 3, all in the same viewing window. 
(B) Do the x intercepts change? If so, where? 
(C) How far does each graph deviate from the x axis? 
Experiment with other values of A. 
(D) Describe how the graph of y = sin x is changed by 
changing the values of A in y = A sin x. 
28. (A) Graph y = Acosx(-27 SxS 27,-3 5 y $3) 
for A = —3, 1, 2, all in the same viewing window. 


(B) Do the x intercepts change? If so, where? 


(C) How far does each graph deviate from the x axis? 
Experiment with other values of A. 


(D) Describe how the graph of y = cos x is changed by 
changing the values of A in y = Acos x. 


29. (A) Graph y = cos Bx (-m SxS7,-2 Sys 2) 
for B = 1, 2, 3, all in the same viewing window. 


(B) How many periods of each graph appear in this view- 
ing window? Experiment with additional positive 
values of B. 


(C) Based on your experiments in part (B), how many 
periods of the graph of y = cos nx, n a positive inte- 
ger, would appear in this viewing window? 

30. (A) Graph y = sin Bx (-mSx57,-2 5 ys 2) 
for B = 1, 2, 3, all in the same viewing window. 


(B) How many periods of each graph appear in this view- 
ing window? Experiment with additional positive 
values of B. 


(C) Based on your experiments in part (B), how many 
periods of the graph of y = sin nx, na positive inte- 
ger, would appear in this viewing window? 

31. (A) Graph y = sin(x + C) 
(-27 Sx S20, -2 Sy $2) for C = —-7/2, 
0, 7/2, all in the same viewing window. Experiment 
with additional values of C. 

(B) Describe how the graph of y = sin x is changed by 

changing the values of C in y = sin(x + C). 

32. (A) Graph y = cos(x + C) 
(-27 Sx S20, —2 Sy S 2)forC = -7/2, 
0, 77/2, all in the same viewing window. Experiment 
with additional values of C. 


(B) Describe how the graph of y = cos x is changed by 
changing the values of C in y = cos(x + C). 


C 33. Try to calculate each of the following on your calculator. 


Explain the problem. 
(A) cot 0 (B) tan(7/2) (C) cse 7 


34. Try to calculate each of the following on your calculator. 
Explain the problem. 


(A) tan(—7r /2) (B) cot(—7r) (C) sec(7/2) 


Problems 35-38 require the use of a graphing calculator. 


35. In applied mathematics certain formulas, derivations, 
and calculations are simplified by replacing tan x with x 
for small x. What justifies this procedure? To find out, 
graph y, = tan x and y, = x in the same viewing win- 
dow for-1 =x =land-ls=y<=l. 

(A) What do you observe about the two graphs when x is 
close to 0, say —0.5 = x = 0.5? 


(B) Complete the table to three decimal places (use the 
table feature on your graphing calculator if it has 
one): 


x 


-03 =02 =01 0.0 O1 02 0.3 


tan x 


36. 


(C) Is it valid to replace tan x with x for small x if x is in 
degrees? Graph y; = tan x and y) = x in the same 
viewing window with the calculator set in degree 
mode for —45° = x = 45° and —5 = y = 5, and 
explain the results after exploring the graphs using 

TRACE |, 


In applied mathematics certain formulas, derivations, 
and calculations are simplified by replacing sin x with x 
for small x. What justifies this procedure? To find out, 
graph y; = sinx andy, = x in the same viewing win- 
dow for-1 =x =land-l=s=y<=l1. 


(A) What do you observe about the two graphs when x 
is close to 0, say —0.5 = x = 0.5? 


(B) Complete the table to three decimal places (use 
the table feature on your graphing calculator if it 
has one): 


x 


-03 -0.2 -0O1 00 O.1 0.2 0.3 


sin x 


37. 


(C) Is it valid to replace sin x with x for small x if x is in 
degrees? Graph y; = sin x and yy = x in the same 
viewing window with the calculator set in degree 
mode for —10° = x = 10° and -1 = y = 1, and 
explain the results after exploring the graphs using 

TRACE |, 


Set your graphing calculator in radian and parametric 
(Par) modes. Make the entries as indicated in the figure to 
obtain the indicated graph (set Tmax and Xmax to 277 and 
set Xscl to 7/2). The parameter T represents a central 
angle in the unit circle of T radians or an arc length of T 
on the unit circle starting at (1, 0). As T moves from 0 to 
27, the point P = (cos T, sin 7) moves counterclock- 
wise around the unit circle starting at (1, 0) and ending at 
(1, 0), and the point P = (T, sin T) moves along the sine 


curve from (0, 0) to (27, 0). Use | TRACE | to observe 
this behavior on each curve. 


Ploti Plot? Plot? 
seirBcos¢T> 
VairGsintT? 


sit BT 
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WINDOW 


Tmin=8 
Tmax=6,. 2831953... 
Tster=. 1 
4min= 71 

AMax=6,. 2931953... 
asC1=1, 5787963... 
Ymin=-2.4 
Ymax=2.4 

Yscl=1 


FIGURE FOR 37 


38. 


Now use | TRACE | and move back and forth 
between the unit circle and the graph of the sine function 
for various values of T as T increases from 0 to 277. 
Discuss what happens in each case. 


Repeat Problem 37 with Yo7 = cos T. 


In Problems 39-42, find the smallest positive number C that 
makes the statement true. 


39. 


40. 


41. 


42. 


43. 


44. 


If the graph of the sine function is shifted C units to 
the right, it coincides with the graph of the cosine 
function. 


If the graph of the cosine function is shifted C units 
to the right, it coincides with the graph of the sine 
function. 


If the graph of the secant function is shifted C units to the 
left, it coincides with the graph of the cosecant function. 


If the graph of the cosecant function is shifted C units 
to the left, it coincides with the graph of the secant 
function. 


Modeling Sunrise and Sunset Times Table 1 on page 
140 contains the sunrise and sunset times (using a 24- 
hour clock) from January 1, 2003, to December 1, 2004, 
in Milwaukee, Wisconsin. Plot the sunrise times by plot- 
ting the points (1, 7.4), (2, 7.1), ..., (24, 7.1), where 1 
represents January 1, 2003, and 24 represents December 
1, 2004. Connect the points with straight-line segments. 
Modeling Sunrise and Sunset Times Refer to 
Problem 43. Plot the sunset times and connect the 
points with straight-line segments. 
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45. 


46. 


47. 


48. 


Modeling Sunrise and Sunset Times Denote the 
function graphed in Problem 43 by a(x). Use the trans- TABLE 1 
formations discussed in Appendix B.2 to transform a(x) ; 
into a function f(x) with range [—1, 1]. Add the graph Month Sunrise Sunset 
of f(x) to the graph in Problem 43. l 74 16.4 
Modeling Sunrise and Sunset Times Denote the 2 TA. 17.1 
function graphed in Problem 44 by b(x). Use the trans- 3 6.5 17.7 
formations discussed in Appendix B.2 to transform b(x) 4 5.6 18.3 
into a function g(x) with range [—1, 1]. Add the graph 5 48 18.9 
of g(x) to the graph in Problem 44. 6 42 19.4 
Modeling Sunrise and Sunset Times Refer to 7 4.3 19.6 
Problems 45 and 46. Interpret the function 8 4.7 19.2 
d(x) = b(x) — a(x). Explain why the functions 9 5,3 18.4 
a(x), b(x), and d(x) are expected to be (approximately) 10 5.8 17.6 
periodic. 11 6.4 16.7 
Modeling Sunrise and Sunset Times Show that if 12 7.0 16.3 
f(x) and g(x) are periodic functions with the same 13 74 16.4 
period p, then A(x) = f(x) — g(x) is also periodic 14 71 17.1 
with period p. 15 6.4 17.7 
16 5.6 18.3 
17 4.8 18.9 
18 4.2 19.4 
19 4.3 19.6 
20 4.7 19.2 
21 5.3 18.4 
22 5.8 17.5 
23 6.4 16.7 
24 val 16.3 


3.2 Graphing 
y=k+Asin Bx andy =k + A cos Bx 


e Graphing y = Asin x and y = Acos x 

e Graphing y = sin Bx and y = cos Bx 

e Graphing y = A sin Bx and y = A cos Bx 

e Graphing y = k + Asin Bx and y = k + Acos Bx 
e Application: Sound Frequency 

e Application: Floating Objects 


Having completed Section 3.1, you should be familiar with the graphs of the basic 
functions y = sin x and y = cos x. In this section we will look at graphs of more 
complicated trigonometric functions. In so doing, we will be able to accurately 
model real-world situations involving quantities that tend to repeat in cycles. 
Fortunately, graphing equations of the form y =k + Asin Bx and 
y = k + Acos Bx, where k, A, and B are real numbers, is not difficult if you 
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have a clear understanding of the graphs of the basic equations y = sin x and 
y = cos x studied in Section 3.1. 


EXPLORE/DISCUSS 1 


Describe how the graph of y is related to the graph of y, in each of the fol- 


lowing graphing calculator displays. 
(B) 
ya Ls We 


ase 
ay NUE 


=3 =il.5) 


=p 


B Graphing y = A sinx andy = A cos x 


We'll begin by studying the effect of multiplying the output of y = sin x by areal 
number A. The result depends on the particular value of A, as summarized in the 
table. (Transformations of this type are reviewed in Appendix B.2.) 


A How A in y = A sin x changes the graph of y = sin x 

A>Il The graph of y = sin x is stretched vertically by a factor of A 
0<A<1 The graph of y = sin x is shrunk vertically by a factor of A 

A< -1 The graph of y = sin x is reflected in the x axis and then stretched 


vertically by a factor of |A| 


—1<A<0 | The graph of y = sin x is reflected in the x axis and then shrunk 
vertically by a factor of |A| 


Note that any x intercept of y = sin x is also an x intercept of y = A sin x, 
since multiplying an output of zero by the real number A will have no effect. 

We know that the maximum deviation of the graph of y = sin x from the 
x axis is 1. Then the maximum deviation of the graph of y = Asin x from 
the x axis is |A] - 1 = |A|. The constant |A] is called the amplitude of the 
graph of y = Asin x and represents the maximum deviation of the graph 
from the x axis. Finally, the period of y = Asinx is also 277, since 
Asin(x + 277) = Asin x. 
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EXAMPLE 1 


Solution 


Matched Problem 1 


Comparing Amplitudes 


Compare the graphs of y = i sin x and y = —3 sin x with the graph of y = sin x 
by graphing all three on the same coordinate system for 0 = x = 277. 


We see that the graph of y = 7 sin x has an amplitude of | 5 |= ; , the graph of 


y = —3sin x has an amplitude of |—3| = 3, and the graph of y = sin x has an 
amplitude of |1| = 1. The negative sign in y = —3sin x turns the graph of 
y = 3 sin x upside down. That is, the graph of y = —3 sin x is the same as the 


graph of y = 3 sin x reflected in the x axis. The graphs of all three equations, 
y= 5 sin x, y = —3 sin x, and y = sin x, are shown in Figure 1. 


FIGURE 1 
Comparing amplitudes Oo 


In summary, the results of Example | show that the effect of Ain y = A sin x 
is to increase or decrease the y values of y = sin x without affecting the x values. 
A similar analysis applies to y = A cos x; this function also has an amplitude of 
|A| and a period of 277. 


Compare the graphs of y = 5 cos x and y = —2cos.x with the graph of 
y=cosx by graphing all three on the same coordinate system for 
O=x=2n. a 
B Graphing y = sin Bx and y = cos Bx 
We now examine the effect of B by comparing 

y=sinx and y=snBx B>O 


We know that y = sin x has a period of 277, which means that the graph completes 
one full cycle as the input varies from 0 to 277. For y = sin Bx, the input is now 
Bx instead of x. So y = sin Bx completes one full cycle as Bx varies from 


Bx =0 to Bx = 27 


EXAMPLE 2 


Solution 
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or as x varies from 


2Q1r 
x=—=0 to x = — 
B B 


We can conclude that the period of sin Bx is 27r/B. We can check this result as 
follows: If f(x) = sin Bx, then 


Boule (eateejaaaee 
f\ x BR) Sin Bl x R = sin(Bx a) = sin Bx = f(x) 


Comparing Periods 
Compare the graphs of y = sin 2x and y = sin(x/2) with the graph of y = sin x 
by graphing all three on the same coordinate system for one period starting at the 
origin. 
Period for sin 2x: sin 2x completes one cycle as 2x varies from 

2x =0 to 2x = 27 
or as x varies from 

x=0 to x=7 


So the period for sin 2x is 7. 


Period for sin(x/2):  sin(x/2) completes one cycle as x/2 varies from 


or as x varies from 
x=0 to x=47 


So, the period for sin(x/2) is 47. Note that the output of all three functions 
varies from —1 to 1, which means that all three have amplitude 1. The graphs 
of all three equations, y = sin 2x, y = sin(x/2), and y = sin x, are shown in 
Figure 2. 


y=sin2x y=sinx y =sin5 


FIGURE 2 
Comparing periods Oo 
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Matched Problem 2 


EXAMPLE 3 


Solution 


Compare the graphs of y = cos2x and y = cos(x/2) with the graph of 
y = cos x by graphing all three on the same coordinate system for one period 
starting at the origin. Oo 


We can see from Example 2 that for y = sin Bx, if B > 1, the effect of B is 
to shrink the graph of y = sin x horizontally by a factor of 1/B. If 0 < B < 1, 
the effect of B is to stretch the graph of y = sin x horizontally by a factor of 1/B. 
In either case, the period of y = sin x is 277/B. A similar analysis applies to the 
graph of y = cos Bx; its period is also 27/B. 


@ Graphing y = A sin Bx andy = A cos Bx 


We summarize the results of the discussions of amplitude and period in the fol- 
lowing box. 


AMPLITUDE AND PERIOD 


For y = Asin Bx or y = Acos Bx, B > 0: 


: ; 27 
Amplitude = |A| Period = pau 


If B > 1, the basic sine or cosine curve is horizontally compressed. 
If 0 < B < 1, the basic sine or cosine curve is horizontally stretched. 


We will now consider several examples where we show how graphs of 
y = Asin Bx and y = Acos Bx can be sketched rather quickly. 


Graphing the Form y = A cos Bx 


State the amplitude and period for y = 3cos 2x, and graph the equation for 
= = x = Dir. 


. . 20 Qi 

Amplitude = |A] = |3| = 3 Period = “3 ee 
To sketch the graph, divide the interval of one period, from 0 to 77, into four equal 
parts, locate x intercepts, and locate high and low points (see Fig. 3a on the next 
page). Since this is a cosine curve with A > 0, the graph is at its maximum value 
for x = 0. Then, sketch the graph for one period, and extend this graph to fill out 
the desired interval (Fig. 3b). | 

The graph of y = 3 cos 2x is the result of stretching the graph of y = cos x ver- 
tically by a factor of 3 and then shrinking it horizontally by a factor of 1/2. Notice that 
we scaled the x axis using the period divided by 4; that is, the basic unit on the x axis 
is 77/4. Also, we adjusted the scale on the y axis to accommodate the amplitude 3. 


The scales on both axes do not have to be the same. 


FIGURE 3 


Matched Problem 3 


EXAMPLE 4 


Solution 


Matched Problem 4 
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y = 3 cos 2x 


State the amplitude and period for y = i sin(x/2), and graph the equation for 
—-27 =x = 6. | 


Graphing the Form y = A sin Bx 


State the amplitude and period for y = —5 sin(zrx /2) and graph the equation for 
=53=.% = 5. 

pide Sal aie = Piss 
mplitude 5 . erio . z/2 


Because of the factor — 5 , the graph of y = —5 sin(7x/2) is the graph of 
y = }sin(ax/2) reflected through the x axis (turned upside down). As before, 
we divide one period, from 0 to 4, into four equal parts, locate x intercepts, and 
locate high and low points (see Fig. 4a). Since this is a sine curve, the graph is at 
height zero for x = 0. Then we graph the equation for one period and extend the 
graph over the desired interval (see Fig. 4b). 


(a) (b) 


FIGURE 4 | 


State the amplitude and period for y = —2 cos 27rx, and graph the equation for 
= 2%. 2. a 
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EXAMPLE 5 


Solution 


EXPLORE/DISCUSS 2 


Find an equation of the form y = A sin Bx that produces the graph shown in 
the following graphing calculator display: 
4 


-4 
Is it possible for an equation of the form y = A cos Bx to produce the same 
graph? Explain. 


@ Graphing y = k + A sin Bx and 
y=k+Acos Bx 


By adding a constant k to either A sin Bx or A cos Bx, we are simply adding k to 
the y coordinates of the points on their graphs. That is, we are vertically trans- 
lating the graphs of y = A sin Bx and y = Acos Bx up k units if k > 0 or down 
|k| units if k < 0. 


Graphing the Form y = k + A sin Bx 
_ fl 
Graph: y=4+4+2 sin( 4), -Yr =x=67r 


We begin by finding the period and amplitude, which are unaffected by k = 4. 


: : 27 2a 
Amplitude = |A| = 2 Period = — = —— = 67 
B 1/3 
The graph of y = 2 sin (5x) has x intercepts at x = 0, 327, and 677. It also has 
high point (37/2, 2) and low point (97/2, —2). The effect of k = 4 is to 
translate every point up by 4 units. This moves the x intercepts to height 4, the 
high points to height 6, and the low points to height 2 (see Fig. 5a). We can 
then connect these points to draw one period of the graph and extend to the 
rest of the interval —127 =< x = 67 (Fig. 5b). The horizontal dashed line at 
y = 4 was drawn to help you visualize the result of translating y = 2 sin (4x) 
up by 4 units. 


3.2 Graphing y = k + Asin Bx and y = k + Acos Bx 147 


FIGURE 5 y 
A 
6+ e 
a aa oe el ee el 4@----e----e-- 
2b e 
1 1 1 L 1 L 1 1 1 1 1 1 1 >x 
12a -97 67 377 3a 67 
2b 
y 
A 
1 1 1 1 1 1 1 1 1 1 1 1 1 > xX 
12a -97 67 377 3a 67 
9b: . 
Matched Problem 5 Graph: y = —1—- sinax,-4=x=4 | 
-\ EXAMPLE 6 Graphing the Form y = k + A cos Bx 


Graph: y = —2 + 3cos2x, -mSixS27 


Solution The —2 indicates that the graph of y = 3 cos 2x is translated 2 units down. So we 


first graph y = 3 cos 2x (as we did in Example 3) and then move the graph down 
2 units, as shown in Figure 6. 


FIGURE 6 y 
A 


| 

Again, you may find it helpful to first draw the horizontal dashed line shown 
in Figure 6. In this case, the line is 2 units below the x axis, which represents a 
vertical translation of —2. Then the graph of y = 3 cos 2x is drawn relative to the 
dashed line and the original y axis. Note that the high and low points are 3 units 
above and below the dashed line, respectively, because A = 3. 


Matched Problem 6 Graph: y =3-— 2cos2a7x, -2=x=2 a 
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EXAMPLE 7 


FIGURE 7 


Solution 


EXPLORE/DISCUSS 3 


Find an equation of the form y = k + A cos Bx that produces the graph shown 
in the following graphing calculator display: 


5 


47 4a 


0 
Is it possible for an equation of the form y = k + A sin Bx to produce the same 
graph? Explain. 


Finding the Equation for a Graph 


Find an equation of the form y = A sin Bx that produces the graph in Figure 7. 


The amplitude is 6, so we know that |A| = 6. Also, the graph decreases on the 
first quarter-period to the right of x = 0: this looks like an upside-down sine 


curve, so A is negative, and A = —6. One full cycle is completed between x = 0 
and x = 477, so the period is 477. We can use this fact to find B: 
: QT 
Period = 47 = ea Multiply both sides by B. 
47 B = 27 Divide both sides by 4-r. 
27 1 
B= = — 
4a 2 
The equation is y = —6 sin(5x). You may want to check this answer by graph- 


ing it using a graphing calculator. 


Matched Problem 7 
FIGURE 8 
FIGURE 9 
Tuning fork 


EXAMPLE 8 
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Find an equation of the form y = A cos Bx that produces the graph in Figure 8. 


a 


B Application: Sound Frequency 


In many applications involving periodic phenomena and time (sound waves, pen- 
dulum motion, water waves, electromagnetic waves, and so on), we speak of the 
period as the length of time taken for one complete cycle of motion. For exam- 
ple, since each complete vibration of an A440 tuning fork (see Fig. 9) lasts 
Jap Sec, we say that its period is — sec. 

Closely related to the period is the concept of frequency, which is the num- 
ber of periods or cycles per second. The frequency of the A440 tuning fork is 440 
cycles/sec, which is the reciprocal of the period. Instead of “cycles per second,” 
we usually write “Hz,” where Hz (read “hertz’’) is the standard unit for frequen- 
cy (cycles per unit of time) and is named after the German physicist Heinrich 
Rudolph Hertz (1857-1894), who discovered and produced radio waves. 


For any periodic phenomenon, if P is the period and fis the frequency, then: 


1 
P= — Feriod is the time for one complete cycle. 
i 
1 , : i 
f= Frequency is the number of cycles per unit of time. 
An Equation of a Sound 


Referring to the tuning fork in Figure 9, suppose that we want to model the motion 
of the tip of one prong using a sine or cosine function. We will choose deviation 
from the rest position to the right as positive and to the left as negative. If the prong 
motion has a frequency of 440 Hz (cycles/sec), an amplitude of 0.04 cm, and 
is 0.04 cm to the right when t = 0, find A and B so that y = Acos Bt is an 
approximate model for this motion. 
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Solution Find A. The amplitude |A| is given to be 0.04. Since y = 0.04 when t = 0, 
A = 0.04 (and not —0.04). 


Find B. We are given that the frequency, f, is 440 Hz, so we can find the period 
using the reciprocal formula: 


1 
~ fF 440 ~° 
From the earlier discussion, P = 27 /B, so, solving for B, we get 
2 2 
= = = 8807 
P 1 


740 
Write the equation: 
y = Acos Bt = 0.04 cos 880at 


W Check Amplitude = |A| = |0.04] = 0.04 
Pétiod = 20 = Weg _ 1 
eB 8807 ~~ 440 
1 1 
F 7 7 = 440H 
ere Period ae . 


And when ¢t = 0, 
y = 0.04 cos(88077 - 0) 
= 0.04(1) = 0.04 Oo 


Matched Problem 8 Repeat Example 8 if the prong motion has a frequency of 262 Hz (cycles/sec), has 
an amplitude of 0.065 cm, and is 0.065 cm to the left of the rest position when 
t=0. a 


B Application: Floating Objects 


Did you know that it is possible to determine the mass of a floating object (Fig. 10) 
simply by making it bob up and down in the water and timing its period of 
oscillation? 


FIGURE 10 
Floating object 
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If the rest position of the floating object is taken to be O and we start 
counting time as the object passes up through 0 when it is made to oscillate, 
then its equation of motion can be shown to be (neglecting water and air 
resistance) 


_ | 1,000gA 
y = Dsn.,j/——__t 
M 


where y and D are in meters, f is time in seconds, g = 9.75 m/sec” (gravitational 
constant), A is the horizontal cross-sectional area in square meters, and M is mass 
in kilograms. The amplitude and period for the motion are given by 


2Qar 


V'1,000gA /M 


Amplitude = |D| Period = 


EXAMPLE 9 Mass of a Buoy 


A cylindrical buoy with cross-sectional area 1.25 m° is observed (after being 
pushed) to bob up and down with a period of 0.50 sec. Approximately what is the 
mass of the buoy (in kilograms)? 


Solution We use the formula 


2a 


V'1,000gA /M 


with g = 9.75 m/sec’, A = 1.25 m’, and period = 0.50 sec, and solve for M. 


Period = 


Thus, 
0.50 ai aie 
50 = implify radica 
V(1,000) (9.75) (1.25) /M 
27 
0.50 = Multiply both sides 
V 12,187.5/M by radical 
0.50'V 12,187.5/M = 2a Multiply both sides by 2 
V12,187.5/M = 4a Square both sides 
12,1875 = 167 Solve for M. 
M 
M = 7T1kg | 


Matched Problem 9 A larger buoy with twice the cross-sectional area as the one in Example 9 bobs 
up and down with a period of 0.7 sec. Find its mass to the nearest kilogram. Ml 
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Answers to 1. y 
Matched Problems A 


x 
y=cos2x y=cosx y =cos > 


> Xx 
3. Amplitude = 1/3; Period = 47 
> Xx 
4. Amplitude = 2; Period = 1 
y 
y = —2 cos 27x 
> xX 


9 


y = —1 —sin 7x 


3.2 
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y=3-—2cos 2m 


7. y = 20 cos 7x 


EXERCISE 3.2 


1. Explain why the amplitude of y = A cos x is [A]. 


2. How can you find the period of a function of the form 
y = Asin Bx? Why does that procedure work? 


3. For functions of the form y = k + Asin Bx, does k 
affect the amplitude? The period? Explain. 


4. Does every function of the form y = Acos Bx have a 
period that is a multiple of 7? Explain. 


In Problems 5 and 6, make a sketch of each trigonometric 
function. Try not to look at the text or use a calculator. Label 
each point where the graph crosses the x axis. 


-2rsxs 


Qa 
27 


5. y = sin x, 


6 y=cosx, -27 =x 


In Problems 7-14, state the amplitude and period for each 
equation and graph it over the indicated interval. 


7y=-2snx, OS x47 
8 y= -—3cosx, 0S x47 
9. y =5sinx, Os=xs27 
10. y = 5008 x, Osx =27 
11. y=sin2a7x, -25 x52 
12. y=cos4m7x, -lsSx=1 
13. y=cos—, 0=x=8r 
14. y=sin—, 0S x= 47 


B 


8. y = —0.065 cos 524at 


9, 303 kg 


In Problems 15-20, state the amplitude and period for each 
equation and graph it over the indicated interval. 


15. y=2sin4x, -msixs7 
16. y=3cos2x, -TSixT7 
17. y= 3c0os2mx, —-2Sx=2 
18. y= 5sin2a7x, -2Sx=2 
19. y= -psind, 47 =x 47 
20. y = —3eos, 47 =x s40 


In Problems 21-24, y is the displacement of an oscillating 
object from a central position at time t. For each problem, find 
an equation of the form y = Asin Bt or y = Acos Bt that 
satisfies the given conditions. 


21. Displacement from the f axis is 0 ft when f is 0, ampli- 
tude is 3 ft, and period is 4 sec. 


22. Displacement from the ft axis is 7 cm when ¢ is 0, ampli- 


tude is 7 cm, and period is 0.4 sec. 


23. Displacement from the ¢ axis is 9 m when ¢ is 0, ampli- 


tude is 9 m, and period is 0.2 sec. 


24. Displacement from the f axis is 0 ft when f is 0, ampli- 


tude is 5 ft, and period is 2 sec. 


25. Describe what happens to the size of the period of 


y = Asin Bx as B increases without bound. 


26. Describe what happens to the size of the period of 
y = Acos Bx as B decreases through positive values 


toward 0. 
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In Problems 27-30, graph each equation over the indicated 36. y 
interval. A 
27. y=—-1 + }cos 2mx, 22 x=2 
28. y= -3 + }sin 2ax, =—2=x%5 
“il x ae 
29. y=2 sn—, —-4q7 Sx 547 
4 2 
30. y = 3 3 cos ~, 4n Sx S40 
7 37. j 
In Problems 31-34, find the equation of the form A 
y = Asin Bx that produces the given graph. 
31. 
> Xx 


38. y 


32. 


33. 


that you see at least two periods of a particular function.) 
Find an equation of the form y=k + Asin Bx or 
y = k + Acos Bx that has the same graph. These problems 
suggest the existence of further identities in addition to the 
basic identities discussed in Section 2.5. Further identities 
are discussed in detail in Chapter 4. 


39. y = sin x cos x 40. y = cos? x — sin? x 
41. y 
43. y = 2 — 4sin? 2x 44. y = 600s" = — 3 


34. 


2 cos* x 42. y = 2sin? x 


Problems 45 and 46 graphically explore the relationships of 
=f the graphs of y = sin(x + C) and y = cos(x + C) relative 
to the corresponding graphs of y = sin x and y = cos x. This 
topic is discussed in detail in the next section. 
45. (A) Graphy = sin(x + C),-27 = x S 27,forC = 0 
and C = —7/2 in one viewing window, and for 
om y C = 0 and C = 7z/2 in another viewing window. 
(Experiment with other positive and negative values 
of C.) 
(B) Based on the graphs in part (A), describe how the 
a graph of y = sin(x + C) is related to the graph of 
y = sin x for various values of C. 


In Problems 35-38, find the equation of the form 
y = Acos Bx that produces the given graph. 


46. (A) Graphy = cos(x + C),-27 = x S 27,forC = 0 
and C = —7/2 in one viewing window, and for 
C = 0 and C = 7/2 in another viewing window. 
(Experiment with other positive and negative values 


of C.) 


(B) Based on the graphs in part (A), describe how the 
graph of y = cos(x + C) is related to the graph of 
y = cos x for various values of C. 


. From the graph of f(x) = cos? x, —27 < x < 2z, on 


a graphing calculator, determine the period of f. 
. From the graph of f(x) = sin? x, -24 < x S 2a, on 
a graphing calculator, determine the period of f. 


. The table in the figure was produced using a table feature 
for a particular graphing calculator. Find a function of 
the form y = Asin Bx or y = Acos Bx that will pro- 
duce the table. 


x 
= 


ME oer 
coe Mess 
oom 


50. 


The table in the figure was produced using a table feature 
for a particular graphing calculator. Find a function of 
the form y = A sin Bx or y = Acos Bx that will pro- 
duce the table. 


Pee 
Gi esonos 


5S Applications 


In these applications, assume all given values are exact unless 
indicated otherwise. 

The following table gives the lowest and highest frequen- 
cies of five common sound sources. In Problems 51-54, use 
these frequencies to find the time it takes each sound to com- 
plete one cycle. 


51. Sound The lowest frequency of human hearing. 


52. Sound The highest frequency of human hearing. 
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Lowest Highest 
Source frequency (Hz) frequency (Hz) 
Piano 28 4,186 
Female speech 140 500 
Male speech 80 240 
Compact disc 0 22,050 
Human hearing 20 20,000 


53. 
54. 
55. 


Sound The highest frequency of female speech. 
Sound The lowest frequency of male speech. 


Electrical Circuits The alternating voltage E in an 
electrical circuit is given by E = 110 sin 1207, where t 
is time in seconds. What are the amplitude and period of 
the function? What is the frequency of the function? 
Graph the function for 0 = tf = a. 

Spring—Mass System The equation y = —4 cos 8, 
where f is time in seconds, represents the motion of a 
weight hanging on a spring after it has been pulled 4 
cm below its equilibrium point and released (see the 
figure). What are the amplitude, period, and frequency 
of the function? [Air resistance and friction (damping 
forces) are neglected.] Graph the function for 
0st = 37/4. 


56. 


Figure for 56 


57. Electrical Circuits If the alternating voltage E in an 
electrical circuit has an amplitude of 12 V and a frequen- 
cy of 40 Hz, and if E = 12 V when ¢t = Osec, find an 
equation of the form E = A cos Bt that gives the voltage 
at any time t¢. 


58. Spring—Mass System If the motion of the weight in 
Problem 56 has an amplitude of 6 in. and a frequency of 


2 Hz, and if its position when f = 0 sec is 6 in. above its 
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59. 


60. 


61. 


62. 


63. 
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position at rest (above the rest position is positive and be- 
low is negative), find an equation of the form 
y = Acos Bt that describes the motion at any time ¢. 
(Neglect any damping forces—that is, air resistance and 
friction.) 


Floating Objects A shipping company requires chem- 
icals to be shipped in watertight cylinders with a mass of 
not more than 20 kg. A chemical company submits con- 
tainers with a cross-sectional area of 0.4 sq m, and these 
containers are found to bob up and down with a period of 
0.5 sec when placed into a testing tank. Are the contain- 
ers within the 20 kg limit? 


Floating Objects A professional stuntman plans a trip 
over Niagara Falls in a fiberglass barrel. An engineer cal- 
culates that a combined mass (stuntman plus barrel) over 
95 kg could result in a disastrous failure of the barrel, 
which has a cross-sectional area of 1.4 sq m. Ina test, the 
barrel with the stuntman in it bobs up and down with a 
period of 0.46 sec. Will our friend the stuntman be safe? 


Floating Objects 


(A) A3m X 3m X | m float in the shape of a rectangu- 
lar solid is observed to bob up and down with a peri- 
od of 1 sec. What is the mass of the float (in 
kilograms, to three significant digits)? 


(B) Write an equation of motion for the float in part (A) 
in the form y = D sin Bt, assuming the amplitude of 
the motion is 0.2 m. 


(C) Graph the equation found in part (B) for0 = t = 2. 
Floating Objects 


(A) A cylindrical buoy with diameter 0.6 m is observed 
(after being pushed) to bob up and down with a peri- 
od of 0.4 sec. What is the mass of the buoy (to the 
nearest kilogram)? 


(B) Write an equation of motion for the buoy in the form 
y = Dsin Bt, assuming the amplitude of the motion 
is 0.1 m. 


(C) Graph the equation for 0 = ¢ = 1.2. 
Physiology A normal seated adult breathes in and 
exhales about 0.80 L of air every 4.00 sec. The volume 
of air V(t) in the lungs (in liters) t seconds after exhaling 
is modeled approximately by 

Tt 

V(t) = 0.45 — 0.40 cos —— 0=<1r<=8 

(A) What is the maximum amount of air in the lungs, and 


what is the minimum amount of air in the lungs? 
Explain how you arrived at these numbers. 


64. 


65. 


(B) What is the period of breathing? 


(C) How many breaths are taken per minute? Show your 
computation. 


(D) Graph the equation on a graphing calculator for 
0 =t = 8and0 = V & 1. Find the maximum and 
minimum volumes of air in the lungs from the graph. 
[Compare with part (A).] 

Physiology When you have your blood pressure 

measured during a physical examination, the nurse or 

doctor will record two numbers as a ratio—for exam- 
ple, 120/80. The first number (systolic pressure) rep- 
resents the amount of pressure in the blood vessels 
when the heart contracts (beats) and pushes blood 
through the circulatory system. The second number 

(diastolic pressure) represents the pressure in the 

blood vessels at the lowest point between the heart- 

beats, when the heart is at rest. According to the 

National Institutes of Health, normal blood pressure is 

below 120/80, moderately high is from 140/90 to 

159/99, and severe is higher than 160/100. The blood 

pressure of a particular person is modeled approxi- 

mately by 


P = 135 + 30 cos 2.57t t=0 


where P is pressure in millimeters of mercury t seconds 
after the heart contracts. 


(A) Express the person’s blood pressure as an appropri- 
ate ratio of two numbers. Explain how you arrived at 
these numbers. 


(B) What is the period of the heartbeat? 


(C) What is the pulse rate in beats per minute? Show 
your computation. 


(D) Graph the equation using a graphing calculator for 
0=1t+=4, 100 = P = 170. Explain how you 
would find the person’s blood pressure as a ratio 
using the graph. Find the person’s blood pressure 
using this method. [Compare with part (A).] 


Rotary and Linear Motion A Ferris wheel with a 
diameter of 40 m rotates counterclockwise at 4 rpm 
(revolutions per minute), as indicated in the figure on 
the next page. It starts at 9 = O when time f is 0. At the 
end of ¢ minutes, 8 = 87t. Why? Explain why the posi- 
tion of the person’s shadow (from the sun directly over- 
head) on the x axis is given by 


x = 20 sin 87t 


Graph this equation for 0 = ¢ = 1. 


Sun rays 


Shadow 


= i 


Figure for 65 and 66 


> xX 


66. Rotary and Linear Motion Refer to Problem 65. Find 


67. 


Je 


(B) Which of the 


=>» Figure for 67 and 68 


amplitude of the data in Table 1, and find each. 


equations, 6 = Acos Bt 


the equation for the position of the person’s shadow on 
the x axis for a Ferris wheel with a diameter of 30 m 
rotating at 6 rpm. 


Bioengineering For a walking person (see the figure), 
a leg rotates back and forth relative to the hip socket 
through an angle 6. The angle @ is measured relative to 
the vertical, and is negative if the leg is behind the verti- 
cal and positive if the leg is in front of the vertical. 
Measurements of 6 are calculated for a particular person 
taking one step per second, where ¢ is time in seconds. 
The results for the first 4 sec are shown in Table 1. 


(A) Verbally describe how you can find the period and 


or 


6 = Asin Bt, is the more suitable model for the data 
in Table 1? Why? Find the more suitable equation. 
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(C) Plot the points in Table 1 and the graph of the equa- 
tion found in part (B), in the same coordinate system. 


68. Bioengineering Repeat Problem 67 for upper-arm 
oscillation, using the data in Table 2. 


TABLE 1 

Leg Oscillation 

t (sec) 0.0 05 10 1.5 2.0 2.5 3.0 3.5 4.0 
6 (deg) | —25° 0° 25° O° —25° 0° 25° 0° —25° 
TABLE 2 


Upper-Arm Oscillation 


t (sec) 


0.0 05 1.0 15 2.0 2.5 3.0 3.5 4.0 


6 (deg) 


O° 18° O° —18° O° 18° O° —18° 0° 


Problems 69 and 70 require a graphing calculator that can 
produce scatter plots. 


69. Engineering—Data Analysis A mill has a paddle 
wheel 30 ft in diameter that rotates counterclockwise at 


5 rpm (see the figure). The bottom of the wheel is 2 ft 
below the surface of the water in the mill chase. We are 
interested in finding a function that will give the height h 
(in feet) of the point P above (or below) the water t sec- 
onds after P is at the top of the wheel. 


Figure for 69 


=. 
a q 


(A) Complete Table 3 using the information provided above: 


TABLE 3 
t (sec) 0 3 6 9 12 15 18 21 24 
h (ft) —2 13 
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(B) Enter the data in Table 3 in a graphing calculator and 
produce a scatter plot. 


(C) The data are periodic with what period? Why does it 
appear that h = k + Acos Bt is a better model for 
the data than h = k + A sin Bt? 


(D) Find the equation to model the data. The constants k, 
A, and B are easily determined from the completed 
Table 3 as follows: 


|A| = (Max h — Min h) /2 
B = 27 /Period 
k = |A| + Minh 
Refer to the scatter plot to determine the sign of A. 


(E) Plot both the scatter plot from part (B) and the equa- 
tion from part (D) in the same viewing window. 


. Engineering—Data Analysis The top of a turning 
propeller of a large, partially loaded ship protrudes 3 ft 


TABLE 4 


t (sec) Oo 1 2 3 4 5 6 7 8 


h (ft) 


(B) Enter the data in Table 4 in a graphing calculator and 
produce a scatter plot. 


(C) The data are periodic with what period? Why does it 
appear that h = k + Acos Bt is a better model for 
the data than h = k + Asin Bt? 


(D) Find the equation to model the data. The constants k, 
A, and B are easily determined from the completed 
Table 4 as described in Problem 69D. 


(E) Plot both the scatter plot from part (B) and the equa- 
tion from part (D) in the same viewing window. 


above the water as shown in the figure. The propeller is 71. Modeling Sea Temperatures The National Data Buoy 
12 ft in diameter and rotates clockwise at 15 rpm. We are Center (NDBC) collects climatic observations from 
interested in finding a function that will give the height h about 75 buoys. Table 5 contains the monthly mean sea 
(in feet) of the point P above (or below) the water ¢ sec- temperatures from 2 of these buoys. Find a model of the 
onds after P is at the bottom of the circle of rotation. form t = k + Asin Bx for the data from Buoy 41001. 
Graph the model for 1 = x = 12. 
72. Modeling Sea Temperatures Repeat Problem 71 for 
the data from Buoy 44004. 
73. Modeling Gas Storage The Energy Information 
Administration (EJA) maintains data for the natural 
gas stored in underground facilities. Table 6 lists the 
monthly working natural gas storage for the eastern 
and the western regions of the United States from July 
2005 to June 2007 in billions of cubic feet (Bcf). Find 
a model of the form g = k + Asin Bx for the data 
from the eastern region. Graph the model for 
l=x = 24. 
Figure for 70 74. Modeling Gas Storage Find a model of the form 
: . ; g =k + Asin Bx for the data for the western region. 
(A) Complete Table 4 using the information provided Graph the model for 1 < x < 24. 
above. 
TABLE 5 
Mean Sea Temperature (°C) 
Month 1 2 3 4 5 6 7 8 9 10 11 12 
Buoy 41001 20.4 20.1 19.5 20.0 21.8 24.1 26.3 27.0 26.3 24.6 22.7 21.5 
Buoy 44004 15.9 20.3 23.6 24.0 21.9 18.0 14.4 10.8 8.5 8.0 9.2 11.8 
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TABLE 6 
Monthly Storage of Natural Gas in Bcf (billions of cubic feet) 
Eastern Western Eastern Western 
Month region region Month region region 
1 1,351 368 13 1,552 379 
2 1,541 381 14 1,709 406 
3 1,742 411 15 1,903 450 
4 1,897 440 16 1,963 470 
5 1,870 431 17 1,936 457 
6 1,511 376 18 1,726 391 
7 1,319 332 19 1,326 285 
8 995 270 20 823 230 
9 831 236 21 715 239 
10 971 263 22 757 267 
11 1,199 321 23 1,041 326 
12 1,404 363 24 1,308 372 
3.3. Graphing y = & + A sin (Br + C) and 
y=k+Acos(Br+ C) 
e Graphing y = A sin(Bx + C) and y = Acos(Bx + C) 
¢ Graphing y = k + Asin(Bx + C) and y = k + Acos(Bx + C) 
e Finding the Equation for the Graph of a Simple Harmonic 
G In the last section we learned a lot about graphing sine and cosine functions with 
Ss varying periods and amplitudes. But for many situations, in order to obtain accu- 
eS-, rate models, we’ll need to shift these graphs to the left or right as well. 

‘8 \ A function of the form y = A sin(Bx + C) or y = Acos(Bx + C) is said 
to be a simple harmonic. Imagine an object suspended from the ceiling by a 
spring. If it is pulled down and released, then, assuming no air resistance or fric- 
tion, it would oscillate up and down forever with the same amplitude and fre- 

i i" 


quency. Such idealized motion can be described by a simple harmonic and is 
called simple harmonic motion. These functions are used extensively to model 
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EXAMPLE 1 


Solution 


real-world phenomena; for example, see Problems 43-54 in Exercise 3.3 and the 
applications discussed in Section 3.4. 


@ Graphing y = A sin(@x + C) and 
y =A cos(Bx + C) 


We are interested in graphing equations of the form 
y = Asin(Bx + C) and y= Acos(Bx+C) 

We will find that the graphs of these equations are simply the graphs of 
y = Asin Bx or y = Acos Bx 


translated horizontally to the left or to the right. There is a simple process for 
determining how to shift the graph. Since A sin x has a period of 27, it follows 
that A sin(Bx + C) completes one cycle as its input, Bx + C, varies from 


Bx+C=0 to Bx+C=2a4 


This gives us two equations that we can solve for x; the results will be the x val- 
ues that begin and end one full period of the graph. 


Phage shift Period 
— a 
G C 2 
s= > to SS 
B B B 


We can now see that y = A sin(Bx + C) has a period of 277/B, and its graph is 

the graph of y = A sin Bx translated horizontally |-C/B| units to the right if 

—C/B > 0 and |—C/B| units to the left if -C/B < 0. The horizontal transla- 

tion, determined by the number —C/B, is often referred to as the phase shift. 
In Example 1, we will illustrate this process with a specific function. 


Finding Period and Phase Shift 
Find the period and phase shift for y = sin(2x + 7/2). 


Method I The graph will cover one full period as the input of sine, 2x + 7/2, 
varies from 0 to 277. Find the corresponding x values: 


T T 
2% = "0 2x +—_— =2r 
2 2 
T 7 
2x = -— 2x = -— + 27 
2 2 
7 7 377 
x= x= = + TT OF a 


emt, 
A } A | 
hase shift eriod 


The phase shift is —7/4, and the period is 7. 


Matched Problem 1 


A Caution 


3.3. Graphing y = k + Asin (Bx + c) and y = k + Acos (Bx + c) 161 


Method II Using the formulas developed above, the period is 27/B and the 
phase shift is —C/B. In this case, B = 2 and C = 77/2: 


21 
p=“=7 
2 
2 
Phase shift = — uae aps 
2 4 
Find the period and phase shift for y = cos(ax — 7/2) . | 


At first glance, it might seem like using formulas to find the period and phase shift is 
simpler than Method 1 in Example 1. But Method 1 has a big advantage in graphing: 
It identifies the x values where one full period begins and ends. See Example 2. 


A similar analysis applies to y = Acos(Bx + C). While Method 1 in 
Example | is probably the preferred method for graphing y = A sin(Bx + C) and 
y = Acos(Bx + C), itis still a good idea to summarize the key features of graphs 


in terms of the constants A, B, and C. |_| 
PROPERTIES OF y = A sin(Bx + C) AND y = A cos(Bx + C) 4 
For B > 0, 


2 C 
Amplitude = |A| Period = = Phase shift = ee 


As we have already indicated, it is not necessary to memorize the formulas 
for period and phase shift unless you want to. The period and phase shift are eas- 
ily found in the following steps for graphing: 


STEPS FOR GRAPHING 


y = Asin(Bx + C) AND y = A cos(Bx + C) 


Step 1 Find the amplitude: |A| 
Step 2 Solve Bx + C = Oand Bx + C = 27: 
Bx+C=0 and By+ C= 20 
C . Ver 
+ —— 


<P Ry 8 


C 
B 

* 
(2 Phase shift Zan Period 


This identifies x values that begin and end one full cycle of the graph. 
Step 3 Graph one cycle over the interval covering the x values found in step 2. 


Step 4 Extend the graph in step 3 to the left or to the right as desired. 
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EXAMPLE 2 


Solution 


FIGURE 1 


FIGURE 2 


Graphing the Form y = A cos (Bx + C) 
Graph 


y= 2000s( ax - =) =l=7= 3 


Step 1 Find the amplitude: 
Amplitude = |A| = |20| = 20 
Step 2 Solve Bx + C = Oand Bx + C = 277: 


T T 
Tx — —=0 TX — — = 27 
2 2 
at ef get 
> 2 7 3 ~ 2 


One full cycle of the graph is completed between x = j and x = 3, and the peri- 
od is 2. 


Step 3 Graph one cycle over the interval from x = 3 tox = 5 (Fig. 1). Note that 
this is a cosine graph with a positive value of A, so we begin and end one cycle 
at the maximum height, 20. 


| >x 
‘i 

5 

3 


x‘ 
One period 


Step 4 Extend the graph from —1 to 3 (Fig. 2). 


Matched Problem 2 


EXAMPLE 3 


Solution 


FIGURE 3a 
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State the amplitude, period, and phase shift for y = —5 sin(x/2 + 7/2). Graph 
the equation for —37 = x = 5a. a 


@ Graphing y = k + A sin(Bx + C) and 
y =k+A cos(Bx + C) 


In order to graph an equation of the form y =k + Asin(Bx + C) or 
y=k+Acos(Bx+C), we first graph y= Asin(Bx+C) or 
y = Acos(Bx + C), as outlined previously, and then vertically translate the 
graph up k units if k > 0 or down |k| units if k < 0. Graphing equations of the 
form y = k + Asin(Bx + C) or y= k + Acos(Bx + C), where k # 0 and 
C # 0, involves both a horizontal translation (phase shift) and a vertical transla- 
tion of the basic equation y = A sin Bx or y = Acos Bx. 


Graphing the Form y = k + A cos(Bx + C) 
Graph three full periods of y = 10 — 20 sin(3x — 7) 


First, we’ll graph y = —20 sin(3x — 7r) and then translate 10 units up. We begin 
by finding the amplitude and the beginning and ending x values of one cycle, as 
in Example 2: 


Amplitude = |A| = |—20| = 20 
3x —-7T=0 3x — 7 = 27 
3x = 7 3x = a7 + 27 
7 7 27 
—_s aS 


This is a sine graph with a negative value of A, so the full cycle between x = 7/3 
and x = 7 starts at height zero and proceeds downward to a low point with height 
—20. After drawing the first cycle (Fig. 3a), we extend to two more periods, one 
in each direction (Fig. 3b). 


y 
A 
30/5 
ie 0 7 T an an oe 
3 r 3 3 3 3 
—30+ 
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FIGURE 3b y 


FIGURE 4 y 


—30F- 


Matched Problem 3 Graph three full periods of y = —8 — 4cos(x/2 + 7/4) 


EXPLORE/DISCUSS 1 


Find an equation of the form y = A cos(Bx + C) that produces the graph in the 
following graphing calculator display (choose the smallest positive phase shift): 


2 


2) 


Is it possible for an equation of the form y = A sin(Bx + C) to produce the 
same graph? Explain. If it is possible, find the equation using the smallest pos- 
itive phase shift. 


EXAMPLE 4 


Solution 


FIGURE 5 


Zero 
H=.64350111 [yv=0 


FIGURE 6 


W Check 
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B Finding the Equation of the Graph of a 
Simple Harmonic 


In order to model real-world situations with simple harmonics, it is very useful to be 
able to find an equation of the form y = A sin(Bx + C) or y = Acos(Bx + C) 
that produces a given graph. An example illustrates the process with the aid of a graph- 
ing calculator. 


Finding the Equation for the Graph of a Simple 
Harmonic with the Aid of a Graphing Calculator 


Graph y,; = 4sin x — 3 cos x on a graphing calculator and find an equation of 
the form y) = A sin(Bx + C) that has the same graph. Find A and B exactly and 
C to three decimal places. 


The graph of y, is shown in Figure 5. This graph appears to be a sine curve, with 
amplitude 5 and period 277, that has been shifted to the right. We conclude that 
A = Sand B = 27/P = 27/27 = 1. 

To determine C, first find the phase shift from the graph. We choose the small- 
est positive phase shift, which is the first point to the right of the origin where the 
graph crosses the x axis. This is the first positive zero of y;. Most graphing calcu- 
lators have a built-in command for finding the zeros of a function. Figure 6 shows 
the result from a TI-84. The zero to three decimal places is x = 0.644. To find C, 
we substitute B = | and x = 0.644 in the phase shift equation x = —C/B and 
solve for C: 


Cc 
ge a 
B 
0.644 = =o 
1 
C = —0.644 


The equation is 
yo = 5sin(x — 0.644) 


If greater accuracy is desired, choose the phase shift x from Figure 6 to more dec- 
imal places. 


Graph y,; = 4sinx — 3cos x and yy = 5sin(x — 0.644) in the same viewing 
window. If the graphs are the same, it appears that only one graph is drawn—the 
second graph is drawn over the first. To check further that the graphs are the same, 


use | TRACE | and switch back and forth between y, and y2 at different values of 
x. Figure 7 on the next page shows a comparison at x=0. 
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Matched Problem 4 


EXAMPLE 5 


FIGURE 7 a 


Graph y; = 3sinx + 4 cos x, find the x intercept closest to the origin (correct 
to three decimal places), and find an equation of the form y2 = A sin(Bx + C) 
that has the same graph. a 


EXPLORE/DISCUSS 2 


Explain why any function of the form y = A sin(Bx + C) can also be writ- 
ten in the form y = A cos(Bx + D) for an appropriate choice of D. 


Modeling Lunar Phases 


The phases of the moon are periodic, so we may be able to model them with a 
sine or cosine function. The moon was full, meaning 100% visible, at 3:45 PM. 
Eastern Daylight Time (EDT) on September 26, 2007. Table | provides the moon’s 
phases (percent visible) in terms of number of days after 10/1/07, 12 A.M. EDT. 


TABLE 1 
Lunar Phases 
Phase Days after 10/1/07 
100% (full moon) —4,34 
50% 3.04 
0% (new moon) 10.43 
50% 17.84 
100% (full moon) 25.19 


(A) Use the information in the table to find a function of the form 
y = k + Acos(Bx + C) that models the lunar phases in terms of days after 
10/1/07, 12 A.M. EDT. Round all constants to three significant digits. 
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(B) According to the model, what was the lunar phase at the exact beginning of 
2008? 


Solution (A) The percentage ranges from 0% to 100%, so the amplitude will be 50, and 
the graph will be a cosine curve translated up by 50 units. This tells us that 
|A| = 50 and k = SO. To find the period, subtract to find the time between 


full moons: 
Period = 25.19 — (—4.34) = 29.53 
2a 
29.53 = — 
B 
p= "= 043 
29.53 ; 


The high point occurs for x = —4.34, so with a phase shift of —4.34, this will be 
a cosine curve with positive A; that is, A = 50. Finally, we can use the phase shift 
formula to find C: 
C Cc 
B 0.213 
C = (0.213)(4.34) = 0.924 


The model is y = 50 + 50 cos(0.213x + 0.924). 


4.34 


Y Check A graph of this equation on a graphing calculator shows that the model agrees 
well with the data in the table (Fig. 8). 


WISE OFS Co cLSh+ G24) TIES O+S cash lsh Gey 


W289. 999995 Y=2.9947E “4 


VISEO+S cash ish. G24) 


Y=99. 999012 


FIGURE 8 
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(B) The beginning of 2008 is exactly 92 days after 10/1/07, 12 a.M., so we sub- 
stitute 92 for x in our model: 


y(92) = 50 + 50 cos(0.213(92) + 0.924) 
= 45% Oo 


EXPLORE/DISCUSS 3 


We can obtain an alternative solution to Example 5(A) as follows: Take the same 
values of |A|, k, and B, but note that the low point occurs at 10.43. With a phase 
shift of 10.43, the model will be a cosine curve with negative A, so A = —50. 


(A) Use the phase shift formula to show that C = —2.22. 


(B) Use a graphing calculator to show that the graph of the resulting 
model, y = 50 — 50 cos(0.213x — 2.22), is apparently identical to 
the graph of the model of Figure 8. 

(C) We often prefer to choose the phase shift that has the smallest absolute 
value [as in the solution to Example 5(A)]. Explain why it is possible 
to choose the phase shift so that 

Period 
|Phase shift] = Eas 
(D) Explain why it is possible to choose the constant C so that 


che = 15) 
2 


Matched Problem 5 Find a function of the form y = k + Asin(Bx + C) that models the data in 
Table 1. Use an almanac or the Internet to find the lunar phase for today, then see 
if the phase predicted by this model is accurate. Oo 


Answers to 1. Period = 2; phase shift = 1/2 


Bemed Bran lens 2. Amplitude = 5; period = 47; phase shift = —a 


y 
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4. x intercept: 


29 


5 


=5 


—0.927; y> =5 sin(x + 0.927) 


27 


5. y = 50 + 50 sin(0.213x — 3.80) 


EXERCISE 3.3 


. Explain what is meant by the graph of a simple harmon- 


ic having a phase shift of —2. 


Explain what is meant by the graph of a simple harmon- 
ic having a phase shift of 3. 


Identify a real-world quantity that you think might 
be modeled well by a function of the form 
y =k + Asin(Bx + C), and discuss why you chose 
that quantity. 


Explain how you can find the period and phase shift of 
y = Acos(Bx + C) based on the fact that one full cycle 
of y = cos x begins atx = 0 and ends at x = 277. 


In Problems 5-8, find the phase shift for each equation, and 
graph it over the indicated interval. 


( =) =aF 307 
5. y = cos| x 4 ; ae oe 
2 2 2 
6 ( =) T _ oT 
. y = cos x : =.= 
. af 3 2 
. 7 
7. y= sin(x =) Tex 


8. 


7 
y= cos( x4 ), Tex 


B In Problems 9-12, state the amplitude, period, and phase shift 
for each equation, and graph it over the indicated interval. 


14. 


y= 4eos( ax +2), be S3 
; oy 
y= 2sin( ax - 2), ee ee) 
- y=—2cos(Qx+ 7), -T7Sx S37 
~y=—3sin(4x-—7), -TSxs7 
. Graph 


7 . 
y= cos( x = =) and y = sinx 


in the same coordinate system. Conclusion? 
Graph 


y=sin( e+ =) and y = cosx 


in the same coordinate system. Conclusion? 
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In Problems 15-18, graph three full periods of each equation. For Problems 23 and 24, refer to the graph: 
7 
15. y= -2+ 4 cos( wx + =) y 


. 7 
16. y= -3 + 2 sin( ax = =) 
17. y = 3 — 2cos(2x + 7) 
18. y = 4 — 3sin(4x — 77) 


In Problems 19-22, match each equation with one of the fol- 
lowing graphing calculator displays. Explain how you made 
the choice relative to period and phase shift. 


23. If the graph is a graph of an equation of the form 
y = Asin(Bx + C),0 < —C/B < 2, find the equa- 


tion. 

(A) 24. If the graph is a graph of an equation of the form 
y = Asin(Bx + C), — 2 <—-C/B <0, find the 
equation. 

— 7/2 7 


For Problems 25 and 26, refer to the graph: 


(B) 


Cc y = Acos(Bx + C), — 27 < —C/B <0, find the 
( ) equation. 
26. If the graph is a graph of an equation of the form 

y = Acos(Bx + C),0 < -C/B <2, find the 


equation. 


C In Problems 27 and 28, state the amplitude, period, and phase 
shift for each equation, and graph it over the indicated interval. 


2 

—2 

2 

—2 25. If the graph is a graph of an equation of the form 
2 

—2 

2 


D 2 5 
( ) 27. y= 2sin( 3x =), ae 
2 2 3 
7 7 
=a/2 T 28. y= —-4 cos( 4s + =), = Sx=7 
In Problems 29 and 30, graph each equation over the indicat- 
~2 ed interval. 
: 7 ; 7 21 Sa 
19. y = 2 sin| wx — 21. y = 2 cos 2x + 29. y= 4 + 2sin\ 3x — — ), “4 t= 


ll 


3 
20 6 —4cos 4x +), 2 <x 
i cos| 4x 7p , 2 t=e 


MS 
i 
to 
94 
2 
, aS 
RS) 
o 
+ 
va fa 
eo 


22. y=2 sin( 20 a =) 30. y 
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Problems 31-34 require the use of a graphing calculator. where y is in meters and ¢ is time in seconds. What are 
First, state the amplitude, period, and phase shift of each the amplitude, period, and phase shift? Graph the equa- 
function; then graph the function with a graphing calculator. tion for0 = ¢ = 39. 


| 7 44. Water Waves Repeat Problem 43 if the wave equation is 
ah, P= ese eels 0O=x=6 
y = 8cos—~ (t — 6) 0=r=72 
T . 12 
32. y = —4.7sin . a ‘ . 
2:2, 45. Electrical Circuit (See Section 3.4) The current / (in 
33. y = 18cos[4a(x + 0.137)], OS x <2 amperes) in an electrical circuit is given by 
a4 Oe _4g > ~ 0.205 fi ees I = 30 sin(120at — 7), where fis time in seconds. State 
= cos 2ar(x :205)], a the amplitude, period, frequency (cycles per second), and 
phase shift. Graph the equation for the intervalO = t = a 


(x 4 3)|, 0=x<=10 


Problems 35-42 require the use of a graphing calculaor. 
Graph the given equation and find the x intercept closest to 


the origin, correct to three decimal places. Use this intercept () 


to find an equation of the form y = A sin(Bx + C) that has 
the same graph as the given equation. 


ll 


35. y = sinx + V3cos x 2) 
36. y V3 sin x — cos x 
37. y= V2sinx — V2 cos x \ 
38. y= V2sinx + V2 cos x 
39. y = 14sin 2x + 4.8 cos 2x 
40. y = 4.8sin 2x — 1.4cos 2x 


y: 
7 2 
41. y = 2sin > — V5cos + 1 = 110 cos( 120m + =) Se a 


ll 


Figure for 45 and 46 
46. Electrical Circuit Repeat Problem 45 for 


47. Energy Consumption Energy consumption often 
depends on temperature and number of daylight hours, so 
it tends to repeat in annual cycles. Table 2 specifies total 


42. y= V5 sin + 2cos 


monthly consumption of natural gas in the United States 
: A for selected months between June 2006 and June 2007. 
Applications 
In these applications, assume all given values are exact unless TABLE 2 
indicated otherwise. Natural Gas Consumption (Trillion BTU) 
43. Water Waves (See Section 3.4) Ata particular point in Residential Caine 
the ocean, the vertical change in the water due to wave : : 
cao at Month consumption consumption 
action is given by 
T June 2006 145 142 
= 5sin—(t + 
ee August 2006 it 130 
October 2006 246 144 
December 2006 637 263 
February 2007 923 443 
April 2007 420 363 
June 2007 141 173 


Source: Energy Information Administration. 


Figure for 43 and 44 
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(A) Use the information in Table 2 to find an equation of 
the form y = k + Acos(Bx + C) that describes 
residential gas consumption, y, in terms of number 
of months after June 2006, x. [Hint: Use half the dif- 
ference between the highest and lowest consump- 
tions for |A|, and choose the phase shift that has the 
smallest absolute value. ] 


(B) Visit the website http://www.eia.doe.gov/emeu/mer/ 
consump.html to find residential consumption for the 
most recent available month. Then use your equation 
from part (A) to estimate the consumption in that 
month. Discuss the accuracy of your estimate. 


Repeat Problem 47 for commercial gas consumption. 


An Experiment with Phase Shift The tip of the second 
hand on a wall clock is 6 in. from the center of the clock 
(see the figure). Let d be the (perpendicular) distance 
from the tip of the second hand at time f (in seconds) to 
the vertical line through the center of the clock. Distance 
to the right of the vertical line is positive and distance to 
the left is negative. Consider the following relations: 


Figure for 49 and 50 


(1) Distance d, t seconds after the second hand 
points to 12 


(2) Distance d, t seconds after the second hand 
points to 9 


(A) Complete Tables 3 and 4, giving values of d to one 
decimal place. 


(B) Referring to Tables 3 and 4, and to the clock in the 
figure, discuss how much relation (2) is out of phase 
relative to relation (1). 


(C) Relations (1) and (2) are simple harmonics. What 
are the amplitudes and periods of these relations? 


(D) Both relations have equations of the form 
y = Asin(Bx + C). Find the equations and check 
that the equations give the values in the tables. 
(Choose the phase shift so that |C| is minimum.) 


TABLE 3 


Distance d, t Seconds After the Second Hand Points 
to 12 


t(sec) | 0 5 1015 20 25 30 35 40 45 5055 60 
d(in.) |0.0 6.0 -3.0 —5.2 
TABLE 4 


Distance d, t Seconds After the Second Hand Points to 9 


t(sec) | 0 5 10 15 20 25 30 35 40 45 5055 60 


d (in.) | —6.0 0.0 5.2 —3.0 


(E) Write an equation of the form y = A sin(Bx + C) 
that represents the distance, d, t seconds after the 
second hand points to 3. What is the phase shift? 
(Choose the phase shift so that |C| is minimum.) 


(F) Graph the three equations found in parts (D) and (E) 
in the same viewing window on a graphing calcula- 
tor forO = ¢ = 120. 


. An Experiment with Phase Shift The tip of the hour 


hand on a wall clock is 4 in. from the center of the clock 
(see the figure). Let d be the distance from the tip of the 
hour hand to the vertical line through the center of the 
clock at time ¢ (in hours). Distance to the right of the ver- 
tical line is positive and distance to the left is negative. 
Consider the following relations: 


(1) Distance d, t hours after the hour hand points to 12 
(2) Distance d, t hours after the hour hand points to 3 


(A) Complete Tables 5 and 6, giving values of d to one 
decimal place. 

(B) Referring to Tables 5 and 6, and to the clock in the 
figure, discuss how much relation (2) is out of phase 
relative to relation (1). 


TABLE 5 

Distance d, t Hours After the Hour Hand Points to 12 
t(hr) | 0123 4 567 8 9 1011 12 
d(in.) | 0.0 4.0 —2.0 —3.5 
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TABLE 6 

Distance d, t Hours After the Hour Hand Points to 3 
t(hr) | 0 123 4 567 8 9 1011 12 
d(in.) | 4.0 0.0 —3.5 2.0 


(C) Relations (1) and (2) are simple harmonics. What 
are the amplitudes and periods of these relations? 


(D) Both relations have equations of the form 
y = Asin(Bx + C). Find the equations, and check 
that the equations give the values in the tables. 
(Choose the phase shift so that |C| is minimum.) 

(E) Write an equation of the form y = A sin(Bx + C) 
that represents the distance, d, t hours after the hour 
hand points to 9. What is the phase shift? (Choose 
the phase shift so that |C| is minimum.) 


(F) Graph the three equations found in parts (D) and (E) 


in the same viewing window on a graphing calcula- 
tor for0 =f = 24. 


Problems 51-54 require a graphing calculator with sinu- 

soidal regression capabilities. 

51. Modeling Temperature Variation The 30 yr average 
monthly temperatures (in °F) for each month of the year 

for San Antonio, TX, are given in Table 7. 

(A) Enter the data for a 2 yr period (1 = x S 24) in 
your graphing calculator and produce a scatter plot 
in the viewing window. 

(B) From the scatter plot in part (A), it appears that a 
sine curve of the form 


y =k + Asin(Bx + C) 


will closely model the data. Discuss how the constants 
k, |A|, and B can be determined from Table 7 and find 
them. To estimate C, visually estimate (to one decimal 
place) the smallest positive phase shift from the scat- 
ter plot in part (A). Write the equation, and plot it in 
the same viewing window as the scatter plot. Adjust C 
as necessary to produce a better visual fit. 


(C) Fit the data you have entered into your graphing cal- 
culator from Table 7 with a sinusoidal regression 
equation and curve. This is a process many graph- 
ing calculators perform automatically (consult your 
user’s manual for the process). The result is an equa- 
tion of the form y = k + Asin(Bx + C) that gives 
the “best fit” to the data when graphed. Write the 
sinusoidal regression equation to one decimal place. 
Show the graphs of the scatter plot of the data in 
Table 7 and the regression equation that is already in 
your calculator in the same viewing window. (Do 
not reenter the regression equation.) 


(D) What are the differences between the regression 
equation in part (C) and the equation obtained in 
part (B)? Which equation appears to give the 
better fit? 


52. Modeling Sunrise Times Sunrise times for the fifth 
day of each month over a | yr period were taken from a 
tide booklet for San Francisco Bay to form Table 8 (day- 
light savings time was ignored). Repeat parts (A)—(D) in 
Problem 51 with Table 7 replaced by Table 8 on the next 
page. (Before entering the data, convert sunrise times 
from hours and minutes to decimal hours rounded to two 
decimal places.) 


53. Modeling Temperature Variation—Collecting Your 
Own Data Replace Table 7 in Problem 51 with data 
for your own city or a city near you, using an appropri- 
ate reference. Then repeat parts (A)-(D). 


TABLE 7 
x (month) i 2 3 4 6 7 8 9 0 UW 1 
y (temperature, °F) 50 «54 62 70 76 82 85 84 79 70 60 8653 


Source: World Almanac 
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TABLE 8 
x (month) 1 2 3 4 5 6 7 8 9 10 11 12 
y (sunrise time, A.M.) 7:26 7:11 6:36 5:50 5:10 4:48 4:53 5:16 5:43 6:09 6:39 7:10 
54. Modeling Sunrise Times—Collecting Your Own Data 57. Biorhythms Graph the intellectual cycle during the 
E Replace Table 8 in Problem 52 with data for your own first 33 days after birth. 
city or a city near you, using an appropriate reference. 58. Biorhythms Graph all three cycles during the first 33 
Then repeat parts (A)-(D). days after birth on the same axes. 


59. Biorhythms John was born on July 4, 1987. On 
January 20, 2005, John had been alive for 6,411 days. 
Graph John’s biorhythm cycles for the next 30 days. 


Biorhythms involve three rhythmic cycles that many believe 
affect human behavior. The physical cycle is 23 days long, the 
emotional cycle is 28 days long, and the intellectual cycle is 
33 days long. All three cycles start at birth and continue 
throughout a person’s lifetime. For modeling purposes, we 
assume that each cycle can be represented by the graph of 
y = sin (Bx + C). 61. Biorhythms Graph your biorhythm cycles for 30 days 
55. Biorhythms Graph the physical cycle during the first starting with today. (When determining how many days 

23 days after birth. you have been alive, don’t forget to take leap years into 

consideration.) 


60. Biorhythms How old will John be (to the nearest year) 
on the first day that all three cycles return to their start- 
ing points? 


56. Biorhythms Graph the emotional cycle during the first 
28 days after birth. 


*3.4 Additional Applications 


Modeling Electric Current 

Modeling Light and Other Electromagnetic Waves 
Modeling Water Waves 

Simple and Damped Harmonic Motion; Resonance 


Many types of applications of trigonometry have already been considered in this 
and the preceding chapters. This section provides a sampler of additional appli- 
cations from several different fields. You don’t need prior knowledge of any par- 
ticular topic to understand the discussion or to work any of the problems. Several 
of the applications considered use important properties of the sine and cosine func- 
tions, which are restated next for convenient reference. 


* Sections marked with a star may be omitted without loss of continuity. 
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PROPERTIES OF SINE AND COSINE 


For y = Asin(Bt + C) or y = Acos(Bt + C): 


2 
Amplitude = |A| Period = ae Frequency = ; 
B Period 


A een S { Right if — C/B > 0 


‘B \ Left if —C/B<0 


As we indicated in the previous section, you do not need to memorize the 
formulas for period and phase shift. You can obtain the same results by solv- 
ing the two equations 


Bt+C=0 and Bt+ C =27 


(We use the variable ¢, rather than x, because most of the applications here 
involve functions of time.) 


Recall that functions of the form y = A sin(Bt + C) ory = Acos(Bt + C) 
are said to be simple harmonics. 


B Modeling Electric Current 


In physics, a field is an area surrounding an object in which a gravitational or elec- 
tromagnetic force is exerted on other objects. Fields were introduced by the British 
physicist Sir Isaac Newton (1642-1727) to explain gravitational forces. Around 
140 years later, the British physicist-chemist Michael Faraday (1791-1867) used 
the concept of fields to explain electromagnetic forces. In the 19th century, the 
British physicist James Maxwell (1831-1879) developed equations that describe 
electromagnetic fields. And in the 20th century, the German-American physicist 
Albert Einstein (1879-1955) developed a set of equations for gravitational fields. 

A particularly significant discovery by Faraday was the observation that a flow 
of electricity could be created by moving a wire in a magnetic field. This discov- 
ery was the start of the electronic revolution, which is continuing today with no 
slowdown in sight. 

Suppose we bend a wire in the form of a rectangle, and we locate this wire 
between the south and north poles of magnets, as shown in Figure 1. We now rotate 
the wire at a constant counterclockwise speed, starting with side BC in its lowest 
position. As BC turns toward the horizontal, an electrical current will flow from C 
to B (see Fig. la). The strength of the current (measured in amperes) will be 0 at 
the lowest position and will increase to a maximum value at the horizontal posi- 
tion. As BC continues to turn from the horizontal to the top position, the current 
flow decreases to 0. As BC starts down from the top position in a counterclockwise 
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\ EXAMPLE 1 


Solution 


! ! > Time 


(b) 


FIGURE 1 
Alternating current 


direction, the current flow reverses, going from B to C, and again reaches a 
maximum at the left horizontal position. When BC moves from this horizontal posi- 
tion back to the original bottom position, the current flow again decreases to 0. This 
pattern repeats itself for each revolution, so it is periodic. 

Is it too much to expect that a trigonometric function can describe the rela- 
tionship between current and time (as in Fig. 1b)? If we measure and graph the 
strength of the current / (in amperes) in the wire relative to time f (in seconds), 
we can indeed find an equation of the form 


I = Asin(Bt + C) 
that will give us the relationship between current and time. For example, 
IT = 30 sin 120 mt 


represents an alternating current flow with a frequency of 60 Hz (cycles per sec- 
ond) and a maximum value of 30 amperes. 


Alternating Current Generator 


An alternating current generator produces an electrical current (measured in 
amperes) that is described by the equation 


I = 35sin(40at — 107) 


where ¢ is time in seconds. 
(A) What are the amplitude, period, frequency, and phase shift for the current? 
(B) Graph the equation on a graphing calculator for 0 = t = 0.2. 


A B £ 
(A) y = 35sin(40ar — 107) 


Amplitude = |35| = 35 amperes 


Matched Problem 1 
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To find the period and phase shift, solve Bt + C = 0 and Bt + C = 27: 


407t — 107 = 0 40at — 107 = 277 
40at = 107 40at = 107 + 277 
1 1 1 
t=— t=—+— 
4 4 20 


i 
= Phage shift | Period 


Phase shift = + sec (right) Period = = sec 


1 


7 Period 


(B) 35 


Frequency = 20 Hz 


If the alternating current generator in Example | produces an electrical current 
described by the equation J = —25 sin(30at + 5zr): 


(A) Find the amplitude, period, frequency, and phase shift for the current. 


(B) Graph the equation on a graphing calculator forO = + = 03 . a 


EXPLORE/DISCUSS 1 


An electric garbage disposal unit in a house has a printed plate fastened to it 
that states: 120V 60Hz 7.6A (that is, 120 volts, 60 Hz, 7.6 amperes). 
Discuss how you can arrive at an equation for the current / in the form 
I = Asin(Bt + C), where ¢ is time in seconds, if the current is 5 amperes 
when t = O sec. Find the equation. 


B Modeling Light and Other Electromagnetic 
Waves 


Visible light is a transverse wave form with a frequency range between 
4 x 104 Hz (red) and 7 X 104 Hz (violet). The retina of the eye responds to 
these vibrations, and through a complicated chemical process, the vibrations are 
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eventually perceived by the brain as light in various colors. Light is actually a small 
part of a continuous spectrum of electromagnetic wave forms—most of which are 
not visible (see Fig. 2). Included in the spectrum are radio waves (AM and FM), 
microwaves, X rays, and gamma rays. All these waves travel at the speed of light, 
approx. 3 X 108 m/sec (186,000 mi/sec), and many of them are either partially or 
totally adsorbed in the atmosphere of the earth, as indicated in Figure 2. Their dis- 


O1 Totally adsorbed ; 
O Partially adsorbed siaranLediona 
adsorption 
O01 Not adsorbed 
3 x 10-8 
Gamma rays 3 x 10°? 
3x10! 
x 
3x 10° 
Ultraviolet 
3x 10° 
3x 107 
Visible light | | 
fe 3 x 10-6 
3x 10-4 
Microwaves 
3 x 10-3 
Radar 
9 3 x 10? 
Ss 
a - 
x} 3x 107! 
as 
SI 
zl bs 
oe 3 x 10 
Short waves 
3 x 10? 
3 x 10° 
3 x 10* 
Frequency Wavelength 
(Hz) (m) 


FIGURE 2 
Electromagnetic wave spectrum 
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tinguishing characteristics are wavelength and frequency, which are related by the 
formula 


Av=c (1) 


where c is the speed of light, A is the wavelength, and v is the frequency. 
Electromagnetic waves are traveling waves that can be described by an equa- 
tion of the form 


E = Asin 2n( Traveling wave equation (2) 


where ¢ is time and r is the distance from the source. This equation is a function 
of two variables, ¢ and x If we freeze time, then the graph of (2) looks something 
like Figure 3a. If we look at the electromagnetic field at a single point in space— 
that is, if we hold r fixed—then the graph of (2) looks something like Figure 3b. 


Wavelength A Period T 


—> 


(a) t fixed (b) r fixed 


FIGURE 3 
Electromagnetic wave 


Electromagnetic waves are produced by electrons that have been excited into 
oscillatory motion. This motion creates a combination of electric and magnetic fields 
that move through space at the speed of light. The frequency of the oscillation of 
the electron determines the nature of the wave (see Fig. 2), and a receiver responds 
to the wave through induced oscillation of the same frequency (see Fig. 4). 


Electron Electron 


FIGURE 4 
Electromagnetic field 
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EXPLORE/DISCUSS 2 


Commonly received radio waves in the home are FM waves and AM waves— 
both are electromagnetic waves. FM means frequency modulation, and AM 
means amplitude modulation. Figure 5 illustrates AM and FM waves at fixed 
points in space. Identify which is which and explain your reasoning in your 
selection. 


Intensity 


> Time 


Intensity 
A 


Time 


FIGURE 5 
FM and AM electromagnetic waves 


EXAMPLE 2 Electromagnetic Waves 


If an electromagnetic wave has a frequency of v = 10!? Hz, what is its period? 
What is its wavelength (in meters)? 


1 


1 
Solution Period = — = =e = 10 |? sec 
v 10 


To find the wavelength A, we use the formula 
Av=c 
with the speed of light c + 3 X 10° m/sec: 


_ 3x 108 m/sec 
10!? Hz 


=3x10*m | 


Matched Problem 2 


EXAMPLE 3 


Solution 


Matched Problem 3 
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Repeat Example 2 for v = 10° Hz. Oo 


Ultraviolet Waves 


An ultraviolet wave has an equation of the form 
y = Asin Bt 
Find B if the wavelength is A = 3 X 10°? m. 


We will first use Av = c with c = 3 X 108 m/sec to find the frequency: 


Av=zHc) v= 


3 X 10° m/sec 
ps 
3x 10°m 
Now we can find the period: 
1 1 
- 10!7 
Finally, we can use P = 277/B to find B: 
ares 
10!7 B 
B = 2 x 10” 


= 10!" Hz 


A gamma ray has an equation of the form y = A sin Bt. Find B if the wavelength 
isA=3xX10m. a 


B Modeling Water Waves 


Water waves are probably the most familiar wave form. You can actually see the 
wave in motion! Water waves are formed by particles of water rotating in circles 
(Fig. 6). A particle actually moves only a short distance as the wave passes through. 
These wave forms are moving waves, and it can be shown that in their simplest 
form they are sine curves. 


Wavelength 


FIGURE 6 
Water waves 
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EXAMPLE 4 


The waves can be represented by an equation of the form 
y = Asin anf = “) Moving wave equation* (3) 


where fis frequency, ¢ is time, r is distance from the source, and A is wavelength. 
So for a wave of a given frequency and wavelength, y is a function of the two vari- 
ables f and 

Equation (3) is typical for moving waves. If a wave passes a pier piling with 
a vertical scale attached (Fig. 6), the graph of the water level on the scale relative 
to time would look something like Figure 7a, since r (distance from the source) 
would be fixed. On the other hand, if we actually photograph a wave, freezing the 
motion in time, then the profile of the wave would look something like Figure 7b. 


Period T Wavelength A 


(a) r fixed (b) t fixed 


FIGURE 7 
Water wave 


Experiments have shown that the wavelength A for water waves is given 
approximately by 


AX = 5.127? In feet 


where T is the period of the wave in seconds (see Fig. 7a), and the speed S of the 
wave is given approximately by 


S=,/] gh In f d 
— ——_ 7 
aa Nn TéeéL per secon 


where g = 32 ft/sec” (gravitational constant). 


Modeling Water Waves 


A water wave at a fixed position has an equation of the form 
y = 3sin[(7/4)t + 2], where tis time in seconds and y is in feet. How high is 


* Actually, this general wave equation can be used to describe any longitudinal (compressional) or 
transverse wave motion of one frequency in a nondispersive medium. A sound wave is an example of 
a longitudinal wave; water waves and electromagnetic waves are examples of transverse waves. 


Solution 


Matched Problem 4 
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the wave from trough to crest (see Fig. 6)? What are its period and wavelength? 
How fast is it traveling in feet per second? In miles per hour? 


The amplitude is 3, so the distance from trough to crest is twice that, or 6 ft. We 
can find the period using T = 27/B: 


4 
ae ee 


Now we can calculate the wavelength using A = Sir y: 
A = 5.12(8)* © 328 ft 


Next, we can use the speed formula: 


| or / 32(328 
S= ae oo = 41 ft/sec 
Qa 2a 


Finally, we convert this to miles per hour: 


ft 3,600 sec 1 mi 
sec 1 hr 5,280 ft 


= 28 mi/hr |_| 


Repeat Example 4 for a wave with equation y = 11 sin(2r). ti 


B Simple and Damped Harmonic Motion; 
Resonance 


An object of mass M hanging on a spring will produce simple harmonic motion when 
pulled down and released (if we neglect friction and air resistance; see Fig. 8). 


FIGURE 8 


Figure 9 illustrates simple harmonic motion, damped harmonic motion, 
and resonance. Damped harmonic motion occurs when amplitude decreases 
to 0 as time increases. Resonance occurs when amplitude increases as time 
increases. Damped harmonic motion is essential in the design of suspension 
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>< 


1 i 1 i 1 > Time 


Spring only 
Simple harmonic motion (neglect friction and air resistance) 


(a) 


Time 


Spring and shock absorber 
Damped harmonic motion 


(b) 


> Time 


Wavy road 
Resonance— disaster! 


(c) 
FIGURE 9 


systems for cars, buses, trains, and motorcycles, as well as in the design of 
buildings, bridges, and aircraft. Resonance is useful in some electric circuits 
and in some mechanical systems, but it can be disastrous in bridges, buildings, 
and aircraft. Commercial jets have lost wings in flight, and large bridges have 


EXAMPLE 5 


Solution 
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collapsed because of resonance. Marching soldiers must break step while cross- 
ing a bridge in order to avoid the creation of resonance—and the collapse of 
the bridge! 

In one famous example of the destructive power of resonance, the 
Tacoma Narrows Bridge in Washington collapsed on November 7, 1940. If 
you’re interested, an Internet search for “Tacoma Narrows Bridge” is likely 
to locate several videos of the collapse, which is an excellent illustration of 
resonance. 


Damped Harmonic Motion 


Graph 


and indicate the type of motion. 


The 1/t factor in front of sin(zt/2) affects the amplitude. Since the maximum and 
minimum values that sin(at/2) can assume are | and —1, respectively, if we 
graph y = 1/t first (1 S t S 8) and reflect the graph across the f axis, we will 
have upper and lower bounds for the graph of y = (1/t) sin(at/2). We also note 
that (1/t) sin(at/2) will still be 0 when sin(zt/2) is 0. 


Step 1 Graph y = 1/t and its reflection (Fig. 10)—-called the envelope for the 
graph of y = (1/t) sin(wt/2). 


» 
A 
If ‘ 
\ 
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NN 
Pee ce 
L ae ee 
TTS e 
1 1 i i i 1 i i — t 
0 1 4 0  —oovoe ee 08 
be. See ead 
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L Ped 
7 
E 7 
/ 
=1/ J 


FIGURE 10 
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Step 2. Now sketch the graph of y = sin(at/2), but keep high and low points 
within the envelope (Fig. 11). 


y 
A 
1 L 
0 
=a é Damped harmonic motion 
FIGURE 11 | 
Matched Problem 5 Graph y = ¢ sin(wt/2), 1 < t S 8, and indicate the type of motion. | 
EXPLORE/DISCUSS 3 


Graph the following equations in a graphing utility, along with their envelopes, 
and discuss whether each represents simple harmonic motion, damped harmon- 
ic motion, or resonance. 


(Ay =e sin), P= 7 = 10 
(By — 7 sina 2), =e = 10 


Answers to Matched 1. (A) Amplitude = 25 amperes; period = is sec; frequency = 15 Hz; 
Problems phase shift = =i sec 
(B) 
25 
0 0.3 


—25 
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. Period = 10° sec; A = 300m 


. Height: 22 feet; period: 7 sec; wavelength: 51 ft; speed: 16 ft/sec or 11 mi/hr 


2 
3. B= 27 X 107° 

4 
5. 

y 

A 

10F 

Sf 

= 

—~10F 


EXERCISE 3.4 


. Applications 


In these applications assume all given values are exact unless 
indicated otherwise. 


1. Modeling Electric Current An alternating current 
generator produces a current given by 
I = 10 sin(120at — 7/2) 
where f is time in seconds and / is in amperes. 


(A) What are the amplitude, frequency, and phase shift 
for this current? 


(B) Explain how you would find the maximum current in 
this circuit and find it. 


(C) Graph the equation in a graphing calculator for 
0 =f = 0.1. How many periods are shown in the 
graph? 


2. Modeling Electric Current An alternating current 
generator produces a current given by 


I = —50 cos(80at + 27/3) 


where f is time in seconds and / is in amperes. 


Resonance 


(A) What are the amplitude, frequency, and phase shift 
for this current? 


(B) Explain how you would find the maximum current in 
this circuit and find it. 


(C) Graph the equation in a graphing calculator for 
0 = +t = 0.1. How many periods are shown in the 
graph? 


- Modeling Electric Current An alternating current 


generator produces a 30 Hz current flow with a maxi- 
mum value of 20 amperes. Write an equation in the form 
I = Acos Bt, A > 0, for this current. 


. Modeling Electric Current An alternating current 


generator produces a 60 Hz current flow with a maxi- 
mum value of 10 amperes. Write an equation of the form 
I = Asin Bt, A > 0, for this current. 


. Modeling Water Waves A water wave at a fixed posi- 


tion has an equation of the form 
15 sin — 
y = 15sin—t 
“ 8 


where ¢ is time in seconds and y is in feet. How high is 
the wave from trough to crest (see Fig. 6)? What is its 
wavelength in feet? How fast is it traveling in feet per 
second? Calculate your answers to the nearest foot. 
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6. Modeling Water Waves A water wave has an 
amplitude of 30 ft and a period of 14 sec. If its equation 
is given by 

y = Asin Bt 


at a fixed position, find A and B. What is the wavelength 
in feet? How fast is it traveling in feet per second? How 
high would the wave be from trough to crest? Calculate 
your answers to the nearest foot. 


7. Modeling Water Waves Graph the equation in 
Problem 5 for 0 = t = 32. 


8. Modeling Water Waves Graph the equation in 
Problem 6 for 0 = t = 28. 


9. Modeling Water Waves A tsunami is a sea wave 
caused by an earthquake. These are very long waves that 
can travel at nearly the rate of a jet airliner. (The speed of 
a tsunami, whose wavelength far exceeds the ocean’s 
depth D, is approximately V eb, where g is the gravita- 
tional constant.) At sea, these waves have an amplitude of 
only | or 2 ft, so a ship would be unaware of the wave 
passing underneath. As a tsunami approaches a shore, 
however, the waves are slowed down and the water piles 
up to a virtual wall of water, sometimes over 100 ft high. 


“| 


~ 


i Wavelength 150 miles 


aeo--. -- 
- 7 st 


o 


Tsunami (vertical exaggerated) 


Figure for 9 


When such a wave crashes into land, considerable 
destruction can result—more than 250,000 lives were lost 
in December 2004 when a tsunami, caused by an earth- 
quake near Sumatra, hit the coastlines around the Indian 
Ocean. 


(A) If at a particular moment in time, a tsunami has an 
equation of the form 
y = Asin Br 


where y is in feet and r is the distance from the 
source in miles, find the equation if the amplitude is 
2 ft and the wavelength is 150 mi. 


(B) Find the period (in seconds) of the tsunami in part (A). 


10. Modeling Water Waves Because of increased friction 
from the ocean bottom, a wave will begin to break when 
the ocean depth becomes less than one-half the wave- 
length. If an ocean wave at a fixed position has an equa- 
tion of the form 


8 sin—t 

= 8 sin — 

- 5 
at what depth (to the nearest foot) will the wave start to 
break? 

11. Modeling Water Waves A water wave has an equation 
of the form 


t fi 
= 25 sin | 27| —— + —— 
y ssin| af 10 3) 


where y and r are in feet and ¢ is in seconds. 


(A) Describe what the equation models if r (the distance 
from the source) is held constant at r = 1,024 ft and 
tis allowed to vary. 


(B) Under the conditions in part (A), compute the period 
or wavelength, whichever is appropriate, and explain 
why you made your choice. 


(C) For the conditions in part (A), graph the equation on 
a graphing calculator for 0 = t = 20. 


12. Modeling Water Waves Referring to the equation in 
Problem 11: 


(A) Describe what the equation models if ¢ (time in 
seconds) is frozen at t = 0 and r is allowed to vary. 


(B) Under the conditions in part (A), compute the period 
or wavelength, whichever is appropriate, and explain 
why you made your choice. What is the height of the 
wave from trough to crest? 


(C) For the conditions in part (A), graph the equation on 
a graphing calculator for 0 = r = 1,024. What 
does the distance between two consecutive crests 
represent? 

13. Modeling Electromagnetic Waves Suppose an 
electron oscillates at 10° Hz(v = 10° Hz), creating an 
electromagnetic wave. What is its period? What is its 
wavelength (in meters)? 

14. Modeling Electromagnetic Waves Repeat Problem 
13 with v = 10'8 Hz. 

15. Modeling Electromagnetic Waves An X ray has an 

equation of the form 


y = Asin Bt 


16. 


17. 


18. 


. Spring—Mass Systems 


Find B if the wavelength of the X ray, A, is 3 X 107!° m. 
[Note: c © 3 X 10° m/sec] 


Modeling Electromagnetic Waves 
an equation of the form 


A microwave has 


y = Asin Bt 
Find B if the wavelength is A = 0.003 m. 


Modeling Electromagnetic Waves An AM radio 
wave for a given station has an equation of the form 


y = A[1 + 0.02 sin(2m + 1,200r)] sin(2 + 10° r) 


for a given 1,200 Hz tone. The expression in brackets 
modulates the amplitude A of the carrier wave, 
y = Asin(27- 10°1) 

(see Fig. 5, page 180). What are the period and frequen- 
cy of the carrier wave for time f in seconds? Can a wave 
with this frequency pass through the atmosphere (see 
Fig. 2, page 178)? 

Modeling Electromagnetic Waves An FM radio wave 
for a given station has an equation of the form 

y = Asin[27-10°¢ + 0.02 sin(2z- 1,2007) | 

for a given tone of 1,200 Hz. The second term within the 
brackets modulates the frequency of the carrier wave, 
y = Asin(27 + 10° £) (see Fig. 5, page 180). What are 
the period and frequency of the carrier wave? Can a wave 
with this frequency pass through the atmosphere (see 
Fig. 2, page 178)? 

Graph each of the following 
equations representing the vertical motion jy, relative to 
time ¢, of a mass attached to a spring. Indicate whether 
the motion is simple harmonic, is damped harmonic, or 


illustrates resonance. 
(A) y = —Scos(4mt), OS t= 2 


(B) y = —5e!* cos(47t), OX 1 =2 


. Spring—Mass Systems Graph each of the following 


equations representing the vertical motion jy, relative to 
time ¢, of a mass attached to a spring. Indicate whether 
the motion is simple harmonic, is damped harmonic, or 
illustrates resonance. 


(A) y = sin(47r), OS tS 2 


(B) y = e!** sin(4at), OS 1t =2 


. Bungee Jumping The motion of a bungee jumper after 


reaching the lowest point in the jump and being pulled 
back up by the cord can be modeled by a damped har- 
monic. One particular jump can be described by 


23. 


24. 
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y=42—- ; a cos(0.989r) 


+2 
where y is height in meters above the ground t seconds 
after the low point of the jump is reached. 
(A) Find the highest and lowest point described by the 
model. 


(B) How many times does the jumper bounce in the first 
30 sec, counting the initial bounce? 


(C) We can consider the jump to be over when the 
jumper’s maximum and minimum heights are within 
1 ft of the resting height of 42 ft. How long does the 
jump last, to the nearest second? 


. Bungee Jumping Repeat Problem 21 for a different 


jumper whose jump, using the same equipment from the 
same height, is modeled by 


0 
y=42—- ; 2 cos (0.786) 


+2 
Do you think this jumper is heavier or lighter than the 
one in Problem 21? Why? 


Modeling Body Temperatures The body temperature 
of a healthy adult varies during the day, with the lowest 
temperature occurring about 6 A.M. and the highest about 
6 P.M. Table 1 lists the daily maximum and minimum 
temperatures for both men and women using two differ- 
ent methods for measuring temperature. Find models of 
the form t = k + Asin Bx for the daily variation in 
body temperature of men and of women if an oral ther- 
mometer is used. Graph both models on the same axes 
forO = x = 24. 

Modeling Body Temperatures Find models of the 
form t = k + Asin Bx for the daily variation in body 
temperature of men and of women if an aural thermome- 
ter is used. Graph both models on the same axes for 
Osx Ss 24. 


TABLE 1 


Daily Body Temperatures 


Oral (°C) Aural (°C) 
Minimum Maximum | Minimum Maximum 
Men: 35.7 37.7 35.5 37.5 
Women: 33.2 38.1 35.7 37.5 


Source: Scand J Caring Sci 2002 16(2):122-8. 
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Solution 


Graphing Combined Forms 


e Graphing by Hand Using Addition of Ordinates 

e Graphing Combined Forms on a Graphing Calculator 
e Sound Waves 

e Fourier Series: A Brief Look 


Having considered the trigonometric functions individually, we will now consid- 
er them in combination with each other and with other functions. To help devel- 
op an understanding of basic ideas, we will start by hand graphing an easy 
combination using a technique called addition of ordinates. (Recall that the ordi- 
nate of a point is its second coordinate.) It soon becomes clear that for more com- 
plicated combinations, hand graphing is not practical, and we will focus our 
attention on the use of a graphing calculator. 


B Graphing by Hand Using Addition of 
Ordinates 


The process of graphing by hand using addition of ordinates is best illustrated 
through an example. The process is used to introduce basic principles and is not 
practical for most problems of significance. 


Addition of Ordinates 
Graph 


y= > tsinx OS=x=27 


One method of hand graphing equations involving two or more terms is to graph 
each term separately on the same axes, and then add ordinates. In essence, we are 
adding the outputs (heights) of the individual terms to find the output (height) of 
the sum. In this case, we will work with the terms 


yy => and y) = sinx 


We can draw the graphs of both equations on the same axes, and then use a 
compass, ruler, or eye to add the ordinates y,; + y> (see Fig. 1). The final 
graph of y = (x/2) + sin x is shown in Figure 2. If greater accuracy is need- 
ed, it would be a good idea to use a calculator to determine specific points 
on the graph. 
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wl s 


3F = 


y=yty= 5 + sin 


FIGURE 1 
Addition of ordinates 


hoc 


Matched Problem 1 


Si EXAMPLE 2 


Solution 


Matched Problem 2 


> Xx 
0 27 
=1 
y2 
FIGURE 2 
Addition of ordinates oO 
Graph y = (x/2) + cos x,0 = x = 27, using addition of ordinates. | 


B Graphing Combined Forms on a Graphing 
Calculator 


We will now repeat Example | on a graphing calculator. 


Addition of Ordinates on a Graphing Calculator 


Graph the following equations from Example | on a graphing calculator. Graph 
all in the same viewing window for 0 = x = 277. Watch each graph as it is traced 
out. Plot y3 with a darker line so that it stands out. 

: x : 
yo = sn x ¥3 = + sin x 


x 
ey 


4 


a 
=I 


Graph y; = x/2,y. = cosx, and yz = x/2 + cosx, 0 = x S 27, in the 
same viewing window. Plot y3 with a darker line so that it stands out. a 
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EXAMPLE 3 


Solution 


GRAPHING TRIGONOMETRIC FUNCTIONS 


EXPLORE/DISCUSS 1 


The graphing calculator display in Figure 3 illustrates the graph of one of the 
following: 


(ly = ya ys (2) yo = yi ys Qs = yi > yo 
Discuss which one and why. 


FIGURE 3 


A graphing calculator can plot complicated combined forms almost as easi- 
ly and quickly as it plots simple forms. It is, after all, a computer, which means 
it’s really good at computing the locations of many points. 


Graphing Combined Forms on a Graphing 
Calculator 


(A) Graph y = 3sin x + cos(3x), OS x S$ 3m. 
(B) What does the period appear to be? 


(A) 4 


-4 


(B) We should be able to find the period by finding the distance between the two 
high points of the graph. We can locate them using the MAXIMUM 
command: 


Matched Problem 3 


FIGURE 4 
A simple sound wave 
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The distance between x values is 8.247 — 1.963 = 6.284. This is a close approx- 
imation of 277, so the period appears likely to be 277. a 


(A) Graph y = 2cosx — 2sin(2x), 0 = x = 47. 
(B) What does the period appear to be? | 


B Sound Waves 


Sound is produced by a vibrating object that, in turn, excites air molecules into 
motion. The vibrating air molecules cause a periodic change in air pressure that 
travels through air at about 1,100 ft/sec. (Sound is not transmitted in a vacuum.) 
When this periodic change in air pressure reaches your eardrum, the drum vibrates 
at the same frequency as the source, and the vibration is transmitted to the brain 
as sound. The range of audible frequencies covers about 10 octaves, extending from 
20 Hz up to 20,000 Hz. Low frequencies are associated with low pitch and high 
frequencies with high pitch. 


a 
) a peee GO| 


y=A sin 27ft 


If in place of an eardrum we use a microphone, then the air disturbance can 
be changed into a pulsating electrical signal that can be visually displayed on an 
oscilloscope (Fig. 4). A pure tone from a tuning fork will look like a sine curve, 
also called a sine wave. Actually, the sound from a tuning fork can be accurately 
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EXAMPLE 4 


described by either the sine function or the cosine function. For example, a tuning 
fork vibrating at 264 Hz (f = 264) with an amplitude of 0.002 in. produces C on 
the musical scale, and the wave on an oscilloscope can be described by the simple 
harmonic 


y = Asin2aft 
= 0.002 sin 27(264)t 


Most sounds are more complex than that produced by a tuning fork. Figure 5 
(page 195) illustrates a note produced by a guitar. Musical tones are typically com- 
posed of a number of pure tones, like those from a tuning fork. This is exactly 
why different musical instruments sound different when playing the same notes: 
the combinations of partial tones are different. 

A harmonic tone is a sum of pure tones (called harmonics) with frequen- 
cies that are integer multiples of the tone with the lowest frequency, which is 
called the fundamental tone. The other harmonics of the fundamental tone are 
called overtones (see Fig. 5). Electronic synthesizers simulate the sounds of 
other instruments by electronically producing an instrument’s harmonic tones. 

One way of describing complex sound forms is with a combination of trigono- 
metric functions known as a Fourier series, which we will touch on later in this 
section. 


EXPLORE/DISCUSS 2 


(A) Use a graphing calculator to graph 
y = 0.12 sin 4007t + 0.04 sin 8002t + 0.02 sin 1,2007t 
0=r=001 
which is a close approximation of the guitar note in Figure 5. 
(B) Based on graphical evidence, what is the period of y? How does it com- 
pare with the period of each term? What do you suspect determines the 
period for harmonic tones? 


Modeling Sounds Produced by Musical Instruments 


The distinctive sound of a trumpet is due in part to the high amplitudes of its over- 
tones. The three functions below represent the first three harmonics for a partic- 
ular trumpet playing middle C. Use a graphing calculator to graph each tone 
separately on 0 = t = 0.008, and then graph the sum of all three. What do you 
notice about the period of the combined form? 


y, = 0.30 sin(52877) 
yo = 0.28 sin(1,0567r) 
y3 = 0.22 sin(2,11271) 
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>< 


y = 0.12 sin 400 zt + 0.04 sin 800 zt 
+ 0.02 sin 1,200at + - - - (complex sound) 


0.10 


0 > t (Time) 
[ 100 
—0.10 
r Guitar note: 200 Hz 
y 
7 y = 0.12 sin 4007? (fundamental) 
> t (Time) 
100 
ro t (Time) 
100 
y 
A 
- y= 0.02 sin 1,2007t (overtone) 
0.02 5 ' 
PPG tio 
—0.02 I ia 


Components of guitar note 


FIGURE 5 

A complex sound wave—the guitar note shown at the top—can 
be approximated very closely by adding the three simple 
harmonics (pure tones) below 
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Solution 


Matched Problem 4 


0.6 0.6 

0 0.008 0 0.008 
—0.6 —0.6 

y, = 0.30 sin( 52877) y2 = 0.28 sin(1,05677r) 
0.6 0.6 

0 0.008 0 0.008 
06 —0.6 

y3 = 0.22 sin(2,1127r) y=y, + yo + y3 


The period of the harmonic tone is the same as the period of the fundamental tone. Hi 


Repeat Example 4 for the same trumpet playing a low A (frequency of 220 Hz), 
which has first three harmonics y, = 0.30 sin(4407?), yo = 0.28 sin(88077), 
y3 = 0.22 sin(1,320zr). a 


HM Fourier Series: A Brief Look 


In the preceding discussion on sound waves, we mentioned a significant use of 
combinations of trigonometric functions called Fourier series (named after the 
French mathematician Joseph Fourier, 1768-1830). These combinations may be 
encountered in advanced applied mathematics in the study of sound, heat flow, 
electrical fields and circuits, and spring—mass systems. The following discussion 
is only a brief introduction to the topic—the reader is not expected to become pro- 
ficient in this area at this time. 
The following are examples of Fourier series: 


; sin 3x sin 5x 
y = sinx + 3 + 5 ae ts (1) 
: sin 27x sin 37rx 
= sinax + it ae Bes (2) 
id 2 3 


The three dots at the end of each series indicate that the pattern established in the 
first three terms continues indefinitely. (Note that the terms of each series are 


FIGURE 6 
Square wave 


FIGURE 7 
Sawtooth wave 


Answers to 
Matched Problems 
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simple harmonics.) If we graph the first term of each series, then the sum of the 
first two terms, and so on, we will obtain a sequence of graphs that will get clos- 
er and closer to a square wave for (1) and a sawtooth wave for (2). The greater 
the number of terms we take in the series, the more the graph will look like the 
indicated wave form. Figures 6 and 7 illustrate these phenomena. 


>< 


= r, sin3x , sinSx |. 
y =sinx 4 ‘4 


ci 
sin 27x 2 ¢ 


ps ; sin 27x | sin 37x 
y = Si 7x +t 5) t 3 eae 


y = sin wx + 


L, 3 a; 5 
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3. (A) 4 


-4 


(B) The period appears to be 277. 


4. 0.6 0.6 
0 0.008 0 0.008 
—0.6 —0.6 
y, = 0.30 sin(440zr) yo = 0.28 sin(8807) 
0.6 0.8 
0 0.008 0 0.008 
—0.6 —0.8 
y3 = 0.22 sin(1,3207r) y=y, + yo + y3 
EXERCISE 3.5 
A\_ 1. Describe how to graph a combined form using addition 9. y=x-cos2m7x, -ls=x=1 
of ordinates. 10. y=x-singx, —-25 x52 


2. How does modeling the tones produced by musical 


instruments relate to Fourier series? B In Problems 11-18, sketch the graph of each equation using 


In Problems 3-10, sketch the graph of each equation using addition of ordinates. 


addition of ordinates. ll. y=sinx +cosx, O=x=27 
3. y=lt+sinx, -TSxs7 12. y=sinx +2cosx, OS x27 
4. y=1+cosx, -mS x S77 13. y=3sinx +cosx, O0OSx=27 
5. y=x+cosx, OS x S$ 57/2 14. y=3sinx +2cosx, OS x27 
6 y=xt+sinx, OS x S20 15. y=3cosx + sin2x, 0S x =37 
7. y=x/2+cosmx, OS x 53 16. y=3cosx + cos3x, OS x S27 
8. y=x/2—-—sin2ax, OS x= 2 17. y=sinx + 2cos2x, 0S x= 37 


18. y = cos x + 3sin 2x, 


Osx 537 


C Problems 19-22 require the use of a graphing calculator. 


20. 


21. 


22. 


19. 


Graph the following equation for —27 = x = 27 and 
—1 = y = 1 (compare to the square wave in Fig. 6, 
page 197). 


. sin 3x sin 5x sin 7x 
y=sinx 4 t t 


3 | 7 


sin 9x 
9 


Graph the following equation for —4 = x = 4 and 
—2 = y = 2 (compare to the sawtooth wave in Fig. 7, 
page 197). 


; sin 27x sin 377x sin 47x 
y = sin ax + t t 
. 2 5 4 

sin Sax 

5 
A particular Fourier series is given as follows: 
cos 3x cos 5x 
y = 1.15 + cos x 4 5 + 5 t 
3 > 


(A) Using the window dimensions —477 = x = 4a and 
0 = y = 4, graph in three separate windows: the 
first two terms of the series, the first three terms of 
the series, and the first four terms of the series. 


(B) Describe the shape of the wave form the graphs tend 
to approach as more terms are added to the series. 


(C) As additional terms are added to the series, the 
graphs appear to approach the wave form you 
described in part (B), and that form is composed 
entirely of straight line segments. Hand-sketch a 
graph of this wave form. 


A particular Fourier series is given as follows: 
x 1 3x 1 5x 
y = cos 
° 2 9 2 25 2 
(A) Using the window dimensions —477 = x = 4a and 
—2 = y = 2, graph in two separate windows: the 


first two terms of the series and the first three terms 
of the series. 


(B) Describe the shape of the wave form the graphs tend 
to approach as more terms are added to the series. 


(C) As additional terms are added to the series, the 
graphs appear to approach the wave form you 
described in part (B), and that form is composed 
entirely of straight line segments. Hand-sketch a 
graph of this wave form. 
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CO... 


pplications 


23. Physiology A normal seated adult breathes in and 


exhales about 0.80 L of air every 4.00 sec. See the figure. 
The volume V of air in the lungs t¢ seconds after exhaling 
can be approximated by an equation of the form 
V =k + Acos Bt,0 =¢ = 8. Find the equation. 


y 
A 
0.8 
0.7 
5 0.6 
= 0.5 
& 
o 0.4 
£03 
Ss 02 
0.1 
0.0 1 1 L 1 1 1 1 1 > t 
0 1 2 3 4 5 6 7 8 
Time in seconds 
Figure for 23 
24, Earth Science During the autumnal equinox, the sur- 
face temperature (in °C) of the water of a lake x hours 
after sunrise was recorded over a 24 hr period, and the 
results were recorded in the figure. The surface tempera- 
ture can be approximated by an equation of the form 
T =k + Acos Bx. Find the equation. 
¥ 
A 
207 
O 
24 15 7 
2 
= 
= 10 
o 
a 
5 5} 
io 
1 1 1 1 > x 
0 6 12 18 24 
Sunrise Noon Sunset Midnight Sunrise 


Figure for 24 
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25. Modeling a Seasonal Business Cycle A large soft 


drink company’s sales vary seasonally, but overall the 
company is also experiencing a steady growth rate. The 
financial analysis department has developed the follow- 
ing mathematical model for sales: 
5 5 4 t 4 Tt 
=54 cos 
52 26 
where S represents sales in millions of dollars for a week 
of sales t weeks after January 1. 


(A) Graph this function for a 3 yr period starting 
January 1. 


(B) What are the sales for the 26th week in the third year 
(to three significant digits)? 

(C) What are the sales for the 52nd week in the third year 
(to one significant digit)? 


. Modeling a Seasonal Business Cycle Repeat Problem 
25 for the following mathematical model: 


5 a4 t 2 Tt 

=44 cos 
52 26 

. Sound A pure tone is transmitted through a speaker 

that is also emitting high-frequency, low-volume static. 

The resulting sound is given by 

y = 0.1 sin 500at + 0.003 sin 24,000 at 

(A) Graph this equation, using a graphing calculator, for 
0 =+t = 0.004 and —0.3 = y = 0.3. Notice that 
the result looks like a pure sine wave. 

(B) Use the ZOOM feature (or its equivalent) to zoom 
in on the graph in the vicinity of (0.001, 0.1). You 
should now see the static element of the sound. 

. Sound Another pure tone is transmitted through the 

same speaker as in Problem 27. The resulting sound is 

given by 
y = 0.08 cos 500at + 0.004 sin 26,000 zt 

(A) Graph this equation, using a graphing calculator, for 
0 =f = 0.004 and —0.3 = y = 0.3. Notice that 
the sound appears to be a pure tone. 

(B) Use the ZOOM feature (or its equivalent) to zoom 
in on the graph in the vicinity of (0.002, —0.08). 
Now you should be able to see the static. 

. Music A guitar playing a note with frequency 200 Hz 

has first three harmonics y, = 0.08 sin(4007r), 

yo = 0.04 sin(8007r), and y3 = 0.02 sin(1,200zr). 

Use a graphing calculator to graph each tone separately 

on 0 = ¢ = 0.011, then graph the sum of all three. What 

is the period of the combined form? 


Input eA 


microphone 


30. Music A synthesizer playing a note with frequency 


100 Hz has first three harmonics y; = 0.06 sin(2007r), 
y2 = 0.05 sin(400zr), and y3 = 0.03 sin(60077r). Use a 
graphing calculator to graph each tone separately on 
0 = ¢t = 0.022, then graph the sum of all three. What is 
the period of the combined form? 


. Experiment on Wave Interference When wave forms 


are superposed, they may tend to reinforce or cancel each 
other. Such effects are called interference. If the resul- 
tant amplitude is increased, the interference is said to be 
constructive; if it is decreased, the interference is 
destructive. Interference applies to all wave forms, 
including sound, light, and water. In the following three 
equations, y3 represents the superposition of the individ- 
ual waves y, and y>: 

y, =2sint yo =2sin(t+C) y3 =y, + yo 
For each given value of C that follows, graph these three 
equations in the same viewing window (0 = t = 47) 
and indicate whether the interference shown by y3 is con- 
structive or destructive. (Graph y3 with a darker line so it 
will stand out.) 


(A)C = 0 (B) C=-7/4 
(C) C = 30/4 (D) C=-7 


. Experiment on Wave Interference Repeat Problem 


31 with the following three equations: 


y, =2cost yo =2cos(tt+C) y3 =y, + y2 


. Noise Control Jet engines, air-conditioning systems 


in commercial buildings, and automobile engines all 
have something in common—NOISE! Destructive 
interference (see Problem 31) provides an effective tool 
for noise control. Acoustical engineers have devised an 


y 
me ~ 


Error S 


microphone 


<2 


Electronic 
control 


Figure for 33 and 34 


34. 


Active Noise Control (ANC) system that is now widely 
used. The figure illustrates a system used to reduce 
noise in air-conditioning ducts. The input microphone 
senses the noise sound wave, processes it electronical- 
ly, and produces the same sound wave in the loudspeak- 
er but out of phase with the original. The resulting 
destructive interference effectively reduces the noise in 
the system. 


(A) Suppose the input microphone indicates a sound 
wave given by y, = 65sin400mt, where y, is 
sound intensity in decibels and ¢ is time in seconds. 
Write an equation of the form y. = A sin(Bt + C), 
C < 0, that represents a sound wave that will have 
total destructive interference with y,. [Hint: The 
results of Problem 31 should help.] 

(B) Graph yj, yo, and y3 = yy + 2,0 Sf = 0.01, in 
the same viewing window of a graphing calculator, 
and explain the results. 


Noise Control Repeat Problem 33 with the noise given 
by y; = 30 cos 600zt. 


Problems 35 and 36 use the data provided in Tables 1 and 2, 
and require use of a graphing calculator with the ability to 
find sinusoidal regression curves. Round all numbers to three 
significant digits. 


35. 


(A) 


Modeling Carbon Dioxide in the Atmosphere The 
reporting station at Mauna Loa, Hawaii, has been record- 
ing CO, levels in the atmosphere for almost 50 years. 
Table 1 contains the levels for 2003-2006. 


Enter the data in Table | from January 2003 to December 
2006 (1 = x = 48) and produce a scatter plot of the 
data. 


36. 
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(B) Enter the annual averages for each year using 
x = 6.5, 18.5, 30.5, and 42.5 and find the linear 
regression line, f(x), for these four points. Display 
the graph of f(x) and the scatter plot from part (A) 
on the same graphing calculator screen. 


(C) Subtract f(x), 1 < x = 48, from the corresponding 
data points in part (A) and produce a scatter plot for 
this modified data. 


(D) Find a sinusoidal regression curve, s(x), for the mod- 
ified data in part (C). Display the graph of s(x) and 
the scatter plot in part (C) on the same graphing cal- 
culator screen. Is s(x) a good model for the modified 
data? Explain. 

(E) Display the graph of g(x) = f(x) + s(x) and the 
scatter plot in part (A) on the same graphing calcula- 
tor screen. Does g(x) appear to be a good model for 
the original data in Table 1? 


Modeling Carbon Dioxide in the Atmosphere Table 2 
on the next page contains the CO, levels from a reporting 
station located at Barrow, Alaska. 


(A) Enter the data in Table 2 from January 2003 to 
December 2006 (1 = x = 48) and produce a scat- 
ter plot of the data. 


(B) Enter the annual averages for each year using 
x = 6.5, 18.5, 30.5, and 42.5 and find the linear 
regression line, f(x), for these four points. Display 
the graph of f(x) and the scatter plot from part (A) 
on the same graphing calculator screen. 


(C) Subtract f(x), 1 <= x = 48, from the corresponding 
data points in part (A) and produce a scatter plot for 
this modified data. 


TABLE 1 
CO, Levels at Mauna Loa, in Parts per Million (ppm) 

Jan Feb Mar Apr May June Jul Aug Sep Oct Nov Dec Average 
2003 375 376 377 378 379 378 377 374 = 3373 373: -375 376 =—376 
2004 377 378 379 380 381 380 377 3763374 374 376 378 = 378 
2005 378 380 381 382 382 382 381 379 377 377 = 378 380 = 380 
2006 381 382 383 385 385 384 382 380 379 379 380 382 382 
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TABLE 2 

CO, Levels at Barrow, in Parts per Million (ppm) 
Jan Feb Mar Apr May 

2003 | 381 383 381 382 384 

2004 | 382 383 384 385 385 

2005 | 384 385 386 386 385 

2006 | 385 388 388 388 389 


June 
379 
382 
383 
387 


Jul 

372 
373 
378 
376 


Aug Sep Oct Nov Dec Average 
366 = 368 373, 378 = 380377 
367 369 375 379 = 383. 3379 
371 = 372 378 382 8=69383 381 
370 = 374 378 =9385 = 389 383 


(D) Find a sinusoidal regression curve, s(x), for the modified 


(E) 


data in part (C). Display the graph of s(x) and the scat- 
ter plot in part (C) on the same graphing calculator 
screen. Is s(x) a good model for the modified data? 
Explain. 


Use the modified data to construct a model of the form 
t(x) = Asin(Bx) + C. Display the graph of ¢(x) and 


(F) 


the scatter plot in part (C) on the same graphing calcula- 
tor screen. Is (x) a good model for the modified data? 
Explain. 

Display the graph of g(x) = f(x) + t(x) and the scat- 
ter plot in part (A) on the same graphing calculator 
screen. Does g(x) appear to be a good model for the 
original data in Table 2? 


3.6 Tangent, Cotangent, Secant, and Cosecant 
Functions Revisited 


e Graphing y = A tan(Bx + C) and y = A cot(Bx + C) 
e Graphing y = A sec(Bx + C) and y = A csc(Bx + C) 


We will now look at graphing the more general forms of the tangent, cotan- 
gent, secant, and cosecant functions following essentially the same process we 
developed for graphing y = Asin(Bx + C) and y = Acos(Bx + C). The 
process is not difficult if you have a clear understanding of the basic graphs 
for these functions, including periodic properties. In each case, the key will 
be to locate the asymptotes, which are the most noticeable features of these 


graphs. 


B Graphing y = A tan(Bx + C) and 
y =Acot(Bx + C) 


The basic graphs for y = tan x and y = cot x that were developed in Section 3.1 
are repeated here for convenient reference. 
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GRAPH OF y = tan x 


a 
A 


> X 


Domain: All real numbers x except x = 7/2 + kar, k an integer 
Range: R Period: 7 


Notice that two of the vertical asymptotes are x = —a/2 and x = 7/2. This will 
be a big help in graphing. 


GRAPH OF y = cot x 


= Diy 7 27 


Domain: All real numbers x except x = k7r, k an integer 
Range: R Period: 7 


This time, note that two of the vertical asymptotes are x = 0 and x = 7. 

To quickly sketch the graphs of equations of the form y = A tan(Bx + C) 
and y = Acot(Bx + C), you need to know how the constants A, B, and C affect 
the basic graphs y = tan x and y = cot x, respectively. 

First note that amplitude is not defined for the tangent and cotangent func- 
tions, since the deviation from the x axis for both functions is indefinitely far in 
both directions. The effect of A is to make the graph steeper if |A| > 1 or to 
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EXPLORE/DISCUSS 1 


(A) Match each function to its graph in one of the graphing calculator displays 
and discuss how the graph compares to the graph of y = tan x or y = cot x. 


(iL) Sy = Got Bas (2)nya—seitank; (3) y = tan(x + 77/2) 
8 8 8 
=F a =F T —7T T 
=) = =y 
(a) (b) (c) 


(B) Use a graphing calculator to explore the nature of the changes in the graphs 
of the following functions when the values of A, B, and C are changed. 
Discuss what happens in each case. 

(4) y= Atanx and y = Acotx 


(5) y = tan Bx and y = cot Bx 
(6) y=tan(x + C) and y =cot(x+C) 


make the curve less steep if |A| < 1. If A is negative, the graph is reflected 
across the x axis (turned upside down). 

Just as with the sine and cosine functions, the constants B and C involve a 
period change and a phase shift. One way to attack the graphing of these func- 
tions is to calculate the period and phase shift using the same procedure that we 
used for sine and cosine functions in Section 3.3. Since both A tan x and A cot x 
have a period of 7, it follows that both A tan(Bx + C) and A cot(Bx + C) com- 
plete one cycle as Bx + C varies from 


Bx+C=0 to Bxt+C=q7 


or, solving for x, as x varies from 


EXAMPLE 1 


Solution 
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This tells us that y = A tan(Bx + C) and y = Acot(Bx + C) each have a 
period of 7/B, and their graphs are translated horizontally —C/B units to 
the right if —C/B > 0 and |—C/B| units to the left if —C/B <0. As 
before, the horizontal translation determined by the number —C/B is the 
phase shift. 

There is a second approach to graphing general tangent and cotangent 
functions that is probably simpler than the first. We’ll focus on locating the asymp- 
totes, then we will fill in the graph between the asymptotes, using our knowledge 
of the standard graphs for tangent and cotangent. 


Earlier we pointed out that y = tanx has asympotes at x = —7/2 and 
x = 7/2. We can then find two asymptotes for y = A tan(Bx + C) by solving 
Bx + C = ~a/2 and Bx + C = 7/2. Once we know two asymptotes, we can 


find as many as we like by repeating the distance between the first two that we 
found. The procedure is illustrated in Example 1. 


Graphing y = A tan(Bx + © 
Sketch the graph of 


T 7 7 5 
y = 3tan x + for a RS 
2 4 2 2 


What are the period and phase shift? 


To find two asymptotes, we set (a/2)x + a/4 equal to —a/2 and 7/2 
and solve for x. 


7 7 7 7 7 
x + = SS 
2 2 2 4 2 
7 7 7 7 7 7 
x= ee, 
2 2 4 2 2 4 
a 2 aT 2 aT 2 aT 2 
aD 9 4 nr er ae 
1 3 1 1 
x=-l xy=]—-—=— 
2 2 2 2 
A A 
Phage shift Phage shift 
The two asymptotes we found, x = —3/2 and x = 1/2, are 2 units apart, so the 


period is 2. The phase shift is —1/2, which could also be computed using the for- 
mula —C/B. Now we sketch these asymptotes and use the period of 2 to draw in 
the next asymptote in each direction, x = —7/2 and x = 5/2 (see Fig. la on page 
206). Once we have the asymptotes drawn, it’s a relatively simple matter to fill in 
the graph (Fig. 1b). 
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FIGURE 1(a) (b) a 


Matched Problem 1 Graph y = 2tan(2x — 7/2) for —7a < x < 3a. Find the period and 


EXAMPLE 2 


Solution 


FIGURE 2 


phase shift. a 


For cotangent functions, the procedure is the same, but we use 
x = O and x = 7 as the two beginning asymptotes, as illustrated in Example 2. 


Graphing y = A cot(Bx + C) 
Sketch three full periods of y = —cot(4x + 7r). Find the period and phase shift. 


We begin by setting 4x + a equal to 0 and 7, which will allow us to find two of 
the asymptotes. 


4x + 7=0 4x+ 7 =T7 
4x =-7 4x =a7-T7 
7 7 7 
SS = x=—-— = @) 
4 4 4 
Phage shift Phage at 
These two asymptotes are separated by 77/4 units, so the period is 77/4. The phase 
shift is —7/4. The next asymptotes in each direction are x = —a/2 and 7/4. 
Note that A = —1 turns the standard cotangent graph upside down. The graph is 
shown in figure 2. 
y 
A 


= 
T 


> xX 


=n ey 
| 

-aAIQ-t 

-aAISEL 


Matched Problem 2 _ Sketch three full periods of y = —10 cot(20x). Find the period and phase shift. I 
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B Graphing y = A sec(Bx + C) and 
y = Acsc(Bx + C) 


For convenient reference, the basic graphs for y = sec x and y = csc x that were 
developed in Section 3.1 are repeated here. 


GRAPH OF y = sec x 


| 
| 
| 
| 
| 
| 
I 
I 
- ! >X 
| 
| 
| 
| 
| 
| 
| 
| 


Domain: All real numbers x, except x = 7/2 + ka, k an integer 
Range: All real numbers y such that y = —1l ory = 1 
Period: 27 Same asymptotes as tangent 


GRAPH OF y = csc x 
ay 
A 


I 
1 
! . 
ay = SINE Se ee 
ae sin x 
I iF a 
7 N 
ff ae eo N 
= IN y 7 
Th His Le Ne Diet 


Domain: All real numbers x, except x = kz, k an integer 
Range: All real numbers y such that y = —1l ory = 1 
Period: 27 Same asymptotes as cotangent 
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EXAMPLE 3 


EXPLORE/DISCUSS 2 


(A) Match each function to its graph in one of the graphing calculator displays 
and discuss how the graph compares to the graph of y = csc x or y = sec x. 


(I) y=sec2x (2) y = jescx (3) y = esc(x + 7/2) 


4 4 4 


T = 4iE ae = 


( Wallan 


(a) (b) (c) 


(B) Use a graphing calculator to explore the nature of the changes in the graphs 
of the following functions when the values of A, B, and C are changed. 
Discuss what happens in each case. 


(4) y=Acscx and y= Asecx 
(5) y=csc Bx and y = sec Bx 


(6) y=csc(x + C) and y = sec(x + C) 


As with the tangent and cotangent functions, amplitude is not defined for 
either the secant or the cosecant functions. Since the period of each function is 
the same as that for the sine and cosine, 277, we find the period and phase shift by 
solving Bx + C = O and Bx + C = 27. 

But once again, it is probably simpler to find the asymptotes, and the good 
news is that we already know how to do that! The functions y = sec x and 
y = csc x have the same asymptotes as y = tan x and y = cot x, respectively, so 
we can reuse the procedures from Examples 1 and 2. We’ll just need to be a bit 
careful with the period. 


Graphing y = A sec(Bx + C) 
Graph y = 5 sec(5.x + a) for —7a < x S 3z. Find the period and phase shift. 
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Solution We again begin by finding two asymptotes, noting that y = sec x has asymptotes 
at x = —7/2 and 77/2. 


1 7 1 
Shs TT = x + aT >= 
2 2 2 2 
1 7 1 7 
=f SS a —_ SS =r 
2 2 2 
x=-a7 —-207 = -37 x=T7-27 =-T7 
Phage shift Phage shift 
So there are asymptotes at x = —3a and —7, and the phase shift is —277. Now 


we have to be careful. This might lead us to conclude that the period is 277, but 
it isn’t. Recall that there are two portions of a secant graph in each period: one 
that opens up and one that opens down. Only one portion will go between the 
asymptotes we found, so the actual period is 477, not 277. In any case, the sep- 
aration between consecutive asymptotes is 277, so the next two asymptotes in 
each direction are —5ar, —777, 77, and 377. We draw these in to begin our graph 
(Fig. 3a). Next, we make two important observations. Since A = 5, the high 
and low points on each portion of the graph will be at heights 5 and —5, not 
heights 1 and —1; also, the portion of the graph of y = sec x between 
x = —a/2 and x = 7/2 opens up, so the portion on the graph in this exam- 
ple between x = —37 and x = —7 opens up as well. This allows us to put in 
one part of the graph (Fig. 3a) and then repeat until we have the graph on the 
requested interval (Fig. 3b). 
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FIGURE 3(a) (b) i 


Matched Problem 3 Graph y = 4sec(2x + 7) for — 3a/4 < x < 3q/4. Find the period and 
phase shift. Oo 
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EXAMPLE 4 Graphing y = A csc(Bx + C) 
Graph 


y= rose Zs = n) for -2<x< 10 
Find the period and phase shift. 


Solution There are asymptotes for y = csc x at x = 0 and x = 7, so we find the asymp- 
totes for this function by setting (77 /2)x —7 equal to 0 and 7. 


T 7 
—x-7T=0 Tx - TT EHT7 
2 2 
7x=0+ "x= 
> * T a * 7 + 17 
2, 2 2D: 2 
x=0°— + 7 x=7°—+T7: 
7 T 7 
x=01+2=2 x=2+2=4 
Phage shift Phage shift 


There are asymptotes at x = 2 and x = 4, and a portion of the graph that opens up 
is between them. The low point of this portion is at height 2, since A = 2. The peri- 
od is 4 (twice the distance between successive asymptotes) and the phase shift is 
2. The remaining asymptotes on the requested interval are at 
x = —2,0, 6, 8, and 10. The graph is shown in Figure 4. 


FIGURE 4 y 
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Matched Problem 4 Graph y = f ese(4x + a) for —87 < x < 12a. Find the period and phase 
shift. |_| 


Answers to Matched = 4. period = /2; phase shift = 7/4 


Problems 
y 
A I 
2 
1 l > X 
Tr cL T 
2 2 
i 
i 
i 
2. Period = 7/20; phase shift = 0 
y 
A | 
L10 
1 | L > xX 
_ a 7 
20 20 10 
i 
] 
i 
i 


3. Period = 7; phase shift = —7/2 
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4. Period = 87; phase shift = —4a7 
y 
A 
I I I I I 
I I I I I 
| | I | | 
I I I I I 
I I I I I 
I I I I I 
| | TL | | | 
| I I I I 
I I L I I I 
| I I I I 
| l | 1 l I l | l | >x 
—87 47 L 4a 8a 127 
Oot tl 
eae oe 
| | I | I 
I I I I I 
I I I I I 
| | | I | 
| | | | | 
EXERCISE 3.6 
. Explain how to find the asymptotes for a function of the 14. y= 1 cot(x/2), 0<x< 47 
f = Atan(Bx + C). 
aed eal Ba) 15. y = 2csc(x/2), O< x < 87 
2. Explain how to find the asymptotes for a function of the 
= 16. y=2secmx, -—1<x<3 
form y = A csc(Bx + C). ? 
3. How do we know that y = Atan(Bx + C) and 17. y= —10tan(7x), -lSx=1 
y = Asec(Bx + C) have the same asymptotes? 18. y= -4 cot(3x), O<x<a7 
4. Explain why y = A tan(Bx + C) and 19. y= -4 sec(4x), S69 <x = 6 


y = Asec(Bx + C) have different periods even though 


they have the same asymptotes. 2. y = —Sese(7z), 


—3< 2 <3 
5. What effect does the value of A have on the graphs of 
y = Atan(Bx + C) and y = Acot(Bx + C)? 


6. What effect does the value of A have on the graphs of 
y = Asec(Bx + C) and y = Acsc(Bx + C)? 


In Problems 21-26, indicate the period and phase shift for 
each function, and sketch a graph of the function over the 
indicated interval. 


In Problems 7-10, sketch a graph of each function over 21. y = cot(2x — 7), ea 
the indicated interval. Try not to look at the text or use a 3 3 
calculator. 22. y = tan(2x + 7), exe 
7 y=tanx, OS x S27 a 
8. y=cotx, 0<x< 27 T 5 
9. y=cscx, —-T7<x<7 23. y = esc\ wx — = ], Sy eS 
10. y=secx, -TWSxsT7 
oy 
B I Problems 11-20, indicate the period of each function and 24. y= see( x a > ) ~i<x<1 
sketch a graph of the function over the indicated interval. 4 
ll. y=3tan2x, -w=x=7 25. y= tn( 2 =), es ere 
12. y= 2cot4x, 0O<x< 7/2 4 
13. y =5tan(x/2), -—a7<x< 3a 26. y = cot(s =), <x < eo 
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a Graph each equation in Problems 27-30 on a graphing cal- 
culator; then find an equation of the form y = A tan Bx, 
y = Acot Bx, y = Acsc Bx, or y = Asec Bx that has the 
same graph. (These problems suggest additional identities 
beyond the fundamental ones that were discussed in Section 
2.5—additional important identities will be discussed in 


detail in Chapter 4.) 
27. y = csc x — cotx 28. y = csc x + cotx 


29. y = cotx + tanx 30. y = cotx — tanx 


C In Problems 31-34, indicate the period and phase shift for 


each function and sketch a graph of the function over the indi- 
cated interval. 


31. y= —3cot(m7x — 7), -—2<x<2 
32. y 2tan(Z x =), << 27 
7 
33, y= 2s00( mr - 2), =-[<2=3 
34. y 3eso( Ex +2), 1l<x<3 


Graph each equation in Problems 35-38 on a graphing cal- 
culator; then find an equation of the form y = A tan Bx, 
y = Acot Bx, y = Acsc Bx, or y = Asec Bx that has the 
same graph. (These problems suggest additional identities 
beyond the fundamental ones that were discussed in Section 
2.5—additional important identities will be discussed in 
detail in Chapter 4.) 


35. y = cos 2x + sin 2x tan 2x 


36. y = sin3x + cos 3x cot 3x 
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37. y = sin 6x ag 4s sin 4x 
1 — cos 6x 1 + cos 4x 
5 Applications 
39. Precalculus A beacon light 15 ft from a wall rotates 


clockwise at the rate of exactly 1 revolution per second 
(rps), so that 6 = 27rt (see the figure). 


Figure for 39 and 40 


40. 


(A) If we start counting time in seconds when the light 
spot is at C, write an equation for the distance a the 
light spot travels along the wall in terms of time ¢. 


(B) Graph the equation found in part (A) for the time 
interval O S$ t < 0.25. 


(C) Explain what happens to a as ¢ approaches 0.25 sec. 
Precalculus Refer to Problem 39. 


(A) Write an equation for the length of the light beam c 
in terms of t. 


(B) Graph the equation found in part (A) for the time 
interval 0 = t < 0.25. 


(C) Explain what happens to c as t approaches 0.25 sec. 


CHAPTER 3 GROUP ACTIVITY 


Predator-Prey Analysis Involving 
Coyotes and Rabbits 


In a national park in the western United States, natural scientists from a near- 
by university conducted a study on the interrelated populations of coyotes 
(sometimes called prairie wolves) and rabbits. They found that the population 


continued 
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of each species goes up and down in cycles, but these cycles are out of phase 
with each other. Each year for 12 years the scientists estimated the number in 
each population with the results indicated in Table 1. 


TABLE 1 
Coyote/Rabbit Populations 

Year 1 2 3 4 5 6 7 8 © 10 11 12 
Coyotes a7 il? iS 91 63 63 8© 16 11O 88 G2 G4 
(hundreds) 

Rabbits 54.5 53.7 38.0 25.3 268 41.2 55.4 53.1 38.6 26.2 28.0 40.9 
(thousands) 


(A) Coyote population analysis 

(1) Enter the data for the coyote population in a graphing calculator for 
the time interval 1 = ¢ = 12 and produce a scatter plot for the data. 

(2) A function of the form y = K + Asin(Bx + C) can be used to 
model the data. Use the data for the coyote population to determine 
K, A, and B. Use the graph from part (1) to visually estimate C to one 
decimal place. (If your graphing calculator has a sine regression fea- 
ture, use it to check your work.) 

(3) Produce the scatter plot from part (1) and graph the equation from part 
(2) in the same viewing window. Adjust C, if necessary, for a better 
equation fit of the data. 

(4) Write a summary of the results, describing fluctuations and cycles of 
the coyote population. 


(B) Rabbit population analysis 

(1) Enter the data for the rabbit population in a graphing calculator 

for the time interval | = tf = 12 and produce a scatter plot for 
WZ the data. 

(2) A function of the form y = K + Asin(Bx + C) can be used to 
model the data. Use the data for the rabbit population to determine K, 
A, and B. Use the graph from part (1) to visually estimate C to one 
decimal place. (If your graphing calculator has a sine regression 
feature, use it to check your work.) 

(3) Produce the scatter plot from part (1) and graph the equation from part 
(2) in the same viewing window. Adjust C, if necessary, for a better 
equation fit of the data. 

(4) Write a summary of the results, describing fluctuations and cycles of 
the rabbit population. 
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(C) Predator—prey interrelationship 

(1) Discuss the relationship of the maximum predator populations to the 
maximum prey populations relative to time. 

(2) Discuss the relationship of the minimum predator populations to the 
minimum prey populations relative to time. 

(3) Discuss the dynamics of the fluctuations of the two interdependent pop- 
ulations. What causes the two populations to rise and fall, and why are 
they out of phase with one another? 


CHAPTER 3 REVIEW 4 


31 BASIC GRAPHS 


FIGURE 1 
Graph of y = sin x 


Domain: R Range: -l Syl Period: 27 


FIGURE 2 
Graph of y = cos x 


Domain: R Range: -l=S=y=l Period: 277 
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PS 


27 


FIGURE 3 

Graph of y = tan x 

Domain: All real numbers x except x = 7/2 + ka, k an integer 
Range: R Period: 7 


y 


FIGURE 4 
Graph of y = cot x 


Domain: All real numbers x except x = ka, k an integer 
Range: R Period: 7 


y 
A 
; 1 
y = sinx y =cscx ==— 
ha sin x 
Ip << 
a N 7 XN 
ye ~y_ oi we l 7 xX 
27 =7 fe z e TNC ae 27 
FIGURE 5 


Graph of y = csc x 
Domain: All real numbers x, except x = kzr, k an integer 
Range: All real numbers y such that y = —lory = 1 Period: 


3.2 

GRAPHING 
y=k+A sin Bx 
AND y =k + A cos Bx 


3.3 

GRAPHING 
y=k+A sin (Bx + ©) 
AND 

y=k+Acos (Bx + C0) 
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y =cosx 
N\ 
Sy 
1 1 > X 
27 NC -a@ 7 
NS e: 
FIGURE 6 


Graph of y = sec x 


Domain: All real numbers x, except x = 7/2 + kar, k an integer 
Range: All real numbers y such that y = —lory = 1 
Period: 27 


For functions of the form y = k + A sinBx or y = k + A cosBx, 
2a 
Amplitude = |A| Period = — 


The basic sine or cosine curve is compressed if B > | and stretchedif0 < B< 1. 
The graph is translated up & units if k > 0 and down |A| units if k < 0. 
If P is the period and f is the frequency of a periodic phenomenon, then 


Feriod is the time for one complete cycle. 


Frequency is the number of cycles per unit of time. 


The period for _an object bobbing up and down in water is given by 
27 /V1,000gA/M, where g = 9.75 m/sec’, A is the horizontal cross-sectional 
area in square meters, and M is the mass in kilograms. 


For functions of the form y = k + Asin(B + c) ory =k + Acos(Bx + C), 
to find the period and the phase shift, solve Bx + C = 0 and Bx + C = 27: 


Cc C 21 
+ = 
B B B 
* 

iL Phage shift J Period 


The graph completes one full cycle as x varies from —C/B to (—C/B) + (27/B). 
A function of the form y = A sin(Bx + C) or y = Acos(Bx + C) is said to be 
a simple harmonic. 
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*3.4 
ADDITIONAL 
APPLICATIONS 


3.5 
GRAPHING 
COMBINED FORMS 


3.6 

TANGENT, 
COTANGENT, SECANT, 
AND COSECANT 
FUNCTIONS 
REVISITED 


Modeling Electric Current 


Alternating current flows are represented by equations of the form 
I = Asin(Bt + C), where / is the current in amperes and f is time in seconds. 


Modeling Light and Other Electromagnetic Waves 


The wavelength A and the frequency v of an electromagnetic wave are related by 
Av = c, where c is the speed of light. These waves can be represented by an equa- 
tion of the form E = A sin 2ar(vt — r/A), where t is time and r is distance from 
the source. 


Modeling Water Waves 


Water waves can be represented by equations of the form 
y = Asin 2a(ft — r/A), where f is frequency, f is time, r is distance from the 
source, and A is the wavelength. 


Simple and Damped Harmonic Motion; Resonance 


An object hanging on a spring that is set in motion is said to exhibit simple har- 
monic motion if its amplitude remains constant, damped harmonic motion if 
its amplitude decreases to O as time increases, and resonance if its amplitude 
increases as time increases. 

Objects in simple harmonic motion are modeled well by functions of the form 
y = Asin(Bx + C) or y = Acos(Bx + C). Those exhibiting damped harmon- 
ic motion or resonance can often be modeled by multiplying a sine or cosine func- 
tion by an appropriate decreasing or increasing function. 


Functions combined using addition or subtraction, if simple enough, can be 
graphed by hand using addition of ordinates; but whether simple or not, such 
functions can always be graphed on a graphing calculator. In the analysis of sound 
waves, it is also useful to graph the separate components of the wave, called par- 
tial tones.The partial tone with the smallest frequency is called the fundamental 
tone, and the other partial tones are called overtones. Fourier series use sums of 
trigonometric functions to approximate periodic wave forms such as a square wave 
or a sawtooth wave. 


Amplitude is not defined for the tangent, cotangent, secant, and cosecant 
functions. 


To find the period and the phase shift for the graph of y = A tan(Bx + C) or 
y = Acot(Bx + C), solve Bx + C = Oand Bx + C= 7: 
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The graph completes one full cycle as x varies from —C/B to (—C/B) + (a/B). 

To graph y = A tan(Bx + C) easily, you can locate asymptotes by first solv- 
ing Bx + C = —7/2 and Bx + C = 7/2, then finding the distance between the 
resulting asymptotes to see where to locate others. For y = A cot(Bx + C), the 
asymptotes can be located by solving Bx + C = 0 and Bx + C = a. In each 
case, |A| affects the steepness of the individual portions of the graph. 

Find the period and the phase shift for the graph of y = A sec(Bx + C) or 
y = Acsc(Bx + C) by solving Bx + C = Oand Bx + C = 2m. 

The asymptotes for y = Asec(Bx + C) are the same as those for 
y = Atan(Bx + C), and the asymptotes for y = A csc(Bx + C) are the same 
as those for y = A cot(Bx + C). In this case, A affects the height of the high and 
low points for each portion of the graph, as well as the orientation (opening up or 


down). 
CHAPTER 3 REVIEW EXERCISE q 
Work through all the problems in this chapter review and check the 13. Match one of the basic trigonometric functions with each 
answers. Answers to all review problems appear in the back of the description: 
book; following each answer is an italic number that indicates the (A) Not defined at x = nz, n an integer; period 277 


section in which that type of problem is discussed. Where weak- (i) Notdehnelaty 
nesses show up, review the appropriate sections in the text. Review ; 
problems flagged with a star (+<) are from optional sections. (C) Amplitude 1; graph passes through (0, 0) 


ll 


ni, n an integer; period 7 


AX In Problems 1-6, sketch a graph of each function for In Problems 14-19, state the period, amplitude (if applica- 


—-27 =x = 2t. ble), and phase shift (if applicable) for each function. 
1. y = sinx 4. y =cotx 14. y = 3sin37x) 
2. y = cosx 5. y = sec x 15. y = }cos(}x — 2m) 
3. y = tanx 6. y = csc x 16. y= -Stan(Zx) 

In Problems 7-9, sketch a graph of each function for the indi- 17. y = 4cot(x + 7) 


cated interval. 
18. y= ot sec(27rx — 47) 


7. y= 3008, -—47r sx 47 19. y = 2 csc 5x 
= le. = 

Be a Ce In Problems 20-27, sketch a graph of each function for the 
9 y=4+cosx, OS x S20 indicated interval. 
10. Describe any properties that all six trigonometric func- 20. y = -} cos(27x), —2=x=2 

Boris state, 21. y=-1+ 5 sin 2x, -TWSsxsT7 

B 11. Explain how increasing or decreasing the size of B, » _ ; 
. : ~y=4-2 —w), OS x=2 
B> 0,in y = Acos Bx affects the period. - ante) . 
23. y=tan2x, -T=i=x=q7 


12. Explain how changing the value of C in 
y = Asin(Bx + C) affects the original graph, assum- 24, y= cotmx, —2<x<2 
ing A and B > 0 are not changed. 25. y= 3cscmx, -l<x<2 
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26. 


27. 


28. 


29. 


30. 
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y = 2sec, =o <x <3 


7 
t : 
y an( 5 ) 


Explain how the graph of yo is related to the graph of y, 
in each of the following graphing calculator displays: 


(A) 


Tox 


(B) 


(C) Write the equations of the graphs of y,; and yp in part 
(A) in the form A sin Bx. 

(D) Write the equations of the graphs of y, and yp in part 
(B) in the form A cos Bx. 


Find an equation of the form y = k + A sin Bx that pro- 
duces the graph shown in the following graphing calcu- 
lator display: 


8 
UAE 
=2 


Find an equation of the form y= Asin Bt or 
y = Acos Bt for an oscillating system, if the displace- 
ment is 0 when t = 0, the amplitude is 65, and the period 
is 0.01. 


31. 


32. 
33. 
34. 


35. 


36. 


cs. 


The graphing calculator display in the figure illustrates 
the graph of one of the following: 


() wy = y2 + ¥3 (2) yo = + 3 
(3) yx = + yo 
Discuss which one and why. 


Figure for 31 


Problems 32-36 require the use of a graphing calculator. 


OS x= 2, 


Osx Ss 4nz. 


Graph y = x + sin 7x, 
Graph y = 2 sin x + cos 2x, 
Graph y = 1/(1 + tan? x) in a viewing window that dis- 
plays at least two full periods of the graph. Find an equa- 
tion of the form y = k + Asin Bxory = k + Acos Bx 
that has the same graph. 


The sum of the first five terms of the Fourier series for a 
wave form is 


T 4 x, 
{ cos + cos x 
ye" 2 " 
_ 4 3x | 4 5x 
+ cos + cos 
oT 2; 257r 2 


Use a graphing calculator to graph this equation for 
—47 = x = 47 and —3 & y S 3. Then sketch by hand 
the corresponding wave form. (Assume that the graph of the 
wave form is composed entirely of straight line segments.) 


Graph each of the following equations and find an equation 
of the form y = A tan Bx, y = Acot Bx, y = Asec Bx, 
or y = Acsc Bx that has the same graph as the given 
equation. 


2 sin x 2 cos x 
(A)y=— By=— 
sin 2x sin 2x 
2 cos” x 2 sin? x 
Cy=—_ O)y=—.. 
sin 2x sin 2x 


Describe the smallest horizontal shift and/or reflection 
that transforms the graph of y = cot x into the graph of 
y = tan x. 


In Problems 38 and 39, sketch a graph of each function for the 
indicated interval. 


38. y=2un(e+ 2), =1<—% <1 
Sa 
39. y = 2sec(2x — 7), Sea 


40. The table in the figure was produced using a table feature 
for a particular graphing calculator. Find a function of 
the form y = Asin Bx or y = Acos Bx that will pro- 
duce the table. 


Yt 


1 
o.oo 
2.00 
00 
“2.00 
o.oo 
z.00 
o.oo 


41. If the following graph is a graph of an equation of the 
form y = Asin(Bx + C), 0 < —C/B <1, find the 
equation. 


Problems 42-44 require the use of a graphing calculator. 


42. Graph y = 1.2 sin 2x + 1.6 cos 2x and approximate the 
x intercept closest to the origin (correct to three decimal 
places). Use this intercept to find an equation of the form 
y = Asin(Bx + C) that has the same graph as the given 
equation. 


43. In calculus it is shown that 


ee a oe a 

(A) Graph sin x and the first term of the series in the 
same viewing window. 

(B) Graph sin x and the first two terms of the series in the 
same viewing window. 

(C) Graph sin x and the first three terms of the series in 
the same viewing window. 

(D) Explain what is happening as more terms of the 
series are used to approximate sin x. 
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44. From the graph of f(x) = |sin x| on a graphing utility, 
determine the period of f; that is, find the smallest posi- 
tive number p such that f(x + p) = f(x). 


< Applications 


45. Spring—Mass System If the motion of a weight hung 
on a spring has an amplitude of 4 cm and a frequency of 
8 Hz, and if its position when tf = 0 sec is 4 cm below its 
position at rest (above the rest position is positive and 
below is negative), find an equation of the form 
y = Acos Bt that describes the motion at any time ¢ 
(neglecting any damping forces such as air resistance and 
friction). Explain why an equation of the form 
y = Asin Bt cannot be used to model the motion. 


46. Pollution In a large city the amount of sulfur dioxide 
pollutant released into the atmosphere due to the burning 
of coal and oil for heating purposes varies seasonally. 
If measurements over a 2 yr period produced the graph 
shown, find an equation of the form 
P=k+ Acos Bn,0 = n & 104, where P is the num- 
ber of tons of pollutants released into the atmosphere 
during the nth week after January 31. Can an equation of 
the form P = k + Asin Bn model the situation? If yes, 
find it. If no, explain why. 


Tons of pollutants 


1 l 1 l >n 
O 13 26 39 52 65 78 91 104 
February February February 
Weeks after January 31 


47. Floating Objects A cylindrical buoy with diameter 
1.2 m is observed (after being pushed down) to bob up 
and down with a period of 0.8 sec and an amplitude 
of 0.6 m. 


(A) Find the mass of the buoy to the nearest kilogram. 

(B) Write an equation of motion for the buoy in the form 
y = Dsin Bt. 

(C) Graph the equation in part (B) forO = ¢ = 1.6. 


48. Sound Waves The motion of one tip of a tuning fork is 
given by an equation of the form y = 0.05 cos Bt. 


222, 3 


49. 


50. 


w 51. 


we 52. 
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(A) If the frequency of the fork is 280 Hz, what is the 
period? What is the value of B? 

(B) If the period of the motion of the fork is 0.0025 sec, 
what is the frequency? What is the value of B? 

(C) If B = 7007, what is the period? What is the 
frequency? 


Electrical Circuits If the voltage E in an electrical 
circuit has amplitude 18 and frequency 30 Hz, and 
E = 18 V when t = Osec, find an equation of the form 
y = Acos Bt that gives the voltage at any time ¢. 


Water Waves Ata particular point in the ocean, the ver- 
tical change in the water due to wave action is given by 
7 
y = 6cos 10 (t — 5) 
where y is in meters and ¢ is time in seconds. Find the 
amplitude, period, and phase shift. Graph the equation 
forO = ¢t = 80. 


Water Waves A water wave at a fixed position has an 
equation of the form 


y= 12 sin 1 


where ¢ is time in seconds and y is in feet. How high is 
the wave from trough to crest? What is its wavelength (in 
feet)? How fast is it traveling (in feet per second)? 
Compute answers to the nearest foot. 


Electromagnetic Waves An ultraviolet wave has a 
frequency of vy = 10!> Hz. What is its period? What is its 
wavelength (in meters)? (The speed of light is 
c © 3 X 108 m/sec.) 

Graph each of the following 
equations for 0 = ft = 2, and identify each as an exam- 
ple of simple harmonic motion, damped harmonic 
motion, or resonance. 


(A) y = sin 2at (B) y = (1 + f£) sin 27t 


sin 27t 


1 
Cc = 
anne ee 


. Modeling a Seasonal Business Cycle The sales for a 


national chain of ice cream shops are growing steadily 
but are subject to seasonal variations. The following 
mathematical model has been developed to project the 
monthly sales for the next 24 months: 


. mt 
5 sin 


6 
where S represents the sales in millions of dollars and t 
is time in months. 
(A) Graph the equation for 0 = ¢ = 24. 
(B) Describe what the graph shows regarding monthly 
sales over the 2 yr period. 


S=5+t¢4 


55. 


Rocket Flight A camera recording the launch of a 
rocket is located 1,000 m from the launching pad (see the 
figure). 


(A) Write an equation for the altitude / of the rocket in 
terms of the angle of elevation 6 of the camera. 


or 


Figure for 55 


56. 


(B) Graph this equation for 0 = @ < 7/2. 
(C) Describe what happens to / as 0 approaches 7/2. 


Bioengineering For a running person (see the figure), 
the upper leg rotates back and forth relative to the hip 
socket through an angle 6. The angle 6 is measured rela- 
tive to the vertical and is negative if the leg is behind the 
vertical and positive if the leg is in front of the vertical. 
Measurements of @ were calculated for a person taking 
two strides per second, where ¢ is the time in seconds. 
The results for the first 2 sec are shown in Table 1. 


Figure for 56 


(A) Verbally describe how you can find the period and 
amplitude of the data in Table 1 and find each. 


TABLE 1 


t (sec) |0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 


6 (deg)| 0° 36° 0° —36° 0° 36° 0° —36° 0° 


hs 


(B) Which of the equations, @ = Acos Bt or 
6 = Asin Bt, is the more suitable model for the data 
in Table 1? Why? Use the model you chose to find 
the equation. 

(C) Plot the points in Table 1 and the graph of the equa- 
tion found in part (B) in the same coordinate system. 


Modeling Sunset Times Sunset times for the fifth day 
of each month over a | yr period were taken from a tide 
booklet for San Francisco Bay to form Table 2. Daylight 
savings time was ignored. 


(A) Convert the data in Table 2 from hours and minutes 
to hours (to two decimal places). Enter the data for a 
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2 yr period in your graphing calculator and produce 
a scatter plot in the following viewing window: 
l=x = 24,16 = y = 20. 

(B) A function of the form y = k + A sin(Bx + C) can 
be used to model the data. Use the converted data 
from Table 2 to determine k and A (to two decimal 
places) and B (exact value). Use the graph from part 
(A) to visually estimate C (to one decimal place). 

(C) Plot the data from part (A) and the equation from 
part (B) in the same viewing window. If necessary, 
adjust your value of C to produce a better fit. 


TABLE 2 

x (months) 1 2 3 4 5 6 7 8 9 10 11 12 

y (sunset time, P.M.) | 17:05 17:38 18:07 18:36 19:04 19:29 19:35 19:15 18:34 17:47 17:07 16:51 
CUMULATIVE REVIEW EXERCISE CHAPTERS 1-3 q 


Work through all the problems in this cumulative review and 
check the answers. Answers to all review problems are in the 
back of the book; following each answer is an italic number 
that indicates the section in which that type of problem is dis- 
cussed. Where weaknesses show up, review the appropriate 
sections in the text. Review problems flagged with a star (+=) 
are from optional sections. 


Al 
2. 


Change 43°32’ to decimal degrees to two decimal places. 


What is the radian measure of 88.73° to two decimal 
places? 


What is the radian measure of 122°17’ to two decimal 
places? 


What is the decimal degree measure of 2.75 rad to two 
places? 


What is the degree measure of —1.45 rad to the nearest 
minute? 


The terminal side of @ contains P = (7,24). Find the 
value of each of the six trigonometric functions of 0. 


The hypotenuse of a right triangle is 13 in. and one of the 
legs is 11 in. Find the other leg and the acute angles. 


Evaluate to four significant digits using a calculator: 
(A) sin 72.5° (B) cos 104°52' (C) tan 2.41 
Evaluate to four significant digits using a calculator: 
(A) sec 246.8° (B) cot 23°15’ (C) cse 1.83 


10. 


. Find @ to the nearest 10’ 


Sketch the reference triangle and find the reference angle 
a for: 


lla 
(A) 6 = —— 


B) @ = —225° 
6 (B) 6 5 


. Sketch a graph of each function for —27 = x = 27. 


(A) y = sin x (B) y = tan x (C) y = sec x 


. Explain what is meant by an angle of radian measure 1.5. 


. Is it possible to find a real number x such that cos x is 


negative and csc x is positive? Explain. 


. Is it possible to construct a triangle with more than one 


obtuse angle? Explain. 


if tan @ = 0.9465 and 
—90° = @ = 90°. 


. If the second hand of a clock is 5.00 cm long, how far 


does the tip of the hand travel in 40 sec? 


. How fast is the tip of the second hand in Problem 16 


moving (in centimeters per minute)? 


. Find x in the following figure: 


12 


10 5 
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19. 
20. 


(A) 


21. 


22. 


23. 


24. 


25. 


GRAPHING TRIGONOMETRIC FUNCTIONS 


Convert 48° to exact radian measure in terms of 77. 
Which of the following graphing calculator displays is the 
result of the calculator being set in radian mode and which 
is the result of the calculator being set in degree mode? 


(B) 


If the degree measure of an angle is doubled, is the radi- 
an measure of the angle doubled? Explain. 

From the following graphing calculator display, explain 
how you would find cot x without finding x. Then find 
cot x to four decimal places. 


tantx3 
25453 


Find the exact value of each of the following without 
using a calculator. 


AY si Sar B Tt 

( ee a (B) cos Er 
Sar 

(C) tan (-=) (D) cse 377 


Find the exact value of each of the other five trigonomet- 
ric functions of 6 if cos 90 = -} and tan @ < 0. 

In the following graphing calculator display, indicate 
which value(s) are not exact and find the exact form: 


In Problems 26-31, sketch a graph of each function for the 
indicated interval. State the period and, if applicable, the 
amplitude and phase shift for each function. 


26. 


27. 


28. 


29. 


y= 1—} cos 2x, —2n =x S20 


y=2sin(x- 4), “Tex 307 
Osxs7 


y = Stan 4x, 


y= oss, Aq <x< 47 


30. 


31. 


32. 


33. 


34. 
35. 


36. 


y=-2secmx, —2S x52 


7 
y= co(m +=), =l=x=3 


Find the equation of the form y = A sin Bx whose graph 
is shown in the figure that follows. 


y 
2 
0 05 1 is 2. 
“2 Figure for 32 


Find an equation of the form y = k + Acos Bx that 
produces the graph shown in the graphing calculator dis- 
play in the following figure. 


3 


-1 Figure for 33 


Simplify: (tan x)(sin x) + cos x 

Find the exact value of all angles between 0° and 360° 
for which sin 6 = —f 

If the sides of a right triangle are 23.5 in. and 37.3 in., find 
the hypotenuse and find the acute angles to the nearest 0.1°. 


Problems 37-39 require use of a graphing calculator. 


37. 
38. 


39. 


Graph y = sinx + sin2x forO = x S 27. 

Graph y = (tan? x) /(1 + tan? x) in a viewing window 
that displays at least two full periods of the graph. Find 
an equation of the form y=k+ Asin Bx or 
y = k + Acos Bx that has the same graph as the given 
equation. 


The sum of the first four terms of the Fourier series for a 
wave form is 


7 
y 5 me Ose Om cos 3x Sn 


Use a graphing calculator to graph this equation for 
—2a = x = 27 and —2 = y = 4 and sketch by hand 
the corresponding wave form. (Assume that the graph 
of the wave form is composed entirely of straight line 
segments.) 


cos 5x 


C 40. 


41. 


42. 


43. 


44. 


If 6 is a first-quadrant angle and tan 6 = a, express the 
other five trigonometric functions of @ in terms of a. 


A circle with its center at the origin in a rectangular coor- 
dinate system passes through the point (8, 15). What is 
the length of the arc on the circle in the first 
quadrant between the positive horizontal axis and 
(8, 15)? Compute the answer to two decimal places. 


A point moves clockwise around a unit circle, starting at 
(1, 0), for a distance of 53.077 units. Explain how you 
would find the coordinates of the point P at its final posi- 
tion and how you would determine which quadrant P is 
in. Find the coordinates to four decimal places. 


The following graphing calculator display shows the 
coordinates of a point on a unit circle. Let s be the length 
of the least positive arc from (1, 0) to the point. Find s to 
four decimal places. 


1.5 
WETtd-#2) 


=2.2] 2.27 


—1.5 


Find the equation of the form y = Asin(Bx + C), 
0 < —C/B < 1, whose graph is 


. Graph y = 2.4 sin(x/2) — 1.8 cos(x/2) and approxi- 


mate the x intercept closest to the origin, correct to three 
decimal places. Use this intercept to find an equation of 
the form y = A sin(Bx + C) that has the same graph as 
the given equation. 


. Graph each of the following equations and find an equation 


of the form y = A tan Bx, y = Acot Bx, y = Asec Bx, 
or y = Acsc Bx that has the same graph as the given 
equation. 


= sin 2x _  2cosx 
ay 1 + cos 2x ae 1 + cos 2x 

(y= 2 sin x ie sin 2x 
1 — cos 2x 1 — cos 2x 
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> Applications 


47. 


Geography/Navigation Find the distance (to the near- 
est mile) between Gary, IN, with latitude 41°36'N, and 
Pensacola, FL, with latitude 30°25'N. (Both cities have 
approximately the same longitude.) Use r ~ 3,960 mi 
for the radius of the earth. 


. Volume ofa Cone A paper drinking cup has the shape 


of a right circular cone with altitude 9 cm and radius 
4 cm (see the figure). Find the volume of the water in the 
cup (to the nearest cubic centimeter) when the water is 
6 cm deep. [Recall: V = ; ar’ h.] 


hor 


Figure for 48 


49. 


Construction The base of a 40 ft arm on a crane is 
10 ft above the ground (see the figure). The crane is pick- 
ing up an object whose horizontal distance from the base 
of the arm is 30 ft. If the tip of the arm is directly above 
the object, find the angle of elevation of the arm and the 
altitude of the tip. 


Figure for 49 
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50. Billiards Under ideal conditions, when a ball strikes a 
cushion on a pocket billiards table at an angle, it bounces off 
the cushion at the same angle (see the figure). Where should 
the ball in the center of the table strike the upper cushion so 
that it bounces off the cushion into the lower right corner 
pocket? Give the answer in terms of the distance from the 
center of the side pocket to the point of impact. 


4 ft 


Figure for 52 


Figure for 50 


51. Railroad Grades The amount of inclination of a rail- 
road track is referred to as its grade and is usually given 
as a percentage (see the figure). Most major railroads 
limit grades to a maximum of 3%, although some log- 
ging and mining railroads have grades as high as 7%, 
requiring the use of specially geared locomotives. Find 
the angle of inclination (in degrees, to the nearest 0.1°) 
for a 3% grade. Find the grade (to the nearest 1%) if the 


Be y YN 
A = _ a B 
angle of inclination is 3°. 5 mi — 


Figure for 53 


54, Engineering A large saw in a sawmill is driven by a 
chain connected to a motor (see the figure). The drive 
wheel on the motor is rotating at 300 rpm. 


Angle of inclination: 9 Grade: . 


Figure for 51 


52. Surveying A house that is 10 m tall is located directly 
across the street from an office building (see the figure). 
The angle of elevation of the office building from the 
ground is 72° and from the top of the house is 68°. How 
tall is the office building? How wide is the street? 


53. Forest Fires Two fire towers are located 5 mi apart on 
a straight road. Observers at each tower spot a fire and 
report its location in terms of the angles in the figure. 


(A) How far from tower B is the point on the road clos- 
est to the fire? 


(B) How close is the fire to the road? Figure for 54 


w 55, 


1 56. 


Dis 


(A) What is the angular velocity of the saw (in radians 
per minute)? 

(B) What is the linear velocity of a point on the rim of 
the saw (in inches per minute)? 


Light Waves _ A light ray passing through air strikes the 
surface of a pool of water so that the angle of incidence 
is a = 38.4°. Find the angle of refraction B. (Water has 
a refractive index of 1.33 and air has a refractive index of 
1.00.) 

Sonic Boom Find the angle of the sound cone (to the 
nearest degree) for a plane traveling at 1.5 times the 
speed of sound. 

Precalculus In calculus, the ratio (sin x)/x comes up 
naturally, and the problem is to determine what the ratio 
approaches when x approaches 0. Can you guess? (Note 
that the ratio is not defined when x equals 0.) Here our 
approach to the problem is geometric; in Problem 58, we 
will use a graphic approach. 


P = (cos x, sin x) 
B= (leh) 


A=(1,0) _ Figure for 57 and 58 


(A) Referring to the figure, show the following: 


A, = Area of triangle OAP = cia 


A, = Area of sector OAP = . 


tan x 
2 


(B) Using the fact that Aj < Ay < A3, which we can see 
clearly in the figure, show that 


A; = Area of triangle OAB = 


sin x 
<1 x>0 


cosx < 


(C) From the inequality in part (B), explain how you can 
conclude that for x > 0, (sin x)/x approaches | as x 
approaches 0. 


. Precalculus Refer to Problem 57. We now approach the 


problem using a graphing calculator and we allow x to be 
either positive or negative. 
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(A) Graph y; = cos x,y. = (sin x)/x, and y3 = 1 in 
the same viewing window for —1 = x = 1 and 
0O= y= 122. 

(B) From the graph, write an inequality of the form 
a<b<c using y,, yo, and y3. 


(C) Use | TRACE} to investigate the values of y,, y2, and 
y3 for x close to 0. Explain how you can conclude 
that (sin x)/x approaches 1 as x approaches 0 from 
either side of 0. (Remember, the ratio is not defined 
when x = 0.) 


59. Spring—Mass System If the motion of a weight hung 
on a spring has an amplitude of 3.6 cm and a frequency 
of 6 Hz, and if its position when t = 0 sec is 3.6 cm 
above its rest position (above rest position is positive and 
below is negative), find an equation of the form 
y = Acos Bt that describes the motion at any time t 
(neglecting any damping forces such as air resistance and 
friction). Can an equation of the form y = A sin Bt be 
used to model the motion? Explain why or why not. 


. Electric Circuits The current (in amperes) in an elec- 
trical circuit is given by J = 12 sin(607t — 7), where t 
is time in seconds. 


(A) State the amplitude, period, frequency, and phase 
shift. 
(B) Graph the equation forO0 = ¢ = 0.1. 


¥ 61. Electromagnetic Waves An infrared wave has a wave- 
length of 6 X 10~> m. What is its period? (The speed of 
light is c © 3 X 10° m/sec.) 


62. Precalculus: Surveying A university has just con- 
structed a new building at the intersection of two perpen- 
dicular streets (see the figure). Now it wants to connect 
the existing streets with a walkway that passes behind 
and just touches the building. 


e « 
ie 


<t_) l<—70 ft—| 


Figure for 62 
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(A) Express the length L of the walkway in terms of 0. 

(B) From the figure, describe what you think happens to 
Las 6 varies between 0° and 90°. 

(C) Complete Table 1, giving values of L to one decimal 
place, using a calculator. (If you have a table-gener- 
ating calculator, use it.) From the table, select the 
angle @ that produces the shortest walkway that sat- 
isfies the conditions of the problem. (In calculus, 
special techniques are used to find this angle.) 


TABLE 1 
6 (rad) | 0.50 0.60 0.70 0.80 0.90 1.00 1.10 
L (ft) 288.3 


(D) Graph the equation found in part (A) on a graphing 
calculator. Use the MINIMUM command to find 
the value of 6 that produces the minimum value of L, 
then find the minimum value of L. 


63. Emergency Vehicles An emergency vehicle is parked 
50 ft from a building (see the figure). A warning light on 
top of the vehicle is rotating clockwise at exactly 20 rpm. 


Figure for 63 


(A) Write an equation for the distance d in terms of the 


(B) Ift = O when the light is pointing at P. write an equa- 
tion for 6 in terms of f, where f is time in minutes. 

(C) Write an equation for d in terms of t. 

(D) Graph the equation from part (C) for 0 <t< a> 
and describe what happens to d as t approaches 
oa min. 

. Spring—Mass System Graph each of the following 
equations for 0 = t = 4 and identify each as an exam- 
ple of simple harmonic motion, damped harmonic 
motion, or resonance. 


(A) y = t 94 cos mt (B) y = 2° cos at 


(C)y = 1°8 cos at 


65. Modeling a Seasonal Business Cycle The sales for a 
national soft-drink company are growing steadily but are 
subject to seasonal variations. The following model has 
been developed to project the monthly sales for the next 
36 months: 


_ an 
S = 30 + 0.5n + 8 sin 6 


where S represents the sales (in millions of dollars) for 
the nth month, 0 = n S 36. 


(A) Graph the equation for 0 = n = 36. 
(B) Describe what the graph shows regarding monthly 
sales over the 36 month period. 


66. Modeling Temperature Variation The 30 year aver- 
age monthly temperature (in °F) for each month of the 
year for Milwaukee, WI, is given in Table 2. 


(A) Enter the data in Table 2 for a 2 yr period in your 
graphing calculator and produce a scatter plot in the 
viewing window 1 = x = 24,15 = y = 75. 

(B) A function of the form y = k + A sin(Bx + C) can 
be used to model the data. Use the data in Table 2 to 
determine k, A, and B. Use the graph in part (A) to 
visually estimate C (to one decimal place). 

(C) Plot the data from part (A) and the equation from 
part (B) in the same viewing window. If necessary, 


angle 0. adjust the value of C to produce a better fit. 
TABLE 2 
x (months) 1 2 3 4 5 6 7 8 9 10 wt 12 
y (temperature, °F) 19 23 32 45 55 65 71 69 62 S51 37 ~~ 25 


Source: World Almanac 
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IDENTITIES 


" | ” rigonometric functions have many uses. In addition to solving real-world 
problems, they are used in the development of mathematics—analytic 
geometry, calculus, and so on. Whatever their application, it is often useful 

to be able to change a trigonometric expression from one form to an equivalent 

form. This involves the use of identities. An equation in one or more variables is 
said to be an identity if the left side is equal to the right side for all replacements 
of the variables for which both sides are defined. The equation 


x7 — x —6= (x — 3)(x + 2) 
is an identity, while 

x — x —- 6 = 2x 
is not. The latter is called a conditional equation, since it is true only for certain 
values of x and not for all values for which both sides are defined. 

In this chapter we will develop a lot of trigonometric identities, and you will 
get practice in using these identities to convert a variety of trigonometric expres- 


sions into equivalent forms. You will also get practice in using the identities to 
solve other types of problems. 


4.1 Fundamental Identities and Their Use 


e Fundamental Identities 
e Evaluating Trigonometric Functions 
© Converting to Equivalent Forms 


@ Fundamental Identities 


Our first encounter with trigonometric identities was in Section 2.5, where we 
established several fundamental identities. We restate and name these identities in 
the box for convenient reference. These fundamental identities will be used often 
in the work that follows. 


FUNDAMENTAL TRIGONOMETRIC IDENTITIES q 


For x any real number or angle in degree or radian measure for which both 
sides are defined: 


Reciprocal identities 


1 1 
; Seo = 
sin x COS x tan x 


| 
fo) 
° 
ce 
3 

Il 


CSC xX = 


Quotient identities 


COL — 


EXAMPLE 1 


Solution 


4.1 Fundamental Identities and Their Use 231 


Identities for negatives 


sin(—x) = —sinx  cos(—x) = cosx — tan(—x) = —tan x 
Pythagorean identities 


2 2 


= | tan* x + 1 = sec? x 1 + cot” x = csc* x 


sin? x + cos 


The second and third Pythagorean identities were established in Problems 91 
and 92 in Exercise 2.5. An easy way to remember them is suggested in 
Explore/Discuss 1. 


EXPLORE/DISCUSS 1 


Discuss an easy way to remember the second and third Pythagorean identities 
based on the first. [Hint: Divide through the first Pythagorean identity by appro- 
priate expressions. ] 


B Evaluating Trigonometric Functions 


Suppose we know that cos x = —3 and tan x = 2 How can we find the exact 
values of the remaining trigonometric functions of x without finding x and with- 
out using reference triangles? We use fundamental identities. 


Using Fundamental Identities 


If cos x = —{ and tan x = i use the fundamental identities to find the exact 
values of the remaining four trigonometric functions at x. 


; i 1 5 
Find sec x: sec x = =e 
COS x = 4 
; 1 
Find cotx: cotx = == 
tan x i 3 


Find sin x: We can start with either a Pythagorean identity or a quotient identity. 
We choose the quotient identity tan x = (sin x) /(cos x) changed to the form 


sin x = (cos x)(an x) = ( =\($)- 


Find csc x: csc x ; |_| 
sin x = 3 
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Matched Problem 1 


ig \\ EXAMPLE 2 


Solution 


If sin x = -{ and cot x = —; use the fundamental identities to find the exact 
values of the remaining four trigonometric functions at x. Oo 


Using Fundamental Identities 


Use the fundamental identities to find the exact values of the remaining trigonomet- 
ric functions of x, given 


cos xX = —— = and tanx < 0 


VI17 


Find sin x: We start with the Pythagorean identity 


sin? x + cos* x = 1 
and solve for sin x: 
sinx = + 1 — cos? x 


Since both cos x and tan x are negative, x is associated with the second quadrant, 
where sin x is positive: 


sin x = 1 cos” x Substitute cos x - 
= = i 
NAT 
4 2 
= | (-+) Simplity. 
ey eee 
T wi 
; 1 1 VI17 
Find sec x: secx = eae “a/v = Fi 
Find : : V1I7 
ind csc x: csc x = = = 
“Vsinx  1/Vi7 


Find tan x: tanx = = = 


Find cot x: cot x —4 |_| 


* An equivalent answer is 1/V17 = V17/(V17V17) = V17/17, a form in which we have 
rationalized (eliminated radicals in) the denominator. Whether we rationalize the denominator or not 
depends entirely on what we want to do with the answer—sometimes an unrationalized form is more 
useful than a rationalized form. For the remainder of this book, you should leave answers to matched 
problems and exercises unrationalized unless directed otherwise. 


Matched Problem 2 


EXAMPLE 3 


Solution 


Matched Problem 3 
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Use the fundamental identities to find the exact values of the remaining 
trigonometric functions of x, given: 


tan x = ——— and cosx > 0 |_| 


B Converting to Equivalent Forms 


One of the most important and frequent uses of the fundamental identities is the 
conversion of trigonometric forms into equivalent simpler or more useful forms. 
A couple of examples will illustrate the process. 


Simplifying Trigonometric Expressions 


Use fundamental identities and appropriate algebraic operations to simplify the 
following expression: 


1 


cos” a 


= 


We start by using algebra to form a single fraction: 


1 1 — cos*a 
5} l= 5 Use a Pythagorean identity. 
cos’ a cos* a 
sin? a 
= 7 Use algebra. 
cos* a 
sina \? 
ad Use a quotient identity. 
cos a 
= tan? a 
Key Algebraic Steps: 
tan be 1-—b* ' a’ (2) i 
a is = = and — =| — 
be - b* b* b 


Use fundamental identities and appropriate algebraic operations to simplify the 
following expression: 


sin? 6 


a Nd |_| 
cos’ 8 


Because tan x, cot x, sec x, and csc x can all be written in terms of sin x and/or 
cos x, a trigonometric expression can be converted to a form, often simpler, that 
involves only sines and cosines. Example 4 illustrates this technique. 
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iw \\ EXAMPLE 4 Converting a Trigonometric Expression to an 


Equivalent Form 


Using fundamental identities, write the following expression in terms of sines and 
cosines and then simplify: 


tan x — cotx 
tan x + cot x 


Write the final answer in terms of the cosine function. 


Solution We begin by using quotient identities to change to sines and cosines. 


sin x cos x Multiply numerator 
tan x — cotx cos x sin x and denominator by 
ae the least common 
tan x + cot x sin x cos x : 
+ — denominator of all 
COS xX sin x internal fractions. 
sin x cos x 
(sin x cos x) _ 
cos x sin x 
= Use algebra. 
sin x cos x 
(sin x cos x) 
cos x sin x 
sin? x — cos? x nee a hale daa 
= os identity twice. 
sin? x + cos 
1 cos? x — “oe x Use algebra. 


1 
= 1 — 2cos? x 


Key Algebraic Steps: 
a b a b 
ab 2 2 
b a b a a =p = 
ab (2+2) a’ + b* 
boa : boa 


Matched Problem 4 __ Using fundamental identities, write the following expression in terms of sines and 
cosines and then simplify: 


tan z 
1+ | 


cot z 


2 5 _ 4 3 
Answers to 1. csc x = —3, tanx = —3, COS x = §, SeC x = 3 


Matched Problems 
2. cotx = N/a! sec x = 3, cos x = 2, sin x = A ys. 


csc x = —5/V21 


3. sec? 6 4. sec? z 


EXERCISE 4.1 


. List the reciprocal identities and identities for negatives. 


Try not to look at the text. 


List the quotient identities and Pythagorean identities. 
Try not to look at the text. 


One of the following equations is an identity and the 
other is a conditional equation. Identify each and explain 
the difference between the two. 


(1) 3(2x — 3) = 3(3 — 2x) 
(2) 3(2x — 3) = 6x —9 
One of the following equations is an identity and the 


other is a conditional equation. Identify each and explain 
the difference between the two. 


(1) sinx + cosx = 1 


(2) sin? x = 1 — cos* x 


In Problems 5-10, use the fundamental identities to find the 
exact values of the remaining trigonometric functions of x, 
given the following: 


ern nwnw 


10. 


In Problems 11-22, 


sinx = 2/V5 and cosx = 1/V5 
sinx = V5/3 and tanx = —V5/2 
cosx = 1/VI0 and csc x = —V10/3 
cosx = V7/4 and cotx = —V7/3 
tanx =1/VI5 and sec x = —4/V15 
cotx = 2/V21 and cse x = 5/V21 


simplify each expression using the 


fundamental identities. 


11. 
13. 


15. 
17. 


19. 


21. 


B 23. 


tan u cot u 12. sec x cos x 
tan x csc x 14. sec @ cot 0 
2 2 
sec x — 1 cse*v — | 
——__— 16. 
tan x cot v 
a) 
sin’ ™ 1 1 
+ cos 6 18. i + ; 
cos 8 csc x sec” x 
1 1 — sin? u 
—1 20. ——_—_— 
sin? B COS u 
_ 2 2 2 bes ty, 2 
(1 — cos x)” + sin“ x cos’ x + (sinx + 1) 
22. 


1, ="C08 x sinx + 1 


If an equation has an infinite number of solutions, is it an 
identity? Explain. 


24. 
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Does an identity have an infinite number of solutions? 
Explain. 


In Problems 25-30, use the fundamental identities to find the 
exact values of the remaining trigonometric functions of x, 
given the following: 


25. 
26. 
27. 
28. 
29. 
30. 


sinx = 2/5 and cosx <0 
cosx = 3/4 and tanx <0 
tanx =—1/2 and sinx > 0 
cotx = —3/2 and cscx > 0 
secx =4 and cotx>0 
cscx = —3 and secx <0 


In Problems 31-34, is it possible to use the given information 
to find the exact values of the remaining trigonometric func- 
tions? Explain. 


31. 
32. 
a3: 
34. 
35. 


36. 


sinx = 1/3 and cscx > 0 
tanx =2 and cotx >0 
cotx = —V3 and tanx <0 
secx =—V2 and cosx <0 


For the following graphing calculator displays, find the 
value of the final expression without finding x or using a 
calculator: 


(A) (B) 


Csintxa5e 
Coostepae 


1392 


For the following graphing calculator displays, find the 
value of the final expression without finding x or using a 
calculator: 


(A) (B) 
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Using fundamental identities, write the expressions in Problems 
37-46 in terms of sines and cosines and then simplify. 


37. csc(—y) cos(—y) 38. sin(—a) sec(—a) 
39. cot x cos x + sin x 40. cosu + sinu tanu 
cot(—@) tan(—y) 
41. ———— + cos@ 42. sin y — ————— 
csc 8 . sec y 
t 1 + cot? y 
ri eee 44, 
tan x cot? y 


45. sec wcsc w — sec w sin w 
46. csc 0 sec 8 — csc A cos 0 


In Problems 47-58, is the equation an identity? Explain. 


2 
— 25 
47. (x +3%=24+9 48, 7S =4-5 
‘ ; oF S 
seeks 
49. = 50. (1+ 2x =1+4 8x 
taf Bal 0. ( x) 8x 
51. sin x cot x = cos x 52. sec x tan x = csc x 
sec(—x) cot x 
53. — = =] 54, —_——=-l 
sec x cot(—x) 
55. sin(—x) + sinx =0 56. cos(—x) + cosx = 0 
57. tan’ x + sec? x = 1 58. cot” x — csc? x = —1 


59. If sinx = 2, find: 

(A) sin?(x/2) + cos*(x/2) (B) cse?(2x) — cot?(2x) 
60. If cosx = 2 find: 

(A) sin?(2x) + cos?(2x) (B) sec?(x/2) — tan?(x/2) 


In Problems 61-68, the equation is an identity in certain 
quadrants. Indicate which quadrants. 


61. V1—cos*x =sinx 62. V1 — sin’ x = cos x 
63. V1—sin?x=—cosx 64. V1 — cos? x = —sin x 
65. V1 — sin’x = |cos x| 66. V1 — cos” x = |sin x| 


sin x sin x 


67. ——————— = tanx 68. 


: ae) 
1 — sin? x V1 — sin“ x 


3 Applications 


Precalculus: Trigonometric Substitution /n calculus, prob- 
lems are frequently encountered that involve radicals of the 
forms Va? — u2 and Va? + v2. It is very useful to be able to 
make trigonometric substitutions and use fundamental identi- 
ties to transform these expressions into non-radical forms. 
Problems 69-72 involve such_transformations. (Recall that 
VN? = Nif N=Oand VN? = —Nif N <0.) 


= —tan x 


69. In the expression Va — u’, a> 0, let u = a sin x, 
—m7/2<x < m/2. After using an appropriate funda- 
mental identity, write the given expression in a final form 
free of radicals. 


70. In the expression Vaz — w, a> 0, let u = a cos x, 
0 <x <7. After using an appropriate fundamental 
identity, write the given expression in a final form free of 
radicals. 


71. In the expression Va t+ uw, a> 0, let u = a tan x, 
0 < x < 7/2. After using an appropriate fundamental 
identity, write the given expression in a final form free of 
radicals. 


72. In the expression Vat uw, a> 0, let u = a cot x, 
0 < x < 7/2. After using an appropriate fundamental 
identity, write the given expression in a final form free of 
radicals. 


Precalculus: Parametric Equations Suppose we are given 
the parametric equations of a curve, 


x = cost 
; Osts27 
y = sint 


[The parameter t is assigned values and the corresponding 
points (cos t, sin t) are plotted in a rectangular coordinate sys- 
tem.] These parametric equations can be transformed into a 
standard rectangular form free of the parameter t by use of the 
fundamental identities as follows: 


x 4 y* = cos*t + sin? t = 1 


is the nonparametric equation for the curve. The latter is the 
equation of a circle with radius I and center at the origin. 
Refer to this discussion for Problems 73-76. 


73. Spacecraft Orbits The satellites of a planet usually 
travel in elliptical orbits. However, if a spacecraft has 
sufficient velocity when it comes under the gravitational 
influence of a planet, its orbit may be hyperbolic, and the 
spacecraft can escape the gravitational influence of the 
planet (see the figure on page 237). 

If the planet, in its own orbit around the sun, has 
greater velocity than the spacecraft, the spacecraft can 
actually gain velocity from the gravitational assist. 
Voyagers I and II, launched in 1977 and scheduled to 
return data until 2020, used this “slingshot effect” in 
their remarkable planetary tours. Orbits, whether 


elliptical or hyperbolic, can be described by parametric 
equations. 


Elliptical orbit | _ 


Hyperbolic orbit 
Figure for 73 


(A) Transform the parametric equations (by suitable use 
of a fundamental identity) into nonparametric form. 


x = Scost 
y = 4sint 
(B) Using a graphing calculator in parametric and 
: degree modes, graph the parametric equations from 


part (A) and determine whether the orbit is elliptical 
or hyperbolic. 


74. Spacecraft Orbits Refer to Problem 73. 


(A) Transform the parametric equations (by suitable use 
of a fundamental identity) into nonparametric form. 


x = 2sect 
y = V5 tant 


0=t S 360 


—90 =t= 90 
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(B) Using a graphing calculator in parametric and 
degree modes, graph the parametric equations from 
part (A) and determine whether the orbit is elliptical 
or hyperbolic. 


75. Spacecraft Orbits Refer to Problem 73. 


(A) Transform the parametric equations (by suitable use 
of a fundamental identity) into nonparametric form. 


x = Scott 
y = —3csct 


(B) Using a graphing calculator in parametric and 
degree modes, graph the parametric equations from 
part (A) and determine whether the orbit is elliptical 
or hyperbolic. 


76. Spacecraft Orbits Refer to Problem 73. 


(A) Transform the parametric equations (by suitable use 
of a fundamental identity) into nonparametric form. 


x = 2sint 
y = 9cost 


(B) Using a graphing calculator in parametric and 
degree modes, graph the parametric equations from 
part (A) and determine whether the orbit is elliptical 
or hyperbolic. 


0st = 180 


—180 = ¢ = 180 


4.2 Verifying Trigonometric Identities 


Verifying Identities 
© Testing Identities Using a Graphing Calculator 


If we know that a certain equation is satisfied for several values of its variables, 
we might suspect that it is an identity. But to verify that it is an identity, we must 
prove that the equation is satisfied by all values of the variables for which both 
sides of the equation are defined. In this section we will discuss techniques for 
verifying trigonometric identities. We will also show that a graphing calculator can 
be helpful in demonstrating that certain equations are not identities. 


B Verifying Identities 


We will now verify (prove) some given trigonometric identities; this process will 
be helpful to you if you want to convert a trigonometric expression into a form 
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A IDENTITIES 


A Caution 


EXAMPLE 1 


Verification 


Matched Problem 1 


EXAMPLE 2 


Verification 


that may be more useful. Verifying a trigonometric identity is different from solving 
an equation. When solving an equation you use properties of equality such as 
adding the same quantity to each side or multiplying both sides by a nonzero quan- 
tity. These operations are not valid in the process of verifying identities because, 
at the start, we do not know that the left and right expressions are equal. 


VERIFYING AN IDENTITY 


To verify an identity, start with the expression on one side and, through a 
sequence of valid steps involving the use of known identities or algebraic 
manipulation, convert that expression into the expression on the other side. 


When verifying an identity, do not add the same quantity to each side, multiply 
both sides by the same nonzero quantity, or square (or take the square root of) 
both sides. 


The following examples illustrate some of the techniques used to establish 
certain identities. To become proficient in the process, it is important that you work 
many problems on your own. 


Identity Verification 
Verify the identity: csc(—x) = —cse x 
Left side = csc(—x) Use a reciprocal identity. 
1 
= ee Use an identity for negatives. 
sin(—x) 
1 
=—— Use algebra. 
—sin x 
1 
=e Use a reciprocal identity. 
sin x 
= —csc x Right side a 
Verify the identity: sec(—x) = sec x i 
Identity Verification 


Verify the identity: tan x sin x + cos x = sec x 


Left side = tan x sin x + cos x Use a quotient identity. 


sinx , 
= sin x + cos x Use algebra. 
cos x 
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sin? x + cos” x 
a Use a Pythagorean identity. 


COS x 
1 
= Use a reciprocal identity. 
COs xX 
= sec x Right side 
Key Algebraic Steps: 
2 2 2 
a a a +p 
tb tb a 
b * b b 
Matched Problem 2 __ Verify the identity: cot x cos x + sin x = csc x Oo 


To verify an identity, proceed from one side to the other, making sure all steps 
are reversible. Even though there is no fixed method of verification that works for 
all identities, there are certain steps that help in many cases. 


SOME SUGGESTIONS FOR VERIFYING IDENTITIES 


Step I Start with the more complicated side of the identity and transform 
it into the simpler side. 


Step 2 Try using basic or other known identities. 

Step 3 Try algebraic operations such as multiplying, factoring, combining 
fractions, or splitting fractions. 

Step 4 If other steps fail, try expressing each function in terms of sine and 
cosine functions; then perform appropriate algebraic operations. 

Step5 Ateach step, keep the other side of the identity in mind. This often 
reveals what you should do in order to get there. 


EXAMPLE 3 Identity Verification 
2 
; ‘ : cot" x — | . 
Verify the identity: -————,— = 1-2 sin? x 
1 + cot x 
2 
¥ : cot" x — 1 
Verification Left side = {ene Convert to sines and cosines. 
cot” x 
cos” x 
ae ~ Multiply numerator and 
a oan denominator by sin’x, the LCD 
1+ COS" of all secondary fractions. 
sin? x 


2 
i) cos” x ) 
sin*x)| —>— —- 1 
( ( sin? x 
2 
cos 
(sin?) (1 os *) 


Use algebra. 


sin* x 
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cos’ x — sin? x 


Use a Pythagorean identity 
sin’ x + cos’ x 


twice. 
- 2 pee) 
_ I sin’ x — sin’ x Use algebra. 
1 
=1-2 sin2 x Right side 


Key Algebraic Steps: 


EXPLORE/DISCUSS 1 


Can you verify the identity in Example 3, 


using another sequence of steps? The following start, using Pythagorean 
identities, leads to a shorter verification: 


cot? x — 1 cse?x—1-1 


1 + cot? x csc? x 


If an expression involves two or more fractions, it can be helpful to combine 
fractions by finding a common denominator, as illustrated in Example 4. 


EXAMPLE 4 


Identity Verification 


1 + cos x sin x 


sin x 1 + cos x 


Verify the identity: = 2 csc x 
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. 7 . 1 + cos x sin x 
Verification Left side = : + ie Rewrite with a common 
Sine ROS denomimnator. 
(1 + cos x)* + sin? x 


(sin x)(1 + cos x) 


Use algebra. 


_ 1 + 2cosx + cos’ x + sin? x 


(sin x)(1 + cos x) 
1+2cosx +1 


Use a Pythagorean identity. 


U Igebra. 
(sin x)(1 + cos x) =e 
_ 2 + 2cos x - 
(sin x)(1 + cos x) ia 
2(1 + cos x) 
(sin x)(1 + } Cancel common factor. 
sin x cos x 
2 
— a Use a reciprocal identity. 
sin x 
= 2csc x Right side 


Key Algebraic Steps: 


1th, a _(tbPt+a 14+ 24+ 6 + 2? 
a 1+b a(1 + b) a(1 + b) 
and 
2+2b  e@ltb) 2 - 
a(1 + b) a(i + b) a 
: . : 1 + sinx cos x 
Matched Problem 4 __ Verify the identity: + ; = 2 sec x | 
cos x 1 + sinx 


Any identity can be verified working either from left to right or from right to 
left. In practice, one of the two directions may seem easier or more natural than 
the other, so if one direction leads to difficulty, try the other direction. 


EXAMPLE 5 Identity Verification 
Verify the identity 


sin x 
csc x + cot x = —————— 
1 — cos x 


(A) Going from left to right (B) Going from right to left 
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Verification (A) Going from left to right: 


Left side = csc x + cot x 


1 cos x 
+ 


sin x sin x 
1 + cos x 
sin x 
(sin x)(1 + cos x) 


sin? x 


_ (sin x)(1 + cos x) 


1 — cos? x 


(sin x)(1 + cos x) 


Convert to gines and cosines. 
Use algebra. 
The right side has gin x in the 


numerator, 50 we multiply numerator 
and denominator by gin x. 


Use a Pythagorean identity. 


Factor denominator. 


(1 — cos x)(1 + cos x) 


Cancel common factor. 


sin x 
= ——_ Right side 
1 — cos x 
Key Algebraic Steps: 
‘ b yap all = b) a(1 + b) a(1 + b) a 
a = d = a 
a. a a ee ee ee ce ee 


(B) Going from right to left: 


. . sin x 
Right side 


1 — cos x 


(sin x)(1 + cos x) 


ultiply numerator and denominator 
by 1 + cos x 0 that a Pythagorean 
identity can be used. 


(1 — cos x)(1 + cos x) 


(sin x)(1 + cos x) 


1 — cos? x 


(sin x)(1 + cos x) 


sin? x 


_ 1+ cosx 


sin x 


il cos x 
+ 


sin x sin x 


csc x + cot x 


Key Algebraic Steps: 
a a(l + B) a(1 + b) 


Use algebra. 


Use a Pythagorean identity. 


Cancel common factor. 
Use algebra. 


Use fundamental identities. 


Left side 


ait+b) 1+b 1. b 


i-e f=fA+n fs 


and x = + |_| 
a a a a 


Matched Problem 5 


Solution 


A Caution 
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Verify the identity 


cos m 
sec m + tanm = — 
1 — sinm 


(A) Going from left to right (B) Going from right to left a 


B lesting Identities Using a Graphing 
Calculator 


Given an equation, it is not always easy to tell whether it is an identity or a con- 
ditional equation. A graphing calculator puts us on the right track with little effort. 


Testing Identities Using a Graphing Calculator 


Use a graphing calculator to test whether each equation is an identity. If an equation 
appears to be an identity, verify it. If the equation does not appear to be an identity, 
find a value of x for which both sides are defined but are not equal. 

sin x 


B — eee 
“ 1 — cos? x 


sin x 


(A) = sec x = CSC xX 


1 — cos? x 


(A) Graph both sides of the equation in the same viewing window (Fig. 1). The 


graphs do not match; therefore, the equation is not an identity. The left side 
is not equal to the right side for x = 1, for example. 


(B) Graph both sides of the equation in the same viewing window (Fig. 2). Use 
TRACE! and check the values of each function for different values of x. The 
equation appears to be an identity, which we now verify: 


sin x sin x 1 
pHa SS = csc x 
1 — cos* x sin* x sin x 
5 5 
27 27 —27 27 
5 =5 
FIGURE 1 FIGURE 2 |_| 


A graphing calculator, used as in Example 6(B), might suggest that a certain 
equation is an identity, but a graphing calculator cannot prove that an equation is 
an identity (it is possible that the graph of the left-hand side of a conditional equa- 
tion is indistinguishable from the graph of the right-hand side in certain viewing 
windows—see Problems 81 and 82 in Exercise 4.2). Always verify an identity 
using known identities and algebraic manipulations. 
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Matched Problem 6 _ Repeat Example 6 for the following two equations: 


(A) tan x + 1 = (sec x)(sin x — cos x) 


(B) tanx — 1 = (sec x)(sin x — cos x) 
1 1 
Answers to 1. sec(—x) = = = sec x 
Matched Problems cos(—x) cos x 
. cos? x . cos? x + sin2x 
2. cotx cos x + sinx = — + sinx = - 
sin x sin x 
1 
== = csc x 
sin x 
sin? x 2 sin? x 
a el (cos* x) ae 
tannx—1 _ cos-x _ cos* x 
1 + tan? x sin? x 2 sin? x 
1+ (cos* x){ 1 + 
a 2 
cos* x cos* x 
_ sin? x — cos” x — k cos* x — cos” x 
cos’ x + sin? x 1 
= 1 —2cos*x 
’ . 2 2 
1+ sinx cos x (1 + sin x) + cos” x 
cos x 1 + sin x (cos x)(1 + sin x) 


1+ 2sinx + sin? x + cos? x 
(cos x)(1 + sin x) 


2+ 2sinx 2 
= ; = = 2secx 
(cos x)(1 + sin x) cos x 
5. (A) Going from left to right: 
1 sin m 1+ sinm 
secm + tanm = a = 
cosm cosm cos m 
(cos m)(1 + sin m) (cos m)(1 + sin m) 
cos? m 1 — sin? m 
(cos m)(1 + sin m) cos m 
~ (L—sinm)(1+sinm)  1-— sinm 
(B) Going from right to left: 
cos m (cos m)(1 + sin m) (cos m)(1 + sin m) 
l—sinm  (1-—sinm)(1+sinm) — 1 — sin? m 
(cos m)(1 + sin m) 1 + sinm 
7 cos” m ~ cosm 


1 sin m 
= + = secm + tanm 
cos m cos m 
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6. (A) Not an identity; the left side is not equal to the right side for x = 0, for 
example: 
a) 
—27 27 
=5 
(B) 5 
—27 27 
=5 
The equation appears to be an identity, which is verified as follows: 
sec x)(sin x — cos x) = sin x — cos x 
(see x)( ) =——( ) 
sin x cos x 
cos x cos x 
= tanx — | 
A In Problems 1-10, replace each ? with one of the six trigono- 15. tan x = sin x sec x 16. cot x = cos x csc x 
metric functions so that the resulting equation is an identity. 17. csc(—x) = —cse x 18. sec(—x) = sec x 
Verify the identity. Guwy Koee 
cos x eee 19. ————=1 20. ———— = 1 
{ =? 2. =? cos a tan @ sin a cot a 
cot x csc x 
; cos B sec tan B cot 
sin x cot x 21. pes ads = cot B 22. ae = csc B 
3 =? 4. =? tan B sin B 
tan x cos x 
5 £8% 4 P tanx _ 23. (sec @)(sin@ + cos @) = tan@ + 1 
cotx “ secx 24. (csc @)(cos 8 + sin@) = cot@ + 1 
sec x cot x 2 7) 
=? =? cos’ tf — sin’ t 
tan x : am csc x : 25. : = cott — tant 
ee oe sin f cos t 
9. =? 10. =? cosa — sina 
sec x sin x 26. —..—— = csc a — seca 
sin @ Cos @ 
In Problems 11-36, verify each identity. 27. cos B snp _ sin B + cos B 
11. cos x sec x = 1 12. sinxcsc x = 1 sie han 
. . tan u cot u 
13. tanxcosx = sinx 14. cot x sin x = cos x 28. = secu — cscu 


sin u COs u 
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29, 
30. 
31. 
32. 
33. 
34. 


35. 
36. 


In Problems 37-48, is the equation an identity? Explain. 


37. 


38. 


39. 


40. 


41. 
42. 
43. 
44. 
45. 


46. 
47. 


48. 


sec” 9 — tan’@ = 1 

esc” 6 — cot?@=1 

(sin? x)(1 + cot? x) = 1 

(cos” x)(tan? x + 1) = 1 

(csc a + 1)(csea — 1) = cot? a 
(sec B — 1)(sec B + 1) = tan? B 


sin t cos t 
+ 


csc t sec ¢ 
1 1 1 
= 
sec” m esc? m 


x? + 5x + 6 
=x+3 
x+2 
1 ee See 
x + 4x x 4x 
2 
: =xt+ 7 
xt+1 
x7 — 7x + 12 
=x-4 
x= 3 
sin?x + csc?x = 1 


1 — cos?(—x) = sin*(—x) 
(sin x + cos x)? = 1 


(1 — sec x)? = tan? x 


sint x + cost x = 1 


sin*t x + 2 sin? x cos* x + cos 


cos(—x) sec x = 1 


4 


x=1 


sin(—x) csc x = 1 


In Problems 49-80, verify each identity. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


1 — (cos @ — sin 6)? 


= 2sin0 
cos 0 “ 
1 — (sin @ — cos 0)” 
- = 2cos0 
sin 0 
tanw + 1 ; 
—————— = sinw + cos w 
sec W 
coty + 1 . 
= cosy + siny 
csc y 
1 2 
———, + = 1+ cot é 
1 — cos“ 0 
1 
— a tan? 6 
1 — sin“ 0 
229), 
sin 
B = 1+ cos B 


1 — cos B 7 


56. 


57. 


58. 


59. 
60. 


61. 


62. 


63. 
64. 
65. 


66. 


67. 
68. 


69. 
70. 


71. 


72. 


73: 


74, 


75. 


76. 


VIs 
78. 


79. 


80. 


cos” ; . 
1 + sin B one 
2 — cos? 6 . 
- =csc@ + sind 
sin 0 
2 — sin? 6 
= sec @ + cos 0 
cos 0 


tan x + cot x = sec x csc x 
CSC Xx 


cot x + tan x een 
l1—cscx sinx — 1 
1 + csc x sinx + | 
1—cosx _ secx—1 
1 + cos x secx + | 
csc? a@ — cos?a@ — sin? a = cot? a 


sec’ a — sin? a — cos* a = tan* a 
. 2 . 
(sin x + cos x)" — 1 = 2 sin x cos x 
(sinx — cos x)* 
sec x — 2sinx = 
cos x 


(sin u — cosu)? + (sinu + cosu)* = 


(tan x — 1)? + (tan x + 1)? = 2 sec? x 


sint x — cos* x = 1 — 2 cos? x 
sint x + 2 sin? x cos? x + cost x = 1 
sin a 1+ cosa _ 
1 — cosa sin a 
1+ cosa sin a 
- t = 2csca 
sin a 1+ cosa 
y 
cossn—3cosn+2  2-—cosn 
sin? n 1+ cosn 
eee) : F 
sinnn + 4sinn+3 3+ sinn 
cos n 1 — sinn 
ts 
1 — cot” x 2 
C= cot* x 
tan” x — 1 
tan? x — 1 2 
5 = tan’ x 
1 — cot” x 
sec x + esc” x = sec” x csc? x 
tan? x — sin? x = tan x sin? x 
1+ sint cos t 
cos t 1 — sint 
sin t 1 + cost 
1 — cost sin t 
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81. (A) Graph both sides of the following equation in the 88 tan x _ 1 
same viewing window for —7 = x = 77. Is the equa- * sin x + 2 tan x cosx — 2 
tion an identity over the interval -7 = x = 7? cos x cos x 
Explain. (Recall that 3!, read ‘3 factorial”, is equal to 89. en ee eee 2 sec x 
2] = imi = l= 
3+2-1 = 6and, similarly, 5! 120 and 7! = 5,040.) ‘ tani 7 I 
: - a e * sinx — 2 tanx cos x — 2 
sinx = x 
3! 5! 7! Cc 
(B) Extend the interval in part (A) to —27 = x S 27. a Eran i ee 
Now, does the equation appear to be an identity? 91. me cot x = csc x 
What do you observe? 1 — cos x 
cos x 
82. (A) Graph both sides of the following equation in the same 92. r=. tan x = sec x 
viewing window for —7 = x = 7m. Is the equation 
an identity over the interval [—7, 7]? Explain. 93. cot 6 2s B71 
esc B + 1 cot B 
1 x ; xt x? x8 +1 
cos x nal 6. Bi 94, tan B _ Sec B 
sec B — 1 tan B 
(B) Extend the interval in part (A) to —27 = x S 27. , ; 
Now does the equation appear to be an identity? 95 3cosim + 5sinm—5 _ 3sinm — 2 
What do you observe? cos? m 1+ sinm 
In Problems 83-90, use a graphing calculator to test whether 96 2 sin? z + 3cosz — 3 _ 2cosz—1 
each equation is an identity. If an equation appears to be an iden- : sin? z 1 + cos z 
tity, verify it. If an equation does not appear to be an identity, find 
a value of x for which both sides are defined but are not equal. In Problems 97 and 98, verify each identity. (The problems 
cos x sin x involve trigonometric functions with two variables. Be careful 
sin(—x) cot(—x) 1 ee cos xtan(—x) = with the terms you combine and simplify.) 
cos(—x) sin(—x) ov sin x cos y + cos x sin y tan x + tan y 
‘sin x cot(—x)_ =1 86. cos(—x) tan(—x) =e * cos x cos y — sin x sin y 1 — tan x tan y 
cos x cos x tana + tan B cota + cot B 
; : = 2csce x : = 
sinx + 1 sinx — 1 1 — tana tan B cota cot B — 1 
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Sum and Difference Identities for Cosine 


Cofunction Identities 


Sum and Difference Identities for Sine and Tangent 


Summary and Use 


H@ Sum and Difference Identities for Cosine 


The fundamental identities we discussed in Section 4.1 involve only one variable. 
We now consider an important identity, called a difference identity for cosine, 
that involves two variables: 


cos(x — y) = cosx cosy + sinx siny (1) 
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FIGURE 1 
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Many other useful identities can be readily established from this particular one. 
We will sketch a proof of identity (1) in which we assume that x and y are restrict- 
ed as follows: 0 < y < x < 277. Identity (1) holds, however, for all real num- 
bers and angles in radian or degree measure. In the proof, we will make use of the 
formula for the distance between two points, 


d(P\, Pr) = V(x2 — m1)" + (92 — 91) 


for points Py = (x;, y,) and Py = (x, y2) in a rectangular coordinate system. 
We associate x and y with arcs and angles on a unit circle, as indicated in 
Figure la. Using the definitions of the trigonometric functions in Section 2.3, the 
terminal points of x and y are labeled as indicated in Figure la. 
Now, if we rotate the triangle AOB clockwise about the origin until the ter- 
minal point A coincides with D = (1, 0), then terminal point B will be at C (see 
Fig. 1b). Since rotation preserves lengths, we have 


A A 
a b é 2. gol 
A = (cos y, sin y) C = (cos (x — y), sin (x — y)) 
ay 
; D = (1, 0) D = (1, 0) 
Cc 
B = (cos x, sin x) += ¥ 
(a) (b) 
d(A, B) = d(C, D) 
— 7)\2 = 2 22, AD, = 2 Square 
Vic — a + (d — bY = Vil — e+ (0- f) a. i 
(c- a)’ +(d-bP=(l-eP + f? Expand. 
C-actat+d-Wdb+hP=1-2+e + f- Rearrange 
(c2 + d?) + (@ + b?) — 2ac — 2db = 1 — 2e + (e? + f?) eal 


Since c*? + d?7=1, a? +b? =1, and e? + f? =1 (why?), equation (2) 
becomes 

e=ac+ bd (3) 
Replacing e, a, c, b, and d with cos(x — y), cos y, cos x, sin y, and sin x, respec- 
tively (see Fig. 1), we obtain 


cos(x — y) = cos ycos x + sin y sin x 


= cos xcosy + sinxsiny (4) 
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If we replace y with —y in (4) and use the identities for negatives, we obtain 
the sum identity for cosine: 


cos(x + y) = cosx cosy — sinx siny (5) 


EXPLORE/DISCUSS 1 


Find values of x and y such that: 
(A) cos(x — y) # cos x — cosy 
(B) cos(x + y) # cos x + cos y 


HB Cofunction Identities 


To obtain sum and difference identities for the sine and tangent functions, we first 
derive cofunction identities directly from identity (1), the difference identity for 
cosine: 


cos(x — y) = cosxcosy + sin x sin y Letx = w/2. 
(z ) 7 ae 
cos| — — = cos —cos y + sin — sin y 
; oo. ia 


= Ocosy + Isiny 


= sin y 


Thus, 
7 
cos( = = y) = siny (6) 


for y any real number or angle in radian measure. If y is in degree measure, replace 
a/2 with 90°. Now, if in (6) we let y = 7/2 — x, then we have 


cos x}]| = sini — — x 
2 2 2 
(7 

cos x = sin| — — x 
2 


(5-5: | 
sin| > — x } = cosx (7) 


or 


where x is any real number or angle in radian measure. If x is in degree measure, 
replace 7/2 with 90°. 
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Remark 


Finally, we state the cofunction identities for tangent and secant (and leave 
the derivations to Problems 9 and 11 in Exercise 4.3): 


T T 
tan( 2 = x) = cotx see( = = x) = csc x (8) 


for x any real number or angle in radian measure. If x is in degree measure, replace 
a/2 with 90°. 


If 0 < x < 90°, then x and 90° — x are complementary angles. Originally, 
cosine, cotangent, and cosecant meant, respectively, complements sine, comple- 
ments tangent, and complements secant. Now we simply refer to cosine, cotan- 
gent, and cosecant as cofunctions of sine, tangent, and secant, respectively. 


®@ Sum and Difference Identities for Sine and 
Tangent 


To derive a difference identity for sine, we use (7), (1), and (6) as follows. Start 
by restating (6) in terms of z, z any real number: 


7 
sin z = cos( 2 = :) Substitute x — y for z. 
. T 
sin(x — y) = cos ; (x »)| Use algebra. 


= cos| (2 x) ( | Use (1). 


= ec Use (6), (7), and 
cos a x } cos(—y) + sin - x } sin(—y) identities for 


negatives. 
= sin x cos y — cos x sin y 
The same result is obtained by replacing 7/2 with 90°. Thus, 
sin(x — y) = sinx cosy — cosx siny (9) 
Now, if we replace y with —y (a good exercise to do), we obtain 
sin(x + y) = sinx cosy + cosx siny (10) 


It is not difficult to derive sum and difference identities for the tangent func- 
tion. See if you can supply the reason for each step: 


sin(x — y) 
cos(x — y) 


sin x COS y — cos x sin y 


cos x cos y + sin x sin y 
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sin x cos y cos x sin y 


COS x COS y COS x COS y 


cos x COs y z sin x sin y 


COs x COS y COS x COS y 


tan x — tany 


1 + tan x tany 
Thus, for all angles or real numbers x and y, 
tanx — tany 


t —y= 11 
aa ai 1 + tanx tany (4) 


And if we replace y in (11) with —y (another good exercise to do), we obtain 


nies a tanx + tany (12) 
oe ee 1 — tanx tany 


EXPLORE/DISCUSS 2 


Find values of x and y such that: 


(A) tan(x — y) # tanx — tany 
(B) tan(x + y) 4 tanx + tany 


@ Summary and Use 


Before proceeding with examples that illustrate the use of these new identities, 
we list them and the other cofunction identities for convenient reference. 


SUMMARY OF IDENTITIES 


For x and y any real numbers or angles in degree or radian measure for which 
both sides are defined: 


Sum identities 
sin(x + y) = sinx cos y + cos x sin y 
cos(x + y) = cos x cos y — sin x sin y 


tan x + tany 


ee 1 — tan x tan y 


continued 
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Difference identities 


sin(x — y) = sin x cos y — cos x sin y 
cos(x — y) = cosxcos y + sin x sin y 


tan x — tan y 


tan(x — = 
( ¥) 1 + tan x tan y 


Cofunction identities 


(Replace 7/2 with 90° if x is in degree measure.) 


EXAMPLE 1 Using a Difference Identity 


Simplify sin(x — 7r) using a difference identity. 


Solution Use the difference identity for sine, replacing y with 7: 
sin(x — y) = sin x cos y — cos x sin y 
sin(x — 7) = sin x cos 7 — cos x sin 7 
= (sin x)(—1) — (cos x)(0) 


= —sin x 


Matched Problem 1 Simplify cos(x + 37/2) using a sum identity. 


EXAMPLE 2 Checking the Use of an Identity on a Graphing 
Calculator 


Simplify cos(x + 7) using an appropriate identity. Then check the result using 
a graphing calculator. 


Solution cos(x + 7) = cos x cos 7 — sin x sin 7 


(cos x)(—1) — (sin x)(0) 


= —COS Xx 


Matched Problem 2 


EXAMPLE 3 


Solution 


Matched Problem 3 


EXAMPLE 4 
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To check with a graphing calculator, graph y; = cos(x + 7) and yy = —cos x in 
the same viewing window to see if they produce the same graph (Fig. 2). Use 
TRACE] and move back and forth between y, and y, for different values of x to see 


that the corresponding y values are the same, or nearly the same. O 
2 

29 27 
=o 

FIGURE 2 

yy = cos(x + 7), yo = —cos x 


Simplify sin(x — 7) using an appropriate identity. Then check the result using a 
graphing calculator. a 


In Section 2.5 we found exact values of the trigonometric functions for angles 
that are multiples of 30° or 45°. Exact values of the trigonometric functions for 
certain other angles can be found by using the sum and difference identities. 


Finding Exact Values 


Find the exact value of cos 15° in radical form. 


Note that 15° = 45° — 30°, the difference of two special angles. 


Use the identity for 
cos(x — y). 


cos 15° = cos(45° — 30°) 


; : Evaluate each trigonometric 
= cos 45° cos 30° + sin 45° sin 30° ; . 
function of a special angle. 


1 V3 ite iets 
8 V5 2 se algebra. 
V3+1 
ee eae |_| 
2Vv2 
Find the exact value of tan 75° in radical form. |_| 


Finding Exact Values 


Find the exact value of cos(x + y), given sin x = 2 cos y = , x in quadrant II, 
and y in quadrant I. Do not use a calculator. 
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Solution 
b 
(a, 3) 
I 
3! . 
a 
FIGURE 3 


FIGURE 4 


Matched Problem 4 


EXAMPLE 5 


Verification 


We start with the sum identity for cosine: 
cos(x + y) = cosxcos y — sin x sin y 


We know sin x and cos y, but not sin y and cos x. We can find the latter two val- 
ues using Pythagorean identities or, equivalently, by using reference triangles and 
the Pythagorean theorem. From Figure 3, 


a=-VS—-3 = —-4 
4 
cos x = —> 
5 
From Figure 4, 
b=VS-4 =3 
sin y = — 


> 
Using the sum identity, 


cos(x + y) = cosxcos y — sin x sin y 


(X9-QQ-F-4 


Find the exact value of sin(x — y), given sinx = 3, cosy = V5/3, x in 
quadrant III, and y in quadrant IV. a 
Verifying an Identity 

sin(x — y) 


Verify the identity: cot y — cotx = 


sin x sin y 


We start with the right side because it involves x — y, while the left side involves 
only x and y: 


sees sin(x — y) 
Right side = ————_—— Use a difference identity. 
sin x sin y 
sin x COS y — cos x sin y 
= : : Use algebra. 
sin x sin y 
sin x cos y cos x sin y 
er : at er : Cancel common factors. 
sin x sin y sin x sin y 
cos y cos x ae 
ye ane: Use a quotient identity. 
sin y sin x 


= cot y — cotx Left side a 
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cos(x — y) 
Matched Problem 5 _ Verify the identity: tan x + cot y = ————_—— | 
cos x sin y 
Answers to 1. sin x 
Matched Problems y, = sin(x — 7); y. = —sin x 
2 
=i 27 
2 
3.2 V3 
—4V5 
4. 
9 
: cos(x — y) _ cos xcosy + sin x sin y 
"cos x sin y cos x sin y 
_ COS x COS y sin x sin y 
cos x sin y cos x sin y 


EXERCISE 4.3 


A We can use sum identities to verify periodic properties for the 
trigonometric functions. In Problems 1-8, verify the identities 
using sum identities. 


1. cos(x + 27) = cos x 2. sin(x + 27) = sinx 


cot(x + a) = cotx 4. tan(x + a) = tanx 
sin(x + 2ka) = sin x, k an integer 
cos(x + 2k7r) = cos x, k an integer 


tan(x + kar) = tan x, k an integer 


CoS UT Oy 


cot(x + kar) = cot x, k an integer 
In Problems 9-12, verify each identity using cofunction iden- 


tities for sine and cosine and the fundamental identities dis- 
cussed in Section 4.1. 


9, wn( 2 a x) 
2 

11. see( 2 = | 
2 


ll 


cot x 10. cot( 2 _ x) = tan x 


T 


csc x 12. ese( = = x) = sec x 


ll 


coty + tanx = tanx + coty 


In Problems 13-20, use the formulas developed in this section 
to convert the indicated expression to a form involving sin x, 
cos x, and/or tan x. 


13. sin(x + 30°) 
15. cos(x + 60°) 


7 
tn( « + =) 
4 


14. 
16. 


cos(x — 45°) 
sin(x — 60°) 


7 
tan| —- — x 
3 
T 
cot) x = — 
4 


B In Problems 21-28, use appropriate identities to find the exact 
value of the indicated expression. Check your results with a 


17. 18. 


19. 


calculator. 
21. sin 15° 22. cos 15° 
23. sin 20° cos 25° + cos 20° sin 25° 


24. 
25. 


sin 55° cos 10° — cos 55° sin 10° 


cos 81° cos 21° + sin 81° sin 21° 
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26. cos 12° cos 18° — sin 12° sin 18° 
tan 17° + tan 28° tan 52° — tan 22° 


27. 
1 — tan 17° tan 28° 1 + tan 52° tan 22° 


In Problems 29-34, use the given information and appro- 

priate identities to find the exact value of the indicated 

expression. 

29. Find sin(x + y) if sinx = 1/3, cosy = —3/4, x is in 
quadrant IJ, and y is in quadrant III. 

30. Find sin(x — y) if sinx = —2/5, siny = 2/3, x is in 
quadrant IV, and y is in quadrant I. 

31. Find cos(x — y) iftanx = —1/4, tany = —1/5, xisin 
quadrant II, and y is in quadrant IV. 

32. Find cos(x + y) if tanx = 2/3, tany = 1/3, x is in 
quadrant I, and y is in quadrant III. 

33. Find tan(x + y) if sinx = —1/4, cosy = —1/3, 
cosx < O,andsiny < 0. 

34. Find tan(x—y) if sinx = 1/5, 
tanx < O,andtany > 0. 


cos y = 2/5, 


In Problems 35-42, is the equation an identity? Explain. 


35. tan(x + 7) = —tan x 


36. sin(x + 7) = —sin x 
37. cos(x — 7/2) = sin x 
38. sin(x — 7/2) = cos x 
39. sin(2a7 — x) = sin x 
40. cos(2a7 — x) = cos x 
41. csc(a7 — x) = csc x 


42. cot(a — x) = cotx 


In Problems 43-56, verify each identity. 


43. sin 2x = 2 sin x cos x 


44. cos 2x = cos’ x — sin?x 


cotxcoty + 1 


45. cot(x — y) = 
= os ») cot y — cot x 
cot x coty — 1 
46. cot(x + y) = 
cot x + cot y 
cot? x — 1 
47. cot 2x = ———— 
2 cot x 
2 tan x 
48. tan 2x = a 
1 — tan* x 


tana + tanB sin(a + B) 
sin(a — B) 


tana — tan B 


cota + cotB _ sin(B + a) 


50. : 
cota — cot B sin(B — a) 
sin(x — y) 
51. tanx — tany = 
cos x cos y 
cos(x + y) 
52. cotx — tany = — 
sin x cos y 
cot x + cot y 
53. tan(x 4 = 
cot x coty — 1 
cot y — cot x 
54. tan(x — y) = 


cot x coty + 1 
sin(x + h) — sinx 
h 


= (sin (4) " (oon (24) 


cos(x + h) — cos x 
h 


= (cos x)(°2=*) — (sin y(S2*) 


57. How would you show that csc(x — y) = csc x — esc y 
is not an identity? 


55. 


56. 


58. How would you show that sec(x + y) = secx + sec y 
is not an identity? 


. Show that sin(x — 2) = sin x — sin 2 is not an identity 
by using a graphing calculator. Then explain what you did. 


. Show that cos(x + 1) = cos x + cos | is not an identity 
by using a graphing calculator. Then explain what you did. 


In Problems 61-64, use sum or difference identities to convert 


each equation to a form involving sin x, cos x, and/or tan x. To 
check your result, enter the original equation in a graphing 
calculator as y, and the converted form as y>. Then graph y, 
and yy, in the same viewing window. Use TRACE }to compare 
the two graphs. 


61. y = cos(x + 57/6) 62. y = sin(x — 7/3) 
63. y =tan(x — 7/4) 64. y = tan(x + 27/3) 


In Problems 65-68, write each equation in terms of a single 


trigonometric function. Check the result by entering the orig- 
inal equation in a graphing calculator as y, and the convert- 
ed form as yx. Then graph y, and y2 in the same viewing 


window. Use |TRACE] to compare the two graphs. 


65. y = sin3x cos x — cos 3x sin x 


66. y = cos 3x cos x — sin 3x sin x 


. WX 377x Tx . 39x 
67. y = sin cos cos sin 
° 4 4 4 4 
68. y = cos(7x) cos + sin(7x) sin 


Verify the identities in Problems 69 and 70. 
[Hint: sin(x + y + z) = sin[(x + y) + z].] 


69. sin(x+y+z) = sin x cos y cos z 


+ cos x sin y cos z + cos x cos y sin z 
— sin x sin y sin z 

70. cos(x+y+z) = cos x cos y cos z 
—sinxsinycosz — sinxcosysinz 


—cos x sin y sin z 


Ss Applications 


71. Precalculus: Angle of Intersection of Two Lines Use 
the information in the figure to show that 


mz — my, 
ents 7 Hi) a Le mymy 
A 
L, 
Ly 
A — 6 
A \% = 


Figure for 71 and 72 
tan 0; = Slope of L; = m 
tan 02 = Slope of Ly = m2 


72. Precalculus: Angle of Intersection of Two Lines 
Find the acute angle of intersection between the two 
lines y = 3x + 1 and y= tx — 1. (Use the results of 
Problem 71.) 


73. Analytic Geometry Find the radian measure of the 
angle @ in the figure (to three decimal places), if A has 
coordinates (2, 4) and B has coordinates (3, 3). [Hint: 
Label the angle between OB and the x axis as a; then use 
an appropriate sum identity. ] 


74, Analytic Geometry Find the radian measure of the 
angle @ in the figure (to three decimal places), if A has 
coordinates (3, 9) and B has coordinates (6, 3). 
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Figure for 73 and 74 


75. Surveying A prominent geological feature of 
Yosemite National Park is the large monolithic granite 
peak called Half Dome. The dome rises straight up from 
the valley floor, where Mirror Lake provides an early 
morning mirror image of the dome. How can the height 
H of Half Dome be determined by using only a sextant h 
feet high to measure the angle of elevation, 8, to the top 
of the dome, and the angle of depression, a, to the 
reflected dome top in the lake? (See the figure, which is 
not to scale.) [Note: AB and BC are not measured as in 
earlier problems of this type.]* 


D 
A x 
7, 
ae 
- ee 
a 
ae c i 
oe 
en Pe 
ae ¢ 
Pg - 
we Pa 
32" x H 
ae gt 
o ot Pi 
EL" 16 Pail fl 
eee (5a oan ee ee ere ere 
k KK . a E 
h % a 
a~ “a 
t cota Vv 
A B : Cc 
Mirror Lake 
Figure for 75 


(A) Using right triangle relationships, show that 


1 + tan B cota 
n= i B ) 


1 — tan B cota 


(B) Using sum identities, show that the result in part (A) can 
be written in the form 


(C) If a sextant of height 5.50 ft measures a to be 45.00° and 
B to be 44.92°, compute the height H of Half Dome 
above Mirror Lake to three significant digits. 


* The solution outlined in parts (A) and (B) is credited to Richard J. 
Palmaccio of Fort Lauderdale, Florida. 
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76. Light Refraction Light rays passing through a plate 


glass window are refracted when they enter the glass and Air Plate Air 


again when they leave to continue on a path parallel to 
the entering rays (see the figure). 


(A) If the plate glass is A inches thick, the parallel displace- 
ment of the light rays is B inches, the angle of incidence 
is a, and the angle of refraction is B, show that 


B 
tan B = eS nee 


[Hint: First use geometric relationships to obtain 


A 


B 


sin(90° — B) 


complete the task.] 


sin(a — B) 


Then use sum identities and fundamental identities to 


(B) Using the results in part (A), find B to the nearest degree Figure for 76 
ifa = 45°, A = 0.5in., and B = 0.2 in. 


4.4 


Double-Angle and Half-Angle Identities 


e Double-Angle Identities 
e Half-Angle Identities 


We now develop another important set of identities called double-angle and 
half-angle identities. We can obtain these identities directly from the sum and 
difference identities that were found in Section 4.3. In spite of names involving 
the word angle, the new identities hold for real numbers as well. 


B Double-Angle Identities 


If we start with the sum identity for sine, 
sin(x + y) = sin x cos y + cos x sin y 
and let y = x, we obtain 
sin(x + x) = sin x cos x + cos x sin x 
or 


sin 2x = 2 sinx cosx (1) 


Similarly, if we start with the sum identity for cosine, 
cos(x + y) = cos xcos y — sin x sin y 

and let y = x, we obtain 
cos(x + x) = cos x cos x — sin x sin x 


or 


cos 2x = cos*x — sin’ x (2) 
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Now, using the Pythagorean identities in the two forms 
cos’ x = 1 — sin? x (3) 


2x=1-cos*x (4) 


sin 
and substituting (3) into (2), we obtain 


cos 2x = 1 — sin? x — sin? x 


cos 2x = 1 — 2sin*x (5) 


Substituting (4) into (2), we obtain 


cos 2x = cos* x — (1 — cos? x) 


cos 2x = 2cos*x — 1 (6) 


A double-angle identity can be developed for the tangent function in the same 
way by starting with the sum identity for tangent. This is left as an exercise for 
you to do. We list these double-angle identities for convenient reference. 


DOUBLE-ANGLE IDENTITIES 


For x any real number or angle in degree or radian measure for which both 


sides are defined: 


2 2 


sin 2x = 2 sin x cos x cos 2x = cos” x — sin” x 
2 tan x = 1 —- 2sin’ x 
ae = 2c0s? x — 1 


The double-angle formulas for cosine, written in the following forms, are used 
in calculus to transform power forms to nonpower forms: 


9 1 — cos 2x 2 1 + cos 2x 
sn X= cos* x = —_ 


2 2 


EXPLORE/DISCUSS 1 


(A) Show that the following equations are not identities: 
sin 2x = 2 sin x cos 2x = 2 cos x tan 2x = 2 tan x 


(B) Graph y; = sin 2x and yy = 2 sin x in the same viewing window. What can 
you conclude? Repeat the process for the other two equations in part (A). 
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EXAMPLE 1 


Verification 


Matched Problem 1 


EXAMPLE 2 


a 


FIGURE 1 


Solution 


Verifying an Identity 
. : . : 2 tan x 
Verify the identity: sin 2x = —~——,— 
1 + tan“ x 


We start with the right side: 


2 tan x 
1 + tan? x 
sin x 
cos x 
= ——_—_> Multiply numerator and denominator by cos* x. 
1+ 


Right side 


Use a quotient identity. 


sin” x 


cos” Xx 


2 sin x COS x 
2 2 


a Use double-angle and Pythagorean identities. 
cos 


x + sin* x 
_ sin 2x 
— 
= sin 2x Left side & 
2 
Verify the identity: cos 2x = —— a 
1 + tan“ x 


Using Double- Angle Identities 


Find the exact value of cos 2x and tan 2x if sin x = , w/2<x< 7. 


First draw a reference triangle in the second quadrant, and find tan x (see Fig. 1). 
a=-VS-Y=-3 
sin x = 3 
tan x = -+ 


cos 2x = 1 — 2 sin’ x Use double-angle identity and the preceding results. 


Use double-angle identity and the preceding results. 


Matched Problem 2 
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Find the exact value of sin 2x and cos 2x if tan x = —;, —m7/2<x <0. a 


@ Half-Angle Identities 


Half-angle identities are simply double-angle identities in an alternative form. We 
start with the double-angle identity for cosine in the form 


cos 2u = 1 — 2 sin’ u 
and let u = x/2. Then 

cosx = 1— 2 sin? — 

2 


Now solve for sin(x/2) to obtain a half-angle formula for the sine function: 


9 & 
2 sin’ > = 1 — cos x 


27x — 1—cosx 


2 2 


x 1 — cosx 
i = +,/ 7 
sin, 3 (7) 


In identity (7), the choice of the sign is determined by the quadrant in which x/2 lies. 
Now we start with the angle identity for cosine in the form 


cos 2u = 2cos?u — 1 


and let u = x/2. We then obtain a half-angle formula for the cosine function: 
cos x = 2cos?> - 1 
2 


=1+cosx 


2 


1+ cosx 
= + 
cos 5 4 | ; (8) 


In identity (8), the choice of the sign is again determined by the quadrant in which 
x/2 lies. 

To obtain a half-angle identity for the tangent function, we can use the quo- 
tient identity and the half-angle formulas for sine and cosine: 


x 
oy 

Xx 1 + cos x 
an oa 
x 


(9) 


> x 1 — cosx 
sin — 4{/-> 

x 2 1 — cosx 
2 x ps Al Gd quae 
cos — aa 

2 
where the sign is determined by the quadrant in which x/2 lies. 

On the next page we list all the half-angle identities for convenient reference. 


Two additional half-angle identities for tangent, which can be obtained by rewrit- 
ing the right-hand side of (9), are left as Problems 29 and 30 in Exercise 4.4. 


262 4 IDENTITIES 


i EXAMPLE 3 


Solution 


HALF-ANGLE IDENTITIES 


For x any real number or angle in degree or radian measure for which both 
sides are defined: 


a il = OS 3 oe IP cosy 
sin = = cos = = 

2 2 2 ) 

x i COSEY sin x il = eos x 
tan = + = = ; 

D il =P COS & 1 + cos x sin x 


where the sign is determined by the quadrant in which x/2 lies. 


EXPLORE/DISCUSS 2 


(A) Show that the following equations are not identities: 
i 1 a 1 


: ; Re 1 
sin — = — sin x cos — = — cos x tan — = —tan x 
2 2 2 2 D 2 


(B) Graph y, = sin(x/2) and yy = 5 sin x in the same viewing window. 
What can you conclude? Repeat the process for the other two equations 
in part (A). 


Using a Half- Angle Identity 
Find cos 165° exactly by means of a half-angle identity. 


330° 1 + cos 330° 
cos 165° = cos an = 5 


The negative square root is used since 165° is in the second quadrant and cosine 
is negative there. We complete the evaluation by noting that the reference trian- 
gle for 330° is a 30°-60°-90° triangle in the fourth quadrant (see Fig. 2). 


cos 330° = cos 30° 
V3 


2 


Therefore, 


f1 + V3/2 2+ 
cos 165° = ei = _s oO 


Matched Problem 3 


EXAMPLE 4 


Solution 
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FIGURE 2 


Find the exact value of sin 165° using a half-angle identity. a 


Using Half-Angle Identities 


Find the exact value of sin(x/2), cos(x/2), and tan(x/2) if sinx = -2 
T<x < 37/2. 


Note that the half-angle identities for sin(x/2), cos(x/2), and tan(x/2) involve 
cos x. We can find cos x using the Pythagorean identity sin? x + cos? x = 1 
or, equivalently, by drawing a reference triangle (see Fig. 3). Because 
7 <x < 32/2, the reference triangle is in the third quadrant. 


a= 5° — (-3)? = -4 
_ 4 
COs X = 75 


If 7 < x < 37/2, then 
m/2<x/2 < 30/4 Divide each member of 4 < x < 31/2 by 2. 


Tr 
2 
a 0 
T 
I 27 
8 J 
30 
2 
FIGURE 3 


This tells us that x/2 is in the second quadrant, where sine is positive and cosine 
and tangent are negative. Using half-angle identities, we obtain 


a 1 — cos x x 1 + cos x 
sin — = , {/————_ cos — = —,] 
2 2 2 2 
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Matched Problem 4 


EXAMPLE 5 


Verification 


Matched Problem 5 


Answers to 
Matched Problems 


aps) me CAG) 

2 2 
9 3 i 

- J or - 


= or = 


10 V10 
x sin(x/2) 
en 7 cos(x/2) 
3/V10 
-1/V10 


1 
V 10 


3 = 


Find the exact values for sin(x/2), cos(x/2), and tan(x/2) if cotx = -4, 
mw/2<x<7. a 


Verifying an Identity 
4 x tan x + sin x 


2 2 tan x 


Verify the identity: cos 


We start with the left side: 


. x 
Left side = cos” os Use the half-angle identity for cosine. 
1+ cos x \? 
== lee Use algebra. 
2 
1 + cos x 
= > Multiply numerator and denominator by tan x. 


tanx 1+ cosx 
= . Use algebra. 
tan x 2 


_ tanx + tan x cos x 


Use a quotient identity and algebra. 
2 tan x 


tan x + sin x 
= Right side a 
2 tan x 


2 ae tan x — sinx 
sin? = | 
2 2 tan x 


Verify the identity: 


1 1 — tan” x 
"1+ tan? x 


cos” x 2 


= COS 2 


x — sin” x = cos 2x 


1+ 


F = —24. eh 
2. sin 2x = —%5; cos 2x = 55 
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3, V2 N3 
2 
4, sin(x/2) = 3/V10, cos(x/2) = 1/V/10, tan(x/2) = 3 
2% 1 — cos x tanx 1-—cosx tan x — sin x 
5. sin = = 7 
2 2 tan x 2 2 tan x 


EXERCISE 4.4 


A In Problems 1-6, replace each? with one of the six trigono- 
metric functions so that the resulting equation is an identity. 
Verify the identity. 


sin 2x x 
: =? 2. (1 + cos x) tan— = ? 
2 sin x 2 
: x 1 + cos 2x 
3. 1 — sin x tan— = ? = ? 
2 cos x 
1 — cos 2x sin 2x 
——— =? 6. =? 
2 sin x 2 cos x 


Use half-angle identities to find the exact values for Problems 
7-10. Do not use a calculator. 


7. sin 105° 8. cos 105° 
9. tan 15° 10. tan 75° 


In Problems 11-14, graph y, and yz in the same viewing win- 
= dow. Then use |TRACE] to compare the two graphs. 


11. yj = 2sinxcosx, yo = sin2x, -27 <x< 27 
12. y = cos” x — sin? x, yo =cos2x, -—27<x< 27 
2 tan x 
13. y, = a yo =tan2x, -Tm<x<7 
1 — tan* x 
sin x x 
14. y, = » yo = tan—, QW <x< 27 
1 + cos x 2 


B im Problems 15-32, verify each identity. 
15. sin 2x = (tan x)(1 + cos 2x) 


16. (sin x + cos x)? = 1 + sin 2x 


a) 
17. 2sin?— = —“* 
2 1+ cos x 
a) 
18. 2 cos? ~ Sa 
2 1 — cos x 


19. (sin @ — cos)? = 1 — sin 20 


20. 


21. 


23. 


25. 


26. 


27. 


29. 


31. 


32. 


sin 20 = (sin@ + cos @)? — 1 


w 1+ cosw .9W 1 — cos w 
cos? — = ————— 22. sin? — = ————— 
2 2 2 2 
a 1+ cosa a sin a 

cot = —— 24. cot — = 
2 sin a 2 1 — cosa 
cos2t  _ 1+ tant 
1 — sin 2t 1 — tant 
1 — tan?¢ 
cos 2t = ae 
1 + tan*t 
2 tan x . 2 tan x 
tan 24° 28. sin 2x = 5 
1 — tan“ x 1 + tan* x 
x sin x x 1 — cosx 
tan — = ——_ 30. tan — = : 
2 1 + cos x 2 sin x 
sec” x = (sec 2x)(2 — sec” x) 
1 + tan? x 
2 csc 2x = —————_ 
tan x 


In Problems 33-44, is the equation an identity? Explain. 


33. 
34. 


35. 


36. 
37. 
38. 


39. 
40. 


41. 


42. 


Vir t+ 6xt+9=x4+3 


V x3 + 3x? + 3x 4 


sin 3x = 3 sin x cos x 


cos 4x = 2 cos? 2x — 1 
2 
tan x — cot x 


tan(—2x) = 


sin(—2x) = 2 sin x cos x 
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leds x] 1+ cos x 
4 \ 4 

i lig 2S 
4 1+ cosx 


In Problems 45-48, use the given information to find the exact 
value of sin 2x, cos 2x, and tan 2x. Check your answer with a 
calculator. 


: 1 
45. sin x = 55, 


w/2<x<7 


46. cosx=—-3, a/2<x<a 
47. cotx = ct —m/2<x<0 
48. tanx = —32, —mT/2<x<0 


In Problems 49-54, use the given information to find the exact 
value of sin (x/2) and cos (x/2). Check your answer with a 
calculator. 


49. cos x = 4, 0° < x < 90° 


V21 
50. sinx = a 0° < x < 90° 
51. tanx =—V8, 90° < x < 180° 
3 
52. cotx = VRP 90° < x < 180° 
5 
53. csc x = ae re —90° < x < 0° 


54. sec x = 3, —90° < x < 0° 

Your friend is having trouble finding exact values of sin @ and 

cos @ from the information given in Problems 55 and 56, and 

comes to you for help. Instead of just working the problems, 

you guide your friend through the solution process using the 

following questions (A)-(E). What is the correct response to 

each question for each problem? 

(A) The angle 26 is in which quadrant? How do you know? 

(B) How can you find sin 26 and cos 20? Find each. 

(C) Which identities relate sin 0 and cos 0 with either sin 20 
or cos 26? 

(D) How would you use the identities in part (C) to find sin 0 
and cos @ exactly, including the correct sign? 

(E) What are the exact values for sin 0 and cos 0? 


55. Find the exact values of sin 6 and cos @, given 
sec 29 = —3,0° < 0 < 90°. 

56. Find the exact values of sin 6 and cos 6, given tan 20 = —3, 
0° < 6 < 90°. 


. In applied mathematics, approximate forms are often 
substituted for exact forms to simplify formulas or 


computations. Graph each side of each statement below 
in the same viewing window, —7/2 < x < 7/2, to 
show that the approximation is valid for x close to 0. Use 
TRACE | and describe what happens to the approxima- 
tion as x gets closer to 0. 


1 
(A) sin 2x © 2 sin x (B) sin z = sin x 
. Repeat Problem 57 for: 
(A) tan 2x © 2 tan x (B) tan - x a tan x 


In Problems 59-62, graph y, and y in the same viewing win- 
dow for —27 = x = 27, and state the intervals for which y, 
and y, are identical. 


j= 
n> a 
x j= 
9? 2. 
61. y,; = cos a y= =a 
2 
x 1 + cos x 
a ey 


In Problems 63-68, use the given information to find the exact 
value of sin x, cos x, and tan x. Check your answer with a 
calculator. 


59. yi = 


60. yi sin 


62. y,; = cos 


63. sin 2x = 3 O0<x<7/4 


64. cos2x = -—3, 7/4<x< 7/2 
65. tan2x = ——, 7w/4<x< 7/2 
66. cot 2x = —%, 


_ 65 
67. sec 2x = 3, 


68. csc2x =8, O<x< 7/4 


—7T/4<x<0 


—T/4<x<0 


In Problems 69-74, verify each identity. 
69. sin3x = 3sinx — 4 sin’ x 

70. cos 3x = 4cos* x — 3cos x 

71. sin 4x = (cos x)(4 sin x — 8 sin’ x) 
72. cos 4x = 8cos* x — 8cos?x + 1 


3 tan x — tan? x 


73. tan 3x = 5 
1 — 3tan* x 


74. 4sintx = 1 — 2cos2x + cos” 2x 


In Problems 75-80, graph fix), find a simpler function g(x) 


that has the same graph as f(x), and verify the identity 


f(x) = g(x). [Assume g(x) = k + A+t(Bx), where t(x) is 
one of the six basic trigonometric functions. ] 

75. f(x) = csc x + cotx 

76. f(x) = csc x — cot x 


cot x 
Fd) 1 + cos 2x 
1 
78. = 
fla) cot x sin2x — | 
1 + 2cos 2x 
79. = 
F(x) 1+ 2cosx 
1 — 2cos 2x 
ce a 2sinx—1 


Problems 81 and 82 refer to the following identity for n a pos- 


itive integer (this identity is established in more advanced 
mathematics): 


. 2n+ 1 
sin x 
1 2, 
+ COSxX + +++ + cosnx = 


(12) 
2 sin| 5x 


81. Graph each side of the equation for n= 2, 
=297 =x = 20. 


82. Graph each side of the equation for n = 3, 
-27 =x = 20. 


.< Applications 


83. Sports: Javelin Throw In physics it can be shown that 
the theoretical horizontal distance d a javelin will travel 
(see the figure) is given approximately by 


v6 sin 0 cos 0 


16 
where vo is the initial velocity of the javelin (in feet per 


second). (Air resistance and athlete height are 
ignored.) 


(A) Write the formula in terms of the sine function only 
by using a suitable identity. 


(B) Use the resulting equation from part (A) to deter- 
mine the angle @ that will produce the maximum 
horizontal distance d for a given initial speed vp. 
Explain your reasoning. This result is an important 
consideration for shot-putters, archers, and javelin 
and discus throwers. 
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|, —___ Distance (d) —EsS 


Figure for 83 


(C) A world-class javelin thrower can throw the javelin 
with an initial velocity of 100 ft/sec. Graph the equa- 
tion from part (A), and use the com- 
mand to find the maximum distance d and the angle 
@ (in degrees) that produces the maximum distance. 
Describe what happens to d as 0 goes from 0° to 90°. 


84. Precalculus: Geometry An n-sided regular polygon is 
inscribed in a circle of radius r (see the figure). 


x 
Ne 


Se 


Figure for 84 


(A) Show that the area of the n-sided polygon is given by 
1 4. 29 
A, = — nr“ sin — 
2 n 
[Hint: Area of triangle = (Base)(Height)/2. A dou- 


ble-angle identity is useful.] 


(B) For a circle of radius 1, use the formula from part 
(A) to complete Table 1 (to six decimal places). 


TABLE 1 


n | 10 100 1,000 — 10,000 
A, 


(C) What does A, seem to approach as n increases with- 
out bound? 


(D) How close can A, come to the actual area of the cir- 
cle? Will A, ever equal the exact area of the circle 
for any chosen n, however large? Explain. (In calcu- 
lus, the area of the circumscribed circle, 7, is called 
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the limit of A, as n increases without bound. 
Symbolically, we write lim,—..A, = 7. The limit 
concept is fundamental to the development of 
calculus.) 


85. Construction An animal shelter is to be constructed 
using two 4 ft by 8 ft sheets of exterior plywood for the 
roof (see the figure). We are interested in approximating 
the value of @ that will give the maximum interior vol- 
ume. [Note: The interior volume is the area of the trian- 
gular end, bh/ 2, times the length of the shelter, 8 ft.] 
(A) Show that the interior volume is given by 


V = 64 sin 20 


8 ft 
4 ft 


~S 


Figure for 85 


(B) Explain how you can determine from the equation in 
part (A) the value of @ that produces the maximum 
volume, and find @ and the maximum volume. 


(C) Complete Table 2 (to one decimal place) and find 
the maximum volume in the table and the value of 0 
that produces it. (Use the table feature in your calcu- 
lator if it has one.) 


TABLE 2 


6(deg) | 30 35 40 
Vf) | 55.4 


45 50 55 60 


(D) Graph the equation in part (A) on a graphing calcula- 
tor, 0° = 6 < 90°, and use the] MAXIMUM| com- 
mand to find the maximum volume and the value of 8 
that produces it. 


86. Construction A new road is to be constructed from 
resort P to resort Q, turning at a point R on the horizon- 
tal line through resort P as indicated in the figure. 


D = D 
Se se 


Si 


Figure for 86 


(A) Show that the length of the road from P to Q 
through R is given by 


0 
d=25+ 12 tan 


(B) Because of the lake, 6 is restricted to 
40° = 6 = 90°. What happens to the length of the 
road as @ varies between 40° and 90°? 


(C) Complete Table 3 (to one decimal place) and find 
the maximum and minimum length of the road. 
(Use a table-generating feature on your calculator if 
it has one.) 


TABLE 3 


O(deg) | 40 50 60 70 80 90 


d (mi) 29.4 


Graph the equation in part (A) for the restrictions 
in part (B); then use the MAXIMUM| and 
MINIMUM] commands to determine the maxi- 


mum and minimum length of the road. 


87. Engineering Find the exact value of x in the figure; 
then find x and @ to three decimal places. [Hint: Use 
tan 20 = (2 tan @)/(1 — tan? @).] 


by 


| 
2cm 4cm 


Figure for 87 


88. 


89. 


Engineering Find the exact value of x in the figure; 
then find x and @ to three decimal places. [Hint: Use 
cos 20 = 2 cos? @ — 1.] 


Figure for 88 


Geometry In part (a) of the figure, M and WN are the 
midpoints of the sides of a square. Find the exact value 
of cos 6. [Hint: The solution uses the Pythagorean 
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theorem, the definitions of sine and cosine, a half-angle 
identity, and some auxiliary lines as drawn in part (b) of 
the figure.] 


N N 
| ; Za . 
s s 
(a) (b) 
Figure for 89 


“4.5 Product-Sum and Sum-—Product Identities 


e Product—Sum Identities 
e Sum-—Product Identities 
¢ Application: Music 


In this section, we will develop identities for converting the product of two trigono- 
metric functions into the sum of two trigonometric functions, and vice versa. These 
identities have many uses, both theoretical and practical. In calculus, knowing how 
to convert a product into a sum will allow easy solutions to some problems that 
would otherwise be difficult to solve. A discussion of beat frequencies in music, 
which appears at the end of this section, demonstrates how converting a sum into 
a product aids in the analysis of the beat phenomenon in sound. A similar type of 
analysis is used in modeling certain types of long-range underwater sound prop- 
agation for submarine detection. 


B Product-Sum Identities 


The product-sum identities are easily derived from the sum and difference iden- 
tities developed in Section 4.3. To obtain a product—sum identity, we add, left side 
to left side and right side to right side, the sum and difference identities for sine: 


sin(x + y) = sinx cos y + cos x sin y 


sin(x — y) = sin x cos y — cos x sin y 


sin(x + y) + sin(x — y) = 2sinx cosy 


or 


sin x cos y = 4[sin(x + y) + sin(x — y)] 


* Sections marked with a star may be omitted without loss of continuity. 
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Solution 


Matched Problem 1 


i; EXAMPLE 2 
a 7 


= 


Solution 


Matched Problem 2 


Similarly, by adding or subtracting appropriate sum and difference identities, we 
can obtain three other product identities for sines and cosines. These identities are 
listed in the following box for convenient reference. 


PRODUCT-SUM IDENTITIES q 


For x and y any real numbers or angles in degree or radian measure: 
sin x cos y = 5[sin(x + y) + sin(x — y)] 
S11 (CX ea nV) ee S101) I) 
) 


1 
2 
Cie pal 
cos x sin y = 5 
: pea eenel 
sin x sin y = 5 

1 

2 


[ 
[ 
[eases — 31) = Gas? ar 31) 
[ 


cos x cos y = 5[cos(x + y) + cos(x — y)] 


Using a Product-Sum Identity 


Write the product cos 3¢ sin f as a sum or difference. 


cos x sin y = ‘[sin(x + y) — sin(x — y)] Let x = Standy=t. 
cos 3f sint = 3[sin(3r + t) — sin(3¢ — t)] Simplify. 
= }sin 4¢ — 5 sin 2 | 
Write the product cos 56 cos 26 as a sum or difference. a 


Using a Product-Sum Identity 


Evaluate sin 105° sin 15° exactly using a product—sum identity. 


sin x sin y = 5[cos(x — y) — cos(x + y)] Let x = 105° andy = 15°. 

sin 105° sin 15° = 4[cos(105° — 15°) — cos(105° + 15°)] Simplity. 

= cos 90° — cos 120°] Evaluate. 
=so-(-DI=4 7 

Evaluate cos 165° sin 75° exactly using a product-sum identity. | 


HB Sum-—Product Identities 


The product-sum identities can be transformed into equivalent forms called 
sum-product identities. These identities are used to express sums and differences 
involving sines and cosines as products involving sines and cosines. We illustrate 


Solution 


Matched Problem 3 
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the transformation for one identity. The other three identities can be obtained by 
following the same procedure. 
Let us start with the product—-sum identity 


sina cos B = S[sin(a@ + B) + sin(a — B)] (1) 
We would like 
at+Bp=x a-Bp=y 


Solving this system, we have 


xor'y R= TY 


a "7 
By substituting (2) into identity (1) and simplifying, we obtain 
Ft : i 
sinx+siny = 2 sin Z cos a 


All four sum—product identities are listed in the following box for convenient 
reference. 


SUM-PRODUCT IDENTITIES q 


For x and y any real numbers or angles in degree or radian measure: 


Eee 0 si xty v= 
sin x + sin y = 2 sin cos 

4 S D 
A Vo Sy 
sin x — sin y = 2 cos 5 sin 5 


3 oP 3 ae = HY 
cos x + cos y = 2 cos 5 cos 


eds ae 
cos x — cos y = —2 sin sin 


Using a Sum-Product Identity 


Write the difference sin 70 — sin 36 as a product. 


; : x+y . x7y 
sin x — sin y = 2 cos 3 sin 5 Let x = 70 andy = 30. 


70 + 30 70 — 30 
sin 70 — sin 30 = 2 cos 5 sin 5 Simplify. 


= 2 cos 50 sin 20 


Write the sum cos 3t + cost as a product. 
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EXPLORE/DISCUSS 1 


Proof without Words: Sum-— Product Identities 


Discuss how the relationships following Figure 1 can be verified from the 
figure. 


(cos 8, sin B) 


(cos @, sin @) 


—] 28 
FIGURE 1 
Ae @ = [8 _ @r B 
eye a 

sin @ sin B a = [8 @ sp (6) 

5 5 ee es 
cos a@ cos B ; a = /6} @ ar [6 

= t = cos s 
5 5 co ye 5 


(The above is based on a similar “proof” by Sidney H. Kung, Jacksonville 
University, printed in the October 1996 issue of Mathematics Magazine.) 


EXAMPLE 4 Using a Sum-Product Identity 


Find the exact value of sin 105° — sin 15° using an appropriate sum—product 


identity. 
: ' ay a 
Solution sin x — sin y = 2 cos 5 sin 5 Let x = 105° and y = 15°. 
105° + 15° 105° — 15° 
sin 105° — sin 15° = 2 cos 5 sin 5 Simplify. 


= 2 cos 60° sin 45° Evaluate. 


Matched Problem 4 
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(2) on 


= 7 a 
2 

Find the exact value of cos 165° — cos 75° by using an appropriate sum—product 

identity. | 


B Application: Music 


If two tones that have the same loudness and that are close in pitch (frequency) 
are sounded, one following the other, most people have difficulty recognizing that 
the tones are different. However, if the tones are sounded simultaneously, they 
will react with each other, producing a low warbling sound called a beat. The 
beat or warble will be slow or rapid, depending on how far apart the initial fre- 
quencies are. Musicians, when tuning an instrument with other instruments or a 
tuning fork, listen for these lower beat frequencies and try to eliminate them by 
adjusting their instruments. The more rapid the beat frequency (warbling) when 
two instruments play together, the greater the difference in their frequencies and 
the more out of tune they are. If, after adjustments, no beats are heard, the two 
instruments are in tune. 

What is behind this beat phenomenon? Figure 2a shows a tone of 64 Hz 
(cycles per second), and Figure 2b shows a tone of the same loudness but with a 
frequency of 72 Hz. If both tones are sounded simultaneously and time is started 


64 Hz 


y =kcos 128 at 


72 Hz 
(b) >t 
y = —kcos 1447 


>t 


(c) 


0 as “1 Time in seconds 
8 4 
! 
‘¢ 1 beat >} 


FIGURE 2 
Beats 
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EXAMPLE 5 


Solution 


Matched Problem 5 


when the two tones are completely out of phase, waves (a) and (b) will interact to 
form wave (c). 

Sum-product identities are useful in the mathematical analysis of the beat phe- 
nomenon. In particular, we will use the sum—product identity 

_xty , xy 
cos x — cos y = —2 sin sin 
. 2 2 

in a brief mathematical discussion of the three waves in Figure 2. 

We start with the fact that wave (c) is the sum of waves (a) and (b): 


y = kcos 128mt — k cos 1447t 
= k(cos 128at — cos 1447) 
. 128at + 144a7t | 128at — 14471 
=k\ —2sin 


5 sin 5 
= —2k sin 1367 sin(—87T) 

2k sin 1367rt sin 87t 

= 2k sin 8zt sin 1367rt 


The factor sin 1367rt represents a sound of frequency 68 Hz, the average of the 
frequencies of the individual tones. The first factor, 2k sin 87rt, can be thought of 
as a time-varying amplitude of the second factor, sin 1367r¢. It is the first factor 
that describes the slow warble of volume, or the beat, of the combined sounds. 
This pulsation of sound is described in terms of frequency—that is, it tells how 
many times per second the maximum loudness or number of beats occurs. 
Referring to Figure 2c, we see that there are 2 beats in 7 sec, or 8 beats/sec. So, 
the beat frequency is 8 beats/sec (which is the difference in frequencies of the two 
original waves). 

In general, if two equally loud tones of frequencies f; and f2 are produced 
simultaneously, and if f; > fo, then the beat frequency, f,, is given by 


Li aaa cea &. Beat frequency 


Music 


When certain keys on a piano are struck, a felt-covered hammer strikes two strings. 
If the piano is out of tune, the tones from the two strings create a beat, and the 
sound is sour. If a piano tuner counts 15 beats in 5 sec, how far apart are the fre- 
quencies of the two strings? 


fo= 2 = 3 beats/sec 
fi J2= je 3 


The two strings are out of tune by 3 cycles/sec. a 


What is the beat frequency for the two tones in Figure 2 on page 273? a 
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Answers to 1. cos 58 cos 20 = 5 cos 70 + 5 cos 30 
Matched Problems 
2. (V3 = 2) /4 
3. cos 3t + cost = 2 cos 2f cos t 
4. —V6/2 
5. fy, = 8 Hz 
EXERCISE 4.5 
A In Problems 1-8, write each product as a sum or difference 28. Explain how you can transform the product-sum identity 
involving sines and cosines. sinu sinv: = STeos(u — v) — cos(u + v)] 
1. cos 4w cos w 2. sin 2f sin ¢ into the sum—product identity 
3. cos 2u sin u 4. sin 4B cos B _xty , x-y 
cos x — cosy = —2 sin sin 
5. sin 2B cos 5B 6. cos 36 cos 56 : ar 2 2 
by a suitable substitution. 
7. sin 3m sin 4m 8. cos 2A sin 3A 
In Problems 9-16, write each sum or difference as a product In Problems 29-36, verify each identity. 
involving sines and cosines. cos t — cos 3t 
: : 29. ————_ = tant 
9. cos 50 + cos 30 10. sin6A + sin 4A sint + sin 3t 
11. sin 6u — sin 2u 12. cos 3t — cost sin 2t + sin 4t 
30. ———— = cott 
13. sin3B + sin5B 14. cos 2m + cos 4m cos 2t — cos 4t 
15. cos w — cos 5w 16. sin 3C — sin 7C 31 sinx + siny _ ne + y 
cos x + cos y 
In Problems 17-24, evaluate exactly using an appropriate identity. sin x — siny x+y 
17. cos 75° sin 15° 18. sin 195° cos 75° 32. cos x — cos y = =e 2 
19. sin 105° sin 165° 20. cos 15° cos 75° cos x — cos y iy 
21. sin 195° + sin 105° = 22. cos 285° + cos 195° oad sinx + siny oe 
23. sin 75° — sin 165° 24. cos 15° — cos 105° cos x + cos y x-y 
34. — ; = cot 
; : 7 sinx — siny 
B in Problems 25 and 26, use sum and difference identities from sin x + siny fan 1 x+y) 
Section 4.3 to establish each of the following: 35. — - = ; 
; sin x — sin y tan 5(x — y) 
25. sin x sin y = 3[cos(x — y) — cos(x + y)] 
= cos x + cosy Kory Ay 
26. cos x cos y = 3[cos(x + y) + cos(x — y)] 36. cos x — cos y Og. SO 
27. Explain how you can transform the product-sum identity 
cos u cos v = 5[cos(u + v) + cos(u — v)] In Problems 37-44, is the equation an identity? Explain. 


37. cos 2x sin x = }(sin3x + sin x) 


xty x-y 38. sin x sin 3x = 5 (cos 2x—cos 4x) 


cos x + cos y = 2 cos — 39 


by a suitable substitution. 40. cos 4x cos 2x = 4 (cos 8x + cos 2x) 


into the sum—product identity 


F fi 
. sin 2x cos 2x = 5 sin 4x 
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41. sin5x + sin x = 2 sin 3x cos 2x 58. y, = 2 cos(287x) cos(27x) 
42. cos 4x + cos 2x = 2 cos 6x cos 2x y2 = 2 cos(27x) 
43. cos x — cos 3x = —2 sin 2x sin x y3 = —2 cos(27x) 


44. sin3x — sinx = 2 cos 2x sin x 


In Problems 45-52, write each as a sum or difference if y is a ; ' 
Applications 


product, or as a product if y is a sum or difference. Enter the 

original equation in a graphing calculator as y, the convert- 

ed form as y2, and graph y, and y> in the same viewing win- 59. Music If one tone is described by y = k sin 5227t and 
dow. Use |TRACE | to compare the two graphs. another by y = k sin 5127, write their sum as a prod- 
uct. What is the beat frequency if both notes are sound- 
ed together? 


45. y = cos 5x cos 3x 


46. y = sin 3x cos x : : . 
60. Music If one tone is described by y = k cos 524at 


and another by y = k cos 508zt, write their sum as a 
48. y = sin 2.3x sin 0.7x product. What is the beat frequency if both notes are 
49. y = cos 3x + cos x sounded together? 


. Music 


47. y = cos 1.9x sin 0.5x 


50. y = sin2x + sinx 


51. y = sin2.1x — sin 0.5x y = 0.3 cos 72at and y = —0.3 cos 8871 


52. y = cos 1.7x — cos 0.3x are equations of sound waves with frequencies 36 and 


44 Hz, respectively. If both sounds are emitted 


C In Probiems 53 and 54, verify each identity, simultaneously, a beat frequency results. Use the view- 


53. sin x sin y sin z = 3[sin(x + y — z) ing window 0 < ft < 0.25, —0.8 = y <= 08 for parts 
sin(y + z — x) (A)-(D). 
sin(z + x — y) (A) Graph y = 0.3 cos 72 mt. 
— sin(x + y + z)] (B) Graph y = —0.3 cos 887. 
54. cos x cos ycos z = qlcos(x +y-z) (C) Graph y; = 0.3 cos 72m7t — 0.3 cos 887t and 
cos(y + z — x) yo = 0.6 sin 87t in the same viewing window. 
ae x-y) (D) Convert y; in part (C) to a product, and graph the 
° new y, along with y> from part (C) in the same view- 
cos(x + y + z)] ing window. 
. Music 


In Problems 55-58: 


(A) Graph y,, y2, and y3 in the same viewing window for y=0.4 cos 1327t = and sy = —0.4 cos 152 


= — —_ <= = 
See a ey are equations of sound waves with frequencies 66 and 


(B) Convert y, to a sum or difference and repeat part (A). 76 Hz, respectively. If both sounds are emitted 

55. y, = 2 cos(167x) sin(27x) simultaneously, a beat frequency results. Use the view- 
yy = 2 sin(27x) ing window 0 =? = 0.2, —0.8 = y = 08 for parts 
; (A)-(D). 


y3 = —2 sin(27x) 
56. y,; = 2 sin(207x) cos(27x) 
yo = 2 cos(27x) 


(A) Graph y = 0.4 cos 13277. 
(B) Graph y = —0.4 cos 1527. 


(C) Graph y,; = 0.4 cos 1327t — 0.4 cos 1527? and 


y3 = —2 cos(2ax) y2 = 0.8 sin 107rt in the same viewing window. 


57. y= 2 sin(24q7x) sin(2ax) (D) Convert y, in part (C) to a product, and graph the 


y2 = 2 sin(27x) new y, along with y, from part (C) in the same view- 
y3 = —2 sin(27x) ing window. 
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CHAPTER 4 GROUP ACTIVITY 


From M sin Bt + N cos Bt to A sin(Bt + O 


Solving certain kinds of problems dealing with electrical circuits, spring—mass 
systems, heat flow, fluid flow, and so on, requires more advanced mathematics 
(differential equations), but often the solution process leads naturally to func- 
tions of the form 


y = M sin Bt + N cos Bt (1) 


In the following investigation, you will show that function (1) is a simple har- 
monic; that is, it can be represented by an equation of the form 


y = Asin(Bt + C) (2) 
One of the objectives of this project is to transform equation (1) into the form 


of equation (2). Then it will be easy to determine the amplitude, period, fre- 
quency, and phase shift of the phenomenon that produced equation (1). 


I. EXPLORATION 


Use a graphing calculator to explore the nature of the graph of equation (1) for 
various values of M, N, and B. Do the graphs appear to be graphs of simple 
harmonics? 


Il. GEOMETRIC SOLUTION 


The graph of y = sin(at) — V3.cos(at) is shown in Figure 1. The graph 
looks like the graph of a simple harmonic. 
e (A) From the graph, find A, B, and C so that y = A sin(Bt + C) produces the 


same graph. To find C, estimate the phase shift by finding the first zero 
(x intercept) to the right of the origin using the |ZERO|command on a 


graphing calculator. 
(B) Graph the equation obtained in part (A) and the original equation in the 
= same viewing window and compare y values for various values of x using 
TRACE]. Conclusions? Write the results as an identity. 
FIGURE 1 


A geometric solution to the problem is straightforward as long as M, 
N, and B are simple enough; often they are not. We now turn to an analyt- 
ical solution that can always be used no matter how complicated M, N, and 
B are. 


y = sin(at) — V3 cos(z#) 


continued 
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IDENTITIES 


Ill. GENERAL ANALYTICAL SOLUTION 


Equations (1) and (2) are stated again for convenient reference: 


y = M sin Bt + N cos Bt (1) 
y = Asin(Bt + C) (2) 
The problem is: Given M, N, and B in equation (1), find A, B, and C in equa- 
tion (2) so that equation (2) produces the same graph as equation (1), that is, 


so that M sin Bt + N cos Bt = A sin(Bt + C) is an identity. The transforma- 
tion identity, which you are to establish, is stated in the following box: 


TRANSFORMATION IDENTITY 


M sin Bt + N cos Bt = VM? + N? sin(Bt + C) (3) 


where C is any angle (in radians if ¢ is real) having P=(M, N) on its 
terminal side. 


(A) Establish the transformation identity. The process of finding A, B, and C, 
given M, N, and B, requires a little ingenuity and the use of the sum identity 


sin(x + y) = sin x cos y + cos x sin y (4) 


Start by trying to get M sin Bt + N cos Bt to look like the right side of 
the sum identity (4). Then we use (4), from right to left, to obtain (2). 


Hint: A first step is the following: 
VM? + N? 
VM? + N? 


Example 1. Use equation (3) to transform 


M sin Bt + N cos Bt = (M sin Bt + N cos Br) 


(B 


eS 


yy = sin(at) — V3 cos(at) 


into the form y2 = A sin(Bt + C), where Cis chosen so that |C| is minimum. 
Compute C to three decimal places, or find C exactly, if you can. (You should 
get the same results that you got in part II using the geometric approach.) From 
the new equation determine the amplitude, period, frequency, and phase shift. 


Check by graphing y; and yp in the same viewing window and comparing 
the graphs using |TRACE) 


(C) Example 2. Use equation (3) to transform 


yy = — 3sin(2mt) — 4 cos(27Tt) 
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into the form y) = Asin(Bt + C), where C is chosen so that 
—a <C = 7. Compute C to three decimal places. From the new equa- 
tion determine the amplitude, period, frequency, and phase shift. 


Check by graphing y, and y> in the same viewing window and comparing 
3 the graphs using [TRACE]. 

(D) Application 1: Spring—mass system. A weight suspended from a spring 
(spring constant 64) is pulled 4 cm below its equilibrium position and is 
then given a downward thrust to produce an initial downward velocity of 
24 cm/sec. In more advanced mathematics (differential equations) the 
equation of motion (neglecting air resistance and friction) is found to be 


given approximately by 


Downward initial 
velocity = 24 cm/sec 


y; = —3 sin 8t — 4 cos 8t 


FIGURE 2 

Spring-mass system where yj is the position of the bottom of the weight on the scale in Figure 2 
at time f (y is in centimeters and ¢ is in seconds). Transform the equation into 
the form 


yo = Asin(Bt + C) 
and indicate the amplitude, period, frequency, and phase shift of the sim- 
ple harmonic motion. Choose C so that -7 <C Sz. 


To check, graph y, and y> in the same viewing window, 0 S ¢t = 6, and 
compare the graphs using |TRACE|. 


(E) Application 2: Music. A musical tone is described by 
y, = 0.04 sin 200a7t — 0.03 cos 2007 


where f is time in seconds. Write the equation in the form 
y2 = Asin(Bt + C). Compute C (to three decimal places) so that 
—a < C S 7. Indicate the amplitude, period, frequency, and phase shift. 
To check, graph y; and y in the same viewing window, 0 = t = 0.06, and 
compare the graphs using [TRACE]. 


CHAPTER 4 REVIEW q 


An equation in one or more variables is said to be an identity if the left side is 
equal to the right side for all replacements of the variables for which both sides 
are defined. If the left side is equal to the right side only for certain values of the 
variables and not for all values for which both sides are defined, then the equa- 
tion is called a conditional equation. 
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4.1 
FUNDAMENTAL 
IDENTITIES AND 
THEIR USE 


4.2 

VERIFYING 
TRIGONOMETRIC 
IDENTITIES 


4.3 

SUM, DIFFERENCE, 
AND COFUNCTION 
IDENTITIES 


Fundamental Trigonometric Identities 


For x any real number or angle in degree or radian measure for which both sides 
are defined: 


Reciprocal identities 
1 1 


: sec x = cotx = 
sin x COs Xx tan x 


CSC X = 


Quotient identities 


sin x cos x 
tan x = cot x % 
cos x sin x 


Identities for negatives 


sin(—x) = —sin x cos(—x) = cos x tan(—x) = —tan x 


Pythagorean identities 


2 


‘ 2: 
sin? x + cos? x = 1 tan? x + 1 = sec? x 1 + cot” x = csc* x 


When verifying an identity, start with the expression on one side and, through a 
sequence of valid steps involving the use of known identities or algebraic manip- 
ulation, convert that expression into the expression on the other side. Do not add 
the same quantity to each side, multiply each side by the same nonzero quantity, 
or square or take the square root of both sides. 


Some suggestions for verifying identities 

Step 1 Start with the more complicated side of the identity and transform it into 
the simpler side. 

Step 2 Try using basic or other known identities. 


Step 3 Try algebraic operations such as multiplying, factoring, combining frac- 
tions, or splitting fractions. 


Step 4 If other steps fail, try expressing each function in terms of sine and cosine 
functions; then perform appropriate algebraic operations. 


Step5  Ateach step, keep the other side of the identity in mind. This often reveals 
what you should do in order to get there. 


For x and y any real numbers or angles in degree or radian measure for which both 
sides are defined: 
Sum identities 

sin(x + y) = sin x cos y + cos x sin y 

cos(x + y) = cosxcos y — sin x sin y 


tan x + tany 


tan(x + a 
eae 1 — tan x tan y 


4.4 

DOUBLE-ANGLE AND 
HALF-ANGLE 
IDENTITIES 


WAS 

PRODUCT-SUM AND 
SUM-PRODUCT 
IDENTITIES 


Chapter 4 Review 281 


Difference identities 
sin(x — y) = sin x cos y — cos x sin y 


cos(x — y) = cosxcosy + sin x sin y 


tan x — tan y 


tan(x — = 
a=) 1 + tanx tan y 


Cofunction identities 
(Replace 77/2 with 90° if x is in degree measure.) 


2 
7 
csc x csc a = sec x 


Nn 

© 

° 
a N\ 
Sa 

| 

x 
ae 

lI 


Double-angle identities 


For x any real number or angle in degree or radian measure for which both sides 
are defined: 


sin 2x = 2 sin x cos x cos 2x = cos* x — sin? x 
res = 1—-2sin’ x 
a= 1 qa & =2cos?x - 1 
Half-angle identities 
For x any real number or angle in degree or radian measure for which both sides 
are defined: 
_ x 1 — cosx x 1 + cos x 
sin— = + cos— = + 
2 2 2 2 
x 1 — cos x sin x 1 — cos x 
tan + = = : 
2 1 + cos x 1 + cos x sin x 


where the sign is determined by the quadrant in which x/2 lies. 


Product-sum identities 
For x and y any real numbers or angles in degree or radian measure: 


sin x cos y = ‘[sin(x + y) + sin(x — y)] 


cos x sin y = 5[sin(x + y) — sin(x — y) 


cos x cos y = 


1 
al 
sin x sin y = 5[cos 
S[cos 


] 
x — y) — cos(x + y)] 
x + y) + cos(x — y)] 


( 
( 
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Sum-product identities 
For x and y any real numbers or angles in degree or radian measure: 


: : _xty x—y 
sin x + siny = 2 sin cos 
. 2 2 
: : 2 x+y . x7y 
sin x — sin y = 2 cos sin 
: 2 2 
x+y 5 eee 


cos x + cos y = 2 cos 5 cos 


x+y . x7y 


COS X 


cos y = 


2 sin sin 
2 


CHAPTER 4 REVIEW EXERCISE q 


Work through all the problems in this chapter review and check the 
answers. Answers to all review problems appear in the back of the 
book; following each answer is an italic number that indicates the 
section in which that type of problem is discussed. Where weakness- 
es show up, review the appropriate sections in the text. Review prob- 
lems flagged with a star (*<) are from optional sections. 


1. One of the following equations is an identity and the 
other is a conditional equation. Identify which, and 
explain the difference between the two. 


(1) (x — 3)(x 
(2) (x — 3)(x + 2) =0 


Verify each identity in Problems 2-10. Try not to look at a 
table of identities. 


2. csc x sin x = sec x cos x 


3. cot x sin x = cos x 


4. tan x = —tan(—x) 
sin? x 

5. = sec x — cos x 
cos x 
csc x 

6. = tan x + cot x 
COs x 


7. (cos* x)(cot? x + 1) = cot? x 


sin a csc a 


8. —————— = tana 
cota 
sin? u — cos” u 
9. : = tanu — cotu 
sin u COS u 


sec 9 — csc 0 ; 
10. —————— = sin@ — cos @ 
sec 0 csc 0 


11. Using cos(x + y) = cosxcosy — sinxsiny, show 


that cos(x + 27) = cos x. 


12. Using sin(x + y) = sinxcosy + cos xsiny, show 


that sin(x + 7) = —sin x. 


In Problems 13 and 14, verify each identity for the indicated 
value. 


13. cos 2x = 1 — 2 sin” x, x = 30° 


14. sin = a a ae 7 
2 2 2 


¥° 15. Write sin 8¢ sin 5t as a sum or difference. 


%° 16. Write sin w + sin 5w as a product. 


Verify each identity in Problems 17-20. 


1 — cos? t 

17. a = eset 
sin” t 
2 
18 (cos a — 1) _ 1 cosa 
° sin? a 1+ cosa 

1 — tan? x B 
19. ——_4__ = cos" x 

1 — tan" x 


2 2 


20. cot? x cos? x = cot” x — cos” x 

21. The equation sin x = 0 is true for an infinite number of 
values (x = kz, k any integer). Is this equation an iden- 
tity? Explain. 

22. Explain how you would use a graphing calculator to 

show that sin x = 0 is not an identity; then do it. 
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B In Problems 23-30, is the equation an identity? Explain. Evaluate Problems 46 and 47 exactly using an appropriate 
23. sin? 2x + cos? 2x = 2 identity. 
wr tan x ye 46. sin 165° sin 15° 
; = 1 
cot x x 47. cos 165° — cos 75° 
25. tan(x — 7/2) = —cot x 48. Use fundamental identities to find the exact values of the 
26. sec(m/2 — x) = cos x remaining trigonometric functions of x, given 
2 
27. cos 2x = 2sin*x — 1 cosx = —3 and tanx <0 
28. tan 2x 2 49, Find the exact values of sin 2x, cos 2x, and tan 2x, given 
vans (1 — tan x)(1 + tan x) tan x = 4 and 0 < x < 7/2. Do not use a calculator. 
29. cos? x = 5 cos 2x 50. Find the exact values of sin(x/2), cos(x/2), and tan(x/2), 
: ae a - 
Sh 9 ch Meee cn be = cate given cos x = —7 and —a < x < —a/2. Do notusea 
calculator. 


Verify the identities in Problems 31-45. Use the list of 
identities inside the front cover if necessary. 


. Use a sum or difference identity to convert 
y = tan(x + 7/4) into a form involving sin x, cos x, 
and/or tan x. Check the results using a graphing calcula- 


sin x 
31. ——— = 1+ 
1 — cos x || cos x) tor and TRACE. 
1 — tan? x . Write y = cos 1.5x cos 0.3x — sin 1.5x sin 0.3x in terms 
32. a = 1- sec? x of a single trigonometric function. Check the result by 
= cot a 


entering the original equation in a graphing calculator as 
33. tan(x + 7) = tanx y, and the converted form as y>. Then graph y, and yo in 
the same viewing window. Use| TRACE|to compare the 


34. 1 — (cos B — sin B)? = sin 2B iwerguphe. 


35. ee = 1 — cos 2x . Graph y, = sin(x/2) and y. = —V (1 — cos x)/2 
cot x in the same viewing window for —27 S x S 27, 

36. 2 tan x = sin 2x and indicate the subinterval(s) for which y, and y, are 
1 + tan? x identical. 


37. 2csc2x = tanx + cot x . Use a graphing calculator to test whether each equation 


cot(x/2) that follows is an identity. If the equation appears to be 
38. csc x = idmengoae an identity, verify it. If the equation does not appear to be 
: an identity, find a value of x for which both sides are 
39 sin(x — y) = tanx — tan y defined but are not equal. 
sin(x + y) — tanx + tany gate 
A) ——.— =1- si 
40. csc 2x = eae I+ sin x ne 
2 (B) cos” x =1 . 
2 — sec? x l+sinx aca 
41. ——.—— = cos 2x . . : 
sec? x C 55. Find the exact values of sin x, cos x, and tan x, given 
x x secx — 1 sec 2x = —3 and —7/2<x< 0. Do not use a 
. tan = —W— 
2 aie calculator. 


543, —————— = tan 3t Verify the identities in Problems 56 and 57. 


: : cot x cscx — 1 
sin x + siny xy s 
v4. cot cesex + 1 cot x 
cos x — cos y 2 
2 
cos x — cos Pal 5 i 3 tan“ x — 1 
yw 45. ae tan . tan sd 57. cot3x = 


cos x + cos y 2 2 tan? x — 3 tan x 
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58. Use the definition of sine, cosine, and tangent on a unit 
circle to prove that 


59. Prove that the cosine function has a period of 27. 
60. Prove that the cotangent function has a period of 77. 


61. By letting 


x+y=u and x-y=p 


in sinxsiny = 5[cos(x — y) — cos(x + y)], show 
that 


~utyv,.u-v 
cosv — cosu = 2 sin sin 
2 2 


In Problems 62-66, graph f(x), find a simpler function g(x) 
that has the same graph as f(x), and verify the identity 
f(x) = g(x). [Assume g(x) = k + A+t(Bx), where t(x) is 
one of the six trigonometric functions. ] 


3 sin? x tan? x cos” x 
62. 
Aix) 1 — cos x 1 + cos x 
63. f(x) sin x sin x 


cos x — sin x cos x + sin x 


64. f(x) = 3sin? x + cos” x 


A 2 
GB fe 3 cos” x 


1 — 2sin? x 


2+ sinx — 2cos x 


66. f(x) 


1 = cos:% 


Problems 67-70 require the use of a graphing calculator. In 
Problems 67 and 68, graph y, and y in the same viewing win- 
dow for —27 = x = 27, and state the interval(s) where the 
graphs of y, and y, coincide. Use (TRACE). 


x 1 — cos x 
67. =t 2 el 
v1 sd 2 v2 1 + cos x 
68 ; x 1 — cos x 
: an —, =-,/ 
YI 2 v2 1+ cos x 


69. Graph y; = 2 cos 307rx sin 27rx and yy = 2 sin 27x for 
Q=x%= land—-2=y= 2. 


yr: 70. Repeat Problem 69 after converting y,; to a sum or 
difference. 


< Applications 


71. Precalculus: Trigonometric Substitution In the expres- 
sion Vu? — a’,a > 0, letu = asecx,0 <x < a /2, 
simplify, and write in a form that is free of radicals. 

72. Precalculus: Angle of Intersection of Two Lines Use 
the results of Problem 71 in Exercise 4.3 to find the acute 
angle of intersection (to the nearest 0.1°) between the 
two lines y = 4x + 5andy = ix = 2; 

73. Engineering Find the exact value of x in the figure; 
then find x and 6 to three decimal places. 


Le 


5 x 
Figure for 73 


74, Analytic Geometry Find the radian measure of the 
angle 6 in the figure (to three decimal places) if A has 
coordinates (2, 6) and B has coordinates (4, 4). [Hint: 
Label the angle between OB and the x axis as a; then use 
an appropriate sum identity.] 


O 


Figure for 74 


75. Architecture An art museum is being designed with a 
triangular skylight on the roof, as indicated in the figure. 
The facing of the museum is light granite and the top 
edge, excluding the skylight ridge, is to receive a black 
granite trim as shown. The total length of the trim 
depends on the choice of the angle 6 for the skylight. All 
other dimensions are fixed. 


Figure for 75 


(A) Show that the total length L of the black granite trim 
is given by 


L = 240 + 40 tan 


(B) Because of lighting considerations, 6 is restricted to 
30° = 6 = 60°. Describe what you think happens 
to L as @ varies from 30° to 60°. 

(C) Complete Table 1 (to one decimal place) and select 
the maximum and minimum length of the trim. (Use 
the table-generating feature on your calculator if it 
has one.) 


TABLE 1 
0 30 35 40 45 50 55 60 


L (ft) | 250.7 


vv 78. 
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(D) Graph the equation in part (A) for the restrictions in 
part (B). Then determine the maximum and mini- 
mum lengths of the trim. 


. Music One tone is given by y = 0.3 cos 120m? and 


another by y = —0.3 cos 140at. Write their sum as a 
product. What is the beat frequency if both notes are 
sounded together? 


. Music Use a graphing calculator with the viewing win- 


dow set to0 = ¢ = 0.2, -0.8 = y = 0.8, to graph the 
indicated equations. 
(A) y; = 0.3 cos 1207t 
(B) yo = —0.3 cos 140 mt 
(C) y3 = yy + yo and yg = 0.6 sin 107t 
(D) Repeat part (C) using the product form of y3 from 

Problem 76. 
Physics The equation of motion for a weight suspend- 
ed from a spring is given by 

y = —8 sin 3t — 6cos 3t 

where y is displacement of the weight from its equilibri- 
um position in centimeters and f is time in seconds. Write 
this equation in the form y = A sin(Br + C); keep A 
positive, choose C positive and as small as possible, and 
compute C to two decimal places. Indicate the ampli- 
tude, period, frequency, and phase shift. 


. Physics Use a graphing calculator to graph 


y = —8 sin 3t — 6 cos 3t 


for —27 /3 < t S 27/3, approximate the ¢ intercepts in 
this interval to two decimal places, and identify the inter- 
cept that corresponds to the phase shift determined in 
Problem 78. 
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INVERSE TRIGONOMETRIC FUNCTIONS; TRIGONOMETRIC EQUATIONS AND INEQUALITIES 


5.1 


Before you begin this chapter, it would be very helpful to briefly review 
Appendix B.3, on the general concept of the inverse of a function. We 
will make use of much of the material discussed there in our investiga- 
tion of inverse trigonometric functions. 


n Chapter 1, recall that we learned how to solve a right triangle (see Fig. 1) 
for an angle a as follows: 
sina = 6. 2 
a= sin! $ or arcsin 5 


a/6rad or 30° 


a 


In this context, both sin | (1/2) and arcsin (1/2) represent the acute angle (in either 
radian or degree measure) whose sine is 1/2. In Chapter 1, we said that the con- 
cepts behind the inverse function symbols sin | (or arcsin), cos ! (or arccos), and 
tan | (or arctan) would be discussed in greater detail in this chapter. Now the time 
has come, and we will extend the meaning of these symbols so that they apply not 
only to triangle problems but also to a wide variety of problems that have noth- 
ing to do with triangles or angles. That is, we will create another set of tools—a 
new set of functions—that you can put in your mathematical toolbox for general 
use on a wide variety of new problems. 

After we complete our discussion of inverse trigonometric functions, we will 
be in a position to solve many types of equations involving trigonometric func- 
tions. Trigonometric equations form the subject matter of the last two sections of 
this chapter. 


Inverse Sine, Cosine, and Tangent Functions 


e Inverse Sine Function 

e Inverse Cosine Function 
e Inverse Tangent Function 
e Summary 


In this section we will define the inverse sine, cosine, and tangent functions; look 
at their graphs; present some basic and useful identities; and consider some appli- 
cations in Exercise 5.1. 


H@ Inverse Sine Function 


In solving for angle @ in Figure 1 above, what we are really looking for is an angle 
whose sine is 1/2. The key question to consider in this section is: How many such 
angles are there? Figure 2 shows a graph of y= sin x with height 1/2 indicated by 
the dashed line. From this graph, we can see that there are infinitely many such 
angles! 
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FIGURE 2 
y = sinxand y = 0.5 


This presents a major difficulty in defining the inverse of sine as a function. For 
any potential input, such as 1/2, there is more than one potential output (infinitely 
many, in fact). This violates the definition of a function. When we were solving tri- 
angles this was not a problem because only one angle a with sin a = 1/2 is acute. 
This provides a good basis for how to define the inverse sine as a function: Of all 
possible outputs, we will choose exactly one for each input from —1 to I. 

In Appendix B.3 we note that a function that has exactly one domain value 
(input) for each range value (output) is called one-to-one. We also note that only 
one-to-one functions have inverses. This is exactly why y = sin x does not: There 
are many x values that correspond to a given y value. 

But we can overcome this problem by restricting the domain of the sine func- 
tion as shown in Figure 3. 


Tx 
J 
/ 
/ 
FIGURE 3 
y = sin x is one-to-one for 
—7/2sxs 7/2 


On the domain [—7/2, 7/2], y = sin x is one-to-one, so we can define its 
inverse.* In essence, we are saying that there are many x values for which 
sin x = 1/2, for example, but to define the inverse sine function at 1/2 [denoted 
sin (1/2) or arcsin (1/2)], we will choose the one that is between —a/2 and 
a /2—in this case, 77/6. 


* There are many different ways to restrict the domain of y = sin x to make it one-to-one. We have 
chosen the way that is generally accepted as standard. 
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: 


The inverse sine function is defined as the inverse of the sine function with 
domain restricted to [—a /2, 7/2]. That is, 


= sine and 


are equivalent to 


y = arcsin x 


sny=x  foryin[—7/2, 7/2] 

The inverse sine of x is the number or angle y, —7/2 = y = 7/2, whose 
sine is x. The y values in this interval are called the principal values of the 
inverse sine function. 


EXPLORE/DISCUSS 1 


Suppose that y = sin x is restricted to each of the domains below. What would 
be the potential values for sin”!(1/2) in each case? Which would lead to a legit- 
imate definition of inverse sine as a function? 


(A) [0, 7] (B) [7, 27] (C) [a/2, 37/2] (D) [7, 37/2] 


The symbol arcsin is used in some contexts, sin! in others. In Chapter 1, we 
used the sin”! x key on a calculator to solve for an angle x, given sin x = y. 
Although this equation has infinitely many solutions, the calculator displayed a 
single number, the principal value sin! y. 

How do we sketch the graph of y = sin! x? We begin by constructing a table 
of ordered pairs for y = sin x (Table 1). Then we reverse the coordinates of each 
ordered pair to obtain a table for y = sin! x (Table 2). 


TABLE 1 TABLE 2 

y = sinx y = sin! x 
(-/2, -1) (1, -7/2) 
(-/4, -V2/2) (—V2/2, —1/4) 
(0, 0) (0, 0) 

(7/4, V2/2) (V2/2, 7/4) 
(7/2, 1) (1, 3/2) 


FIGURE 4 
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Using the points in these tables, we quickly sketch graphs of y = sin x and 
y= sin! x (Fig. 4). A more accurate graph can be obtained using a calculator 
in radian mode and a set of domain values from —1 to 1 (see Problem 43 in 
Exercise 5.1). An instant graph can be obtained using a graphing calculator. 


y= sin ly 


= arcsin x 
0,0) 


. T 
Domain: 7 = 


x 
Range: -l=y=1 


(a) Sine function restricted to domain 
T 7 
[-Z, Z| 


Note that the graph of y = sin’! x is the reflection of the graph of y = sin x 
through the line y = x. 

We will now state the important sine—inverse sine identities, which follow 
from the general properties of inverse functions (see Appendix B.3). 


SINE-INVERSE SINE IDENTITIES 


sin(sin | x) = x =“l|Sz=e1 
x 


=), = = IP 


(b) Inverse sine function 


sin ‘(sin x) = 


1 


Each identity reinforces the basic idea that y = sin x and y = sin x are 


inverses. 


EXPLORE/DISCUSS 2 


Use a calculator to evaluate each of the following. Which illustrate a 
sine—inverse sine identity and which do not? Explain. 


(A) sin(sin | 0.5) (B) sin(sin! 1.5) 
(C) sin [sin ( — 1.3)] (D) sin ![sin (—3)] 
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EXAMPLE 1 


Solution 


Exact Values 
Find exact values if possible without using a calculator: 


(A) sin !(V3/2) (B) arcsin(—4) (C) sin ‘(sin 1.2) 
(D) cos(sin™! >) (E) sin!(sin 32) 


(A) y = sin '(V3/2) is equivalent to siny = V3/2,—-a/2 < y < 7/2. 
What y between —7r/2 and 7/2 has sine V3/2? 

We will use a unit circle diagram like the ones we studied in Section 2.5 

(see Fig. 5). The only number between —7/2 and 7/2 with sine equal to 


V3/2 is 17/3, so sin '(V3/2) = 1/3. 


FIGURE 5 


(B) y = arcsin(—3) is equivalent to sin y = —f —m7/2< y S 7/2. What y 


between —7r/2 and 7/2 has sine —5? 

Again, we consult the unit circle (Fig. 6). The only number between — zr /2 
and 7/2 with sine equal to —1/2 is —7/6. [Note: Even though sin 1177/6 is 
—1/2 as well, sin”!(—1/2) can’t be 1177/6. Why?] 


FIGURE 6 


Matched Problem 1 
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(C) sin !(sin 1.2) = 1.2 Sine-inverse sine identity (1.2 is in [—3, 5) 


(D) Let y = sin”! 4; then sin y = 3, —7/2 S y S 7/2. Draw the reference tri- 
angle associated with y; then cos y = cos(sin™! 2) can be determined direct- 
ly from the triangle (after finding the third side) without the need to actually 
find y (see Fig. 7). 


FIGURE 7 
So, 
cos( sin! 2) = cosy = v5 
3 3 


(E) It is tempting to use the second sine—inverse sine identity, but it doesn’t apply 
because 37/4 is not in [—7 /2, 77/2]. Instead, we note that sin(3a/4) = 1/V2 
(Fig. 8), so sin”! (sin(3ar/4)) is the number in [—7 /2, 77/2] with sine equal 
to 1/2. That number is 77/4, so sin”!(sin(3a/4)) = 7/4. 


A 
( 1 : 1 ) ( 1 : 1 ) 
V2 V2771 |. > V2 V2 
(1,0) 
FIGURE 8 = 


Find exact values if possible without using a calculator: 
(A) arcsin(V2/2) (B) sin!(-1) 


(C) sin[sin !(—0.4)] (D) tan[sin '(—1/V5)] 
(E) sin ![{sin(—37/4)] | 
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Solution 


Matched Problem 2 


» 
A 
1, y=cosx | 
i 
/ / 
/ / 

{ 1 -. 1 y 1» x 
71 0 awl 
yf Fe 

1! —| L 
FIGURE 9 
y = cos x is one-to-one for 


Osxs7 


Calculator Values 

Find to four significant digits if possible using a calculator: 

(A) sin”!(0.8432) (B) arcsin(—0.3042)  (C) sin! 1.357 
(D) cot[sin“!(—0.1087)] (E) sin '[sin(2)] 


[Note: Recall that the keys used to obtain sin! vary among different brands of 
calculators. (Read the user’s manual for your calculator.) Two common designa- 
tions are |sin~!| and the combination [iny||sin]. For all these problems set your cal- 
culator in radian mode. ] 


(A) sin7!(0.8432) = 1.003 
(B) arcsin(—0.3042) = —0.3091 


(C) sin ! 1.357 = Error* 1 


1.557 is not in the domain of gin |, 60 sin 
1.357 is undefined. 
(D) cot[sin”!(—0.1087)] = 


(E) sin '[sin(2)] = 1.142 


—9.145 


Sine-inverse sine identity does not apply 


since 2 > w/2. a 
Find to four significant digits if possible using a calculator: 
(A) arcsin 0.2903 (B) sin’ !(—0.7633) 
(C) arcsin(—2.305) (D) sec[sin !(—0.3446) | 
(E) sin ![sin(-1.7)] g 


H@ Inverse Cosine Function 


Like the sine function, cosine must be restricted for us to be able to define inverse 
cosine as a function. But restricting it to the domain [—7/2, 7/2] won’t work 
since cosine is not one-to-one on that interval. 

The generally accepted restriction on the domain of the cosine function is 
0 = x S 7. This choice ensures that the inverse of the restricted cosine function 
will exist (Fig. 9). 


* Some calculators use a more advanced definition of the inverse sine function involving complex num- 
bers and will display an ordered pair of real numbers as the value of sin ! 1.357. You should interpret 
such a result as an indication that the number entered is not in the domain of the inverse sine function 
as we have defined it. 
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The inverse cosine function is defined as the inverse of the cosine function 


with domain restricted to [0, zr]. That is, 


'y and y = arccos x 


y = cos 
are equivalent to 
cosy =x  foryin[0, 7]. 
The inverse cosine of x is the number or angle y,0 = y = 7, whose cosine 
is x. The y values in this interval are called the principal values of the inverse 
cosine function. 


Figure 10 compares the graphs of the restricted cosine function and its inverse. 
Notice that (0, 1), (77/4, V2/2), (7/2, 0), (37/4, -V/2/2), and (zr, —1) are on 
the restricted cosine graph. Reversing the coordinates gives us five points on the 
graph of the inverse cosine function. 


FIGURE 10 y y 
A A 
(1, a) 
---7 
y = cos !x 
= arccos x 
: > 
—1 0 1 
Domain: 0=x = 7 Domain: -1=x=1 
Range: -lSy=1 Range:0 =y=7 
(a) Cosine function restricted to domain (b) Inverse cosine function 


[0, 7] 


Note that the graph of y = cos” !x is the reflection of the graph of y = cos x 
through the line y = x. 

We will complete our discussion of inverse cosine by giving the cosine—inverse 
cosine identities. 


COSINE-INVERSE COSINE IDENTITIES 


cos(cos! x) = 1 


an 


IA 


Bs || Ss x 
BX: 0) == x 


IA 


cos !(cos x) = 
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EXAMPLE 3 


Solution 


EXPLORE/DISCUSS 3 


Use a calculator to evaluate each of the following. Which illustrate a 
cosine—inverse cosine identity and which do not? Explain. 


(A) cos(cos ! 0.5) (B) cos(cos ! 18) 
(C) cos !(cos 1.1) (D) cos ![cos(—1)] 
Exact Values 


Find exact values if possible without using a calculator: 


(A) cos! 5 (B) arccos(—V3/2) (C) cos(cos! 0.7) 
(D) sin[cos !(—4)] (E) cos ![cos(57/4)] 


In Example 1, we used a unit circle approach to finding exact values. In this 

example, we will construct reference triangles. You can use either method. 

(A) y= cos | 5 is equivalent to cos y = 7 0 = y S wm. What y between 0 and 
a has cosine i? This y must be associated with a first-quadrant reference tri- 
angle (see Fig. 11): 


f 
2 | 
1 v3 Reference triangle is a special 
cos y = 2 va) 30°-GO°-90° triangle, so 
il y= Wid. 
FIGURE 11 

1 7 

cos © = > 

2 ) 


(B) y = arccos(—V3/2) is equivalent to cos y = —V3/2,0 < y S 7. What 
y between 0 and 7 has cosine — V3/2? This y must be associated with a sec- 


ond quadrant reference triangle (see Fig. 12): 


Reference triangle is a spe- 
cial 30°-60°-90° triangle, 
s0y = 57/6. 


cos y 


Is 


FIGURE 12 
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( 2) Sar 
arccos{| -——— ] = —— 


2 6 
[Note: y cannot be —5zr/6, even though cos(—5/6) = —V3/2. Why?] 
(C) cos(cos ! 0.7) = 0.7 Cosine-inverse cosine identity (0.7 is in [—1, 1]) 
(D) Let y = cos !(—4); then cos y = -} 0 = y S za. Draw a reference triangle 


associated with y; then we can determine sin y = sin[cos!(—} ] directly 
from the triangle (after finding the third side) without actually finding y (see 
Fig. 13): 


FIGURE 13 


al ( )] aw 
Sin} COS = 0) = 
3 3 


(E) The second cosine-inverse cosine identity doesn’t apply since 57r/4 is not 
between 0 and 7. Instead, we first note that cos(5a/4) = —1/~V2 (see the 
lower reference triangle in Fig. 14); then we use the upper reference tri- 
angle to see that the angle between 0 and 7 whose cosine is —1/V2 is 
32/4. So cos !(cos(5a/4)) = 32/4. 


FIGURE 14 || 
Matched Problem 3 __ Find exact values if possible without using a calculator: 
(A) arccos(V2/2) (B) cos !(-1) (C) cos !(cos 3.05) 


(D) cot[cos!(-1/V5)] (BE) cos |[cos(—7/4)] | 
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EXAMPLE 4 


Solution 


Matched Problem 4 


EXAMPLE 5 


Solution 


Matched Problem 5 


Calculator Values 

Find to four significant digits if possible using a calculator: 
(A) cos ! 0.4325 (B) arccos(—0.8976) 

(C) cos! 2.137 (D) cse[cos !(—0.0349) ] 

(E) cos ![cos(3.5) ] 


Set your calculator in radian mode. 

(A) cos! 0.4325 = 1.124 

(B) arccos(—0.8976) = 2.685 

(C) cos! 2.137 = Error 2.137 i not in the domain of cos", 
Made posi oe ee ee 


(E) cos ![cos(3.5)] = 2.783 Cosine-inverse cosine identity does | 
not apply since 3.5 > 7. 


Find to four significant digits if possible using a calculator: 


(A) arccos 0.6773 (B) cos !(—0.8114) (C) arccos(—1.003) 
(D) cot[cos !(—0.5036)]  (E) cos ![cos(—1)] ai 
Exact Values 


Find the exact value of cos(sin 2 — cos! 4) without using a calculator. 


We can use the difference identity for cosine and the procedure outlined in 
Examples 1D and 3D to obtain 


cos(x — y) = cosxcosy + sin x sin y 


cos(sin ! 2 — cos! 4) = cos(sin ! 2) cos(cos! 2) + sin(sin™ 2) sin(cos ! 4) 
4 4 3 3 
= (3) + (5) (5) 
= 1 Oo 
Find the exact value of sin(2 cos ! 2) without using a calculator. a 


@ Inverse Tangent Function 


The customary choice for restricting the domain of the tangent function is 
—17/2 <x < w/2 (Fig. 15). Since the tangent function is one-to-one for this 
restriction, we can define inverse tangent as the inverse of this restricted function. 


FIGURE 15 
y = tan x is one-to-one for 


—m/2<x< 7/2 


FIGURE 16 
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The inverse tangent function is defined as the inverse of the tangent func- 
tion with domain restricted to (—7/2, 77/2). That is, 


1 


y=tan x and y = arctanx 


are equivalent to 
tany=x  foryin(—7/2, 7/2) 
The inverse tangent of x is the number or angle y, —7/2 < y < 7/2, whose 


tangent is x. The y values in this interval are called the principal values of 
the inverse tangent function. 


Figure 16 compares the graphs of the restricted tangent function and its inverse. 
Notice that (—7/4, —1), (0, 0), and (7/4, 1) are on the restricted tangent graph. 
Reversing the coordinates gives us three points on the graph of the inverse tangent 
function. Also note that the vertical asymptotes become horizontal asymptotes. 


y 
A 
y = tan7!'x 
= arctan x |7 
2 
> X 
Domain: =F <x< z Domain: All real numbers 
‘ ape ae 
Range: All real numbers Range: —5 <y <3 
(a) Tangent function restricted to domain (b) Inverse tangent function 


(-3, 3) 
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Note that the graph of y = tan”! x is the reflection of y = tan x through the line 
y= x. 
We next state the tangent—inverse tangent identities. 


TANGENT-INVERSE TANGENT IDENTITIES 


tan(tan! x) = x forall x 


tan ‘(tanx) =x —-m/2<x< 7/2 


EXPLORE/DISCUSS 4 


Use a calculator to evaluate each of the following. Which illustrate a tangent— 
inverse tangent identity and which do not? Explain. 


(A) tan(tan | 25) (B) tan[tan '(—325)] 
(C) tan !(tan 1.2) (D) tan '[tan(—7r) ] 


Find exact values without using a calculator: 


(A) tan!(—1/V3) — (B) tan '[tan(—1.2)] (©) tan! (tan 7) 


Solution (A) y = tan !(—1/¥V3) is equivalent to tan y = —1/V3, where y satisfies 
—1/2 < y < m/2. What y between —7/2 and 7/2 has tangent —1/V3? 
This y must be negative and associated with a fourth-quadrant reference tri- 
angle (see Fig. 17): 


tan y = —= 4 Special 50°-60°-90" triangle, so 


V3 | y= -7/6. 


FIGURE 17 


Matched Problem 6 


EXAMPLE 7 


Solution 


Matched Problem 7 


EXAMPLE 8 


Solution 
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[Note: y cannot be 1177/6. Why?] 
(B) tan '[tan(—1.2)] =-12 Tangent-—inverse tangent identity 


(C) The second tangent—inverse tangent identity doesn’t apply since 7 is not in 
(—7 /2, 7/2). Instead, we first note that tan 7 = 0 (since sin 7 = 0 and 
cos 7 = —1). We also note that tan”!(0) is the number between —7/2 and 
a /2 whose tangent is 0, which is 0. That is, tan !(tan 7) = 0. | 


Find exact values without using a calculator: 


(A) arctan V3 (B) tan(tan ! 35) (C) tan '[tan(32 /4)] | 


Calculator Values 
Find to four significant digits using a calculator: 


(A) tan! 3 (B) arctan(—25.45) (C) tan”! 1,435 
(D) sec[tan !(—0.1308) ] (E) tan !(tan 2) 


Set calculator in radian mode. 


(A) tan! 3 = 1.249 (B) arctan(—25.45) = —1.532 
(C) tan! 1,435 = 1.570 (D) sec[tan !(—0.1308) ] = 1.009 
(E) tan!(tan 2) = —1.142 Bo 


Find to four significant digits using a calculator: 


(A) tan! 7 (B) arctan(—13.08) (C) tan! 735 
(D) csc[tan7!(—1.033) ] (E) tan!{tan(—3)] i 


Finding an Equivalent Algebraic Expression 


Express sin(tan x) as an algebraic expression in x. 


Let 
y=tan! x ee ee 
2 2 
or, equivalently, 
tany=x=— Le gee 
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The two possible reference triangles for y are shown in Figure 18. 


> la 
> la 


or 


vane) 
| 
x 
iM 
| 
| 
eos eee 
2 2 
FIGURE 18 
Reference triangles for y= tan |x 
In either case, 
r=Vx4+1 
Then 
: -| ‘ x Xx 
sin(tan x) = siny = — = | 
r Vx +1 
Matched Problem 8 Express tan(arccos x) as an algebraic expression in x. Oo 


The inverse trigonometric functions can also be used if angles are measured 
in degrees. In that case, we simply convert values in the range of the inverse 
trigonometric function from radians to degrees. For example, tan! 1 is written as 
45° rather than as 7/4. 


@ Summary 


We will conclude this section by summarizing the definitions of the inverse trigono- 
metric functions in the box below for convenient reference. 


y= sin’ x is equivalent to x = siny where -1 = x = land-w/2=y= 7/2 
y = cosy x is equivalent to x = Cosy Whee = Sr Ss lads y= x 
y= dane x is equivalent to oe tanhy where x is any real number and —77/2 < y < a/2 
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vis 


> X 


> X 
Domainy = 51 Domains lero Domain: All real numbers 
Range: =F sys a Range: 0 =y=a7 Range: =f <y <5 
(a) (b) (c) 
Answers to 1. (A) 7/4. (B) -7/2 (C) -0.4 (D) -} () Not defined 
Matched Problems ye SE eM ©) 2 ©) 
2. (A) 0.2945 (B) —0.8684 (C) Notdefined (D) 1.065 (E) —1.442 
3. (A) 7/4 (B) 7 (C) 3.05 (D) —5 (E) Not defined 
4. (A) 0.8267 (B) 2.517 (C) Notdefined (D) —0.5829 (E) 1 
5. = 6. (A) 7/3 (B) 35 (C) Not defined 
7. (A) 1.429 (B) —-1.494 (C) 1.569 (D) —1.392 (E) 0.1416 
1- x 
8. 
x 
EXERCISE 5.1 
- Explain why there are many potential answers to the In Problems 5-12, Find exact real number values without 
question “For what number x is sin x equal to 1/2?” using a calculator. 
. Of the many possible numbers x for which sin x = 1/2, 5. sin! 0 6. cos! 0 
why do we have to choose one of them in defining 7. arccos(V3/2) 8. arcsin(V3/2) 
sin '(1/2)? Which do we choose? 4 
a ; ; : 9. tan 1 10. arctan V3 
. Why is it not sufficient to restrict the domain of y = cos x 1. egg 12. sin“(1/V2) 


to [—a /2, 7/2] when defining inverse cosine? 


. Explain why the domain of inverse sine and inverse In Problems 13-18, evaluate to four significant digits using a 


cosine is [—1, 1], but the domain of inverse tangent is all calculator. 
real numbers. 13. cos !(—0.9999) 14. sin™!(—0.0289) 
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15. tan! 4.056 16. tan !(—52.77) 

17. arcsin 3.142 18. arccos 1.001 

19. Explain how to find the value of x that produces the 
result shown in the graphing calculator window below, 
and find it. The calculator is in degree mode. Give the 
answer to six decimal places. 


sirci’és) 
37. G6G68088 


20. Explain how to find the value of x that produces the 
result shown in the graphing calculator window below, 
and find it. The calculator is in radian mode. Give the 
answer to six decimal places. 


Ho 
1. B66868888 


B In Problems 21-36, find exact real number values, if possible 


without using a calculator. 


21. arccos(—4) 22. arcsin(—1/V2) 
23. tan!(-1) 24. arctan(— V3) 
25. sin '(—V3/2) 26. cos !(-1) 

27. cos1\(—V3/2) 28. sin"'(-1) 


29. sin[sin™!(—0.6) ] 30. tan(tan! 25) 
31. cos[sin (—-1/V2)] 32. sec[sin !(—V3/2)] 
33. tan(sin !4) 34, sin(cos! 7”) 
35. cos[tan”! (—2)] 36. sin(tan~! 10) 


In Problems 37-42, evaluate to four significant digits using a 
calculator. 


37. tan” !(—4.038) 38. arctan(—10.04) 
39. sec[sin !(—0.0399)] 40. cot[cos!(—0.7003) ] 
41. tan'(tan 3) 42. cos ![cos(—2)] 


Graph the function in Problems 43 and 44 with the aid of 
a calculator. Plot points using x values —1.0, —0.8, —0.6, 
—0.4, —0.2, 0.0, 0.2, 0.4, 0.6,0.8, and 1.0; then join the 
points with a smooth curve. 


43. y = sin! x 44. y=cos!x 


In Problems 45-54, find the exact degree measure of 0 if possible 
without a calculator. 


45. @ = arccos(—1/2) 46. 6 = arcsin(—1/V2) 
47. 0 = tan |'(-1) 48. 6 = arctan(— V3) 

49. 6 = sin !(—V3/2) 50. 6 = cos !(-1) 

51. 6 = arcsin(tan 60°) 52. @ = arccos|tan(—45°) | 


53. @ = cos |[cos(—60°)] 54. @ = sin !(sin 135°) 


In Problems 55-60, find the degree measure of 0 to two deci- 
mal places using a calculator. 


55. 6 = tan | 3.0413 
57. 6 = arcsin(—0.8107) 
59. 6 = arctan(—17.305) 


56. 6 = cos | 0.7149 

58. 6 = arccos(—0.7728) 
60. @ = tan !(—0.3031) 
61. Evaluate cos ![cos(—0.3)] with a calculator set in ra- 


dian mode. Explain why this does or does not illustrate a 
cosine—inverse cosine identity. 


62. Evaluate sin![sin(—2)] with a calculator set in radian 
mode. Explain why this does or does not illustrate a 
sine—inverse sine identity. 


63. The identity sin(sin! x) = x is valid for —1 = x <1. 


(A) Graph y = sin(sin™! x) for-1 = x <1. 


(B) What happens if you graph y = sin(sin”! x) over a 
wider interval, say -2 = x = 2? Explain. 
64. The identity cos(cos! x) = x is valid for —1 = x < 1. 


(A) Graph y = cos(cos! x) for-1 = x = 1. 


(B) What happens if you graph y = cos(cos ! x) over a 
wider interval, say —-2 = x = 2? Explain. 


Cc In Problems 65-74, find exact real number values without 


using a calculator. [Hint: Use identities from Chapter 4.] 
65. sin[arccos + + arcsin(—1)] 

66. cos{cos !(—V3/2) — sin !(—4)] 

67. sin[2 sin !(—2)] 


cos | ; 
68. cos 
2 


69. cos(arctan 2 + arcsin +) 


70. sin(arccos 2 — arctan 5) 
71. tan(sin ! + — cos! 4) 
72. tan(cos!3 + tan”! 3) 
arctan(—2) 
sin] ————— 
2 


74. tan(2 arcsin 2) 


In Problems 75-78, write each as an algebraic expression in 
x free of trigonometric or inverse trigonometric functions. 
75. sin(cos'! x), -lSx=1 

76. cos(sin! x), -l1<x<=1 

77. tan(arcsinx), -ls=x=<1 


78. cos(arctan x) 


Verify each identity in Problems 79 and 80. 
79. tan '(—x) = —tan! x 
80. sin '(—x) = —sin! x 
81. Let f(x) = cos !(2x — 3). 


(A) Explain how you would find the domain of f and 
find it. 


(B) Graph f over the interval 0 = x = 3 and explain the 
result. 


+ 1 
82. Let g(x) = sn-( Z 5 } 


(A) Explain how you would find the domain of g and 
find it. 


(B) Graph g over the interval —4 = x = 2 and explain 
the result. 


83. Leth(x) = 3 + 5sin(x — 1),-7/2 Sx S14 7/2. 
(A) Find h!(x). 
(B) Explain how x must be restricted in A7!(x). 


84. Let f(x) = 4 + 2cos(x — 3), 
—-7/2Sx534 7/2. 


(A) Find f7!(x). 
(B) Explain how x must be restricted in f(x). 


85. The identity sin™!(sin x) = x is valid for 
—m/2sxs 7/2. 
(A) Graph y = sin”!(sin x) for —a7/2 = x = 77/2. 


(B) What happens if you graph y = sin”!(sin x) over a 
larger interval, say —2a7 S x S 277? Explain. 


86. The identity cos!(cos x) = x is valid for0 = x = . 


(A) Graph y = cos !(cos x) for0 = x = m. 


(B) What happens if you graph y = cos !(cos x) over a 
larger interval, say —27 S x S 2a? Explain. 


Verify each identity in Problems 87-90. 


87. sin x = an ( 


vice) 
vie) 


88. cos lx = aan ( 
x 


89. sin(2 arcsin x) = 2x 


90. tan(2 arctan x) = 
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91. 


92. 


93. 


3 Applications 


Viewing Angle A family is hoping to see a space shut- 
tle launch from their hotel balcony, which is 5.2 mi from 
the launch site. The viewing angle (in degrees) between 
the horizontal from their balcony and the shuttle is given 
by the equation 9 = tan !(x/5.2), where x is the altitude 
of the shuttle in miles. Due to cloud cover, launch engi- 
neers announce that the shuttle’s best visibility will be 
when it reaches a height of 3 mi. At what angle should 
the family look to see the shuttle at that height? 


Viewing Angle A photographer is set up on a bridge 
over a river because she hears that a celebrity is sun- 
bathing on a boat coming down the river. The boat will 
come around a bend in the river that is 0.2 mi from the 
bridge. The viewing angle (in degrees) below the hori- 
zontal to a boat on the river is given by the equation 
6 = 90 — tan"!(x/74), where x is distance (in feet) 
from the base of the bridge to the boat. At what angle 
should the photographer set up her camera to be ready 
for a shot when the boat first comes into view? 

Sonic Boom An aircraft flying faster than the speed of 
sound produces sound waves that pile up behind the air- 
craft in the form of a cone. The cone of a level flying air- 
craft intersects the ground in the form of a hyperbola, 
and along this curve we experience a sonic boom (see the 
figure on the next page). In Section 2.4 it was shown that 


0 Speed of sound 


i = 1 
- 2 Speed of aircraft (1) 
where 6 is the cone angle. The ratio 
Speed of aircraft 
M= (2) 


Speed of sound 


is the Mach number. A Mach number of 2.3 would indi- 
cate an aircraft moving at 2.3 times the speed of sound. 
From equations (1) and (2) we obtain 
i 1 
sin — = — 
2 M 

(A) Write @ in terms of M. 
(B) Find @ to the nearest degree for M = 1.7 and for 

M = 2,3. 
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parallel to and 5 yd inside the sideline. Assuming the 
player has a clear shot all along this line, is there an opti- 
mal distance x from the end of the field where the shot 
should be taken? That is, is there a distance x for which 
0 is maximum? Parts (A)—(D) will attempt to answer this 
question. 


Penalty area 


Figure for 93 


94. Space Science A spacecraft traveling in a circular orbit 
h miles above the earth observes horizons in each direc- 
tion (see the figure). 


(A) Express @ in terms of h and 7, where r is the radius 
of the earth (3,959 mi). 


(B) Find 6, in degrees (to one decimal place), for 


h = 425.4 mi. 
; ia ; (A) Discuss what you think happens to @ as x varies 
(C) Find the length (to the nearest mile) of the arc sub- from 0 yd to 55 yd. 


tended by angle @ found in part (B). What percent- 
age (to one decimal place) of the great circle 
containing the arc does the arc represent? (A great “1 8x 
circle is any circle on the surface of the earth hav- oor ( x2 + 609 ) 
ing the center of the earth as its center.) 


Figure for 95 


(B) Show that 


. tana+tanB . 
Hint: tan(a + B) = = eae is useful. 
— tana tan 


+ Spacecraft 

(C) Complete Table 1 (to two decimal places) and select 
the value of x that gives the maximum value of @ in 
the table. (If your calculator has a table-generating 
feature, use it.) 


TABLE 1 


x (yd) 10 15 20 25 30 35 


0 (deg) | 6.44 


(D) Graph the equation in part (B) in a graphing calcu- 
lator for 0 = x = 55. Describe what the graph 
shows. Use the |MAXIMUM| command to find the 
maximum @ and the distance x that produces it. 


Figure for 94 96. Precalculus: Related Rates The figure on the next 
page represents a circular courtyard surrounded by a 

95. Precalculus: Sports A particular soccer field is 110 yd high stone wall. A floodlight, located at E, shines into the 
by 60 yd, and the goal is 8 yd wide at the end of the field courtyard. A person walks from the center C along CD to 


(see the figure). A player is dribbling the ball along a line D, at the rate of 6 ft/sec. 


Figure for 96 


(A) Do you think that the shadow moves along the cir- 
cular wall at a constant rate, or does it speed up or 
slow down as the person walks from C to D? 


(B) Show that if the person walks x feet from C along 
CD, then the shadow will move a distance d given 
by 


d = 2r@ = 2r tan (1) 
a 


where @ is in radians. [Hint: Draw a line from A to 
C.] Express x in terms of time ¢, then for a courtyard 
of radius r = 60 ft, rewrite equation (1) in the form 


t 
d = 120tan ! Ts (2) 


(C) Using equation (2), complete Table 2 (to one deci- 
mal place). (If you have a calculator with a table- 
generating feature, use it.) 


TABLE 2 
t(secc) | 0 1 23 4 5 6 7 8 9 10 
d(ft) | 0.0 12.0 


(D) From Table 2, determine how far the shadow 
moves during the first second, during the fifth sec- 
ond, and during the tenth second. Is the shadow 
speeding up, slowing down, or moving uniformly? 
Explain. 
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(E) Graph equation (2) in a graphing calculator for 
0 = t = 10. Describe what the graph shows. 


. Engineering Horizontal cylindrical tanks are buried 


underground at service stations to store fuel. To 
determine the amount of fuel in the tank, a “dip stick” 
is often used to find the depth of the fuel (see the 
figure). 


Figure for 97 


98. 


(A) Show that the volume of fuel x feet deep in a hori- 
zontal circular tank L feet long with radius 5 x < r, 
is given by (see the figure) 


V= [7 cos! = ~(r—-x) VP=(r eh 


(B) If the fuel in a tank 30 ft long with radius 3 ft is 
found to be 2 ft deep, how many cubic feet (to the 
nearest cubic foot) of fuel are in the tank? 


(C) The function 


(-2) Vo-B=3) | 


represents the volume of fuel x feet deep in the tank in 
part (B). Graph y; and yz = 350 in the same viewing 
window and use the|INTERSECT| command to find the 
depth (to one decimal place) when the tank contains 
350 ft* of fuel. 


Engineering In designing mechanical equipment, it 
is sometimes necessary to determine the length of the 
belt around two pulleys of different diameters (see the 
figure on the next page). 


y= 30|9 cos! ne 


3085 


D>d 


Figure for 98 


(A) Show that the length of the belt around the two pul- 
leys in the figure is given by 


L=a7D + (d — D)6 + 2C sind 
where 6 (in radians) is given by 
D-d 
6 = cos | ———— 
cos Yai 


(B) Find the length of the belt (to one decimal place) if 


D = 6in.,d = 4in., and C = 10 in. 
1 ) 
x 


The function 

represents the length of the belt around the two pul- 
leys in part (B) when the centers of the pulleys are x 
inches apart. Graph y, and y) = 40 in the same 
viewing window, and use the |INTERSECT| com- 
mand to find the distance between the centers of the 
pulleys (to one decimal place) when the belt is 40 in. 
long. 


Statistics Statisticians often use functions, such as 
y = log x, to transform data before applying various 
tests to the data. A popular choice is the arcsin trans- 
formation y = arcsin Vx, where x, 0 < x < 1, is in 
the original data set and y is in the transformed data set. 
After the analysis is completed, the inverse of the arcsin 
transformation is used to return to the original data. Find 
the inverse of y = arcsin Vx. 


100. Statistics A variation of the arcsin transformation is 
y = arcsin Vx/B where B is a constant satisfying 


(C) 


1 
2cos ! t 
x 


y, = 67 2x sin( cos" 
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0 = x = B for x in the original data set and y is in 
the transformed data set. Find the inverse of this 
transformation. 


The population of some species of songbirds has been declin- 
ing while others are thriving. Since it is impossible to take a 
census of birds, scientists devise population indexes to esti- 
mate bird populations using data from a variety of sources. 


101. Bird Populations Complete parts (A)-(E) to construct 
a model for the population index for Henslow’s sparrows. 


(A) Produce a scatter plot of the data in Table 1, where 
x is years since 1988, 2 = x = 18, and y is the pop- 
ulation index,O = y = 1. 

Use the arcsin transformation in Problem 99 to 
transform the data. That is, evaluate the arcsin trans- 
formation at 0.657, 0.642, and so on. 


(B) 


(C) Produce a scatter plot for the transformed data using 
2= x = 18and0 <= y’ = 1 (where y’ represents 


the transformed data). 


(D) Fit the transformed data with a linear regression line 
and add the graph of this line to the scatter plot in 
part (C). 

If y = ax + bis the regression line and f(x) is the 
inverse of the arcsin transformation from Problem 
99, add the graph of y = f(ax + b) to the scatter 
plot in part (A). Does f(ax + b) appear to be a 
good model for these data? 


102. Bird Populations Repeat Problem 101 using the data in 
Table 2 on the next page for Magnolia warblers. Change 
the viewing window in part (C) to0 = y’ = 1.6. 


(E) 


Wind farms have become a valuable source of renewable 
energy. Problems 103 and 104 involve data collected from the 
electrical generators in two windmills on an offshore wind 
farm. The electricity generated by the windmills at various 
wind speeds is given in Table 3 on the next page. The wind 
speed is given in mph (miles per hour) and the windmill out- 
put is given in mwh (megawatt hours). 


103. Wind Farms Complete parts (A)-(E) to construct a 
model for the electricity generated by windmill A. 


TABLE 1 

Henslow’s Sparrows 

Year 1990 1992 1994 1996 1998 2000 2002 2004 2006 
Index 0.657 0.642 0.437 0.481 0.425 0.399 0.374 0.370 0.341 
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TABLE 2 

Magnolia Warblers 

Year 1990 1992 1994 1996 1998 2000 2002 2004 2006 
Index 0.686 0.731 0.703 0.884 0.974 0.836 0.912 0.940 0.989 
TABLE 3 

Wind speed 10 15 20 25 30 35 40 
Output from windmill A 69 325 836 1,571 1,965 1,993 1,999 
Output from windmill B 52 277 748 1,452 1,785 1,952 1,989 


(A) Produce a scatter plot for windmill A using 
10 = x = 40 and 0 € y € 2,000. 


(B) Use the arcsin transformation in Problem 100 with 
B = 2,000 to transform the output from windmill 
A. That is, evaluate the arcsin transformation at 69, 
325, and so on. 


(C) Produce a scatter plot for the transformed data using 
10 = x = 40 and 0 = y’ = 1.6 (where y’ repre- 
sents the transformed data). 

(D) Fit the transformed data with a linear regression line 


and add the graph of this line to the scatter plot in 
part (C). 


(E) If y= ax + bis the regression line and f(x) is the 
inverse of the arcsin transformation from Problem 
100, add the graph of y= f (ax + b) to the scatter 
plot in part (A). Does f(ax + b) appear to be a 
good model for these data? 


104. Wind Farms Repeat Problem 103 using the data for 
windmill B. 


*5.2 Inverse Cotangent, Secant, and Cosecant 


Functions 


° Definition of Inverse Cotangent, Secant, and Cosecant 


Functions 


© Calculator Evaluation 


B Definition of Inverse Cotangent, Secant, 
and Cosecant Functions 


In most applications that require the use of inverse trigonometric functions, state- 
ments involving cotangent, secant, and cosecant can be rewritten in terms of 


* Sections marked with a star may be omitted without loss of continuity. 
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tangent, cosine, and sine. For this reason, inverse cotangent, secant, and cosecant 
are not widely studied. In this optional section, we will provide a brief look at 
these functions. Our approach will parallel the methods we used in the previous 


section. 


We begin by identifying the standard choices of restricted domains for cotan- 
gent, secant, and cosecant that make each one-to-one. This allows us to define their 


inverses. 


INVERSE COTANGENT, SECANT, AND COSECANT FUNCTIONS 


y= cot ! x is equivalent to 
y= sec! x is equivalent to 
y=csc!x is equivalent to 
BY) 
A 
eee poprccnnon 
y =cot !x 
a 
2 
1 1 1 1 — XG 
PVN 


Domain: All real numbers 


Range: 0 


[Note: The ranges for sec”! and csc™ 


SVS 


(a) 


STANDARD DOMAIN RESTRICTIONS FOR COTANGENT, 


SECANT, AND COSECANT FUNCTIONS 


cot x: QO< 7 < @ 
sec Xx: OS 2 Sane = w/2 
csc x: =U /2) 38S w/e = O 


Now we are ready to define the inverses of these three functions. 


~ 4 


x = coty where 0 < y < mw and x is any real number 
x = secy whereO0 Sy = 7,y 4 7/2, andx = -—lorx=1 
x = cscy where —7/2 = y S$ 7/2,y 4 0,andx S —lorx =1 


>< 
>< 


Domainex = — lon = | 
Range: =FSySqy 70 


Domain: x = —1 or x21 
as ae 
Range: 0=y=myF 5 


(b) (c) 


' are sometimes selected differently. ] 


1 


The functions y = cot ! x, y= sec! x, and y = csc x are also denoted by 


y = arccot x, y = arcsec x, and y = arccsc x, respectively. 
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EXPLORE/DISCUSS 1 


Which of the following are not defined? Why not? 
cot '(—0.5) sec !(—0.3) csc ! 0.9 
Cor ( — LOOM 000)) "seen (4.25. 10") escr (G25 < 105") 


EXAMPLE 1 Exact Values 


Find exact values without using a calculator: 


(A) arccot(—1) (B) sec™!(2/V/3) 


Solution (A) y = arccot(—1) is equivalent to cot y = —1,0 < y < a. What number 
between 0 and 7 has cotangent —1? This y must be positive and in the sec- 
ond quadrant (see Fig. 1): 


T 

om 
t 1 : 
co — fd 
= 1 

ad 

a" 


FIGURE 1 
In Figure 1, y = 37/4, so 
377 
arccot(—1) = — 
(1) = 

y = sec !(2/V3) is equivalent to sec y = 2/V3,0< y < 7,y # 7/2. 
What number between 0 and 7 has secant 2/3? This y is positive and in 
the first quadrant. We can draw a reference triangle, as shown in Figure 2. 


(B 


wm 


2 ‘ 
| 
sec y = _ veal y= - 
vel 
FIGURE 2 
In Figure 2, y = 7/6, so 
2 7 
-l 
sec —= = — fai} 
V3 «6 


Matched Problem 1 __ Find exact values without using a calculator: 


(A) arccot(— V3) (B) csc!(—2) | 
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EXAMPLE 2 


Solution 


Matched Problem 2 


A Caution 


Exact Values 


Find the exact value of tan{sec '(—3)] without using a calculator. 


Let y = sec !(—3); then 
sec y = —3 Osysa, y#7/2 


This y is positive and in the second quadrant. Draw a reference triangle, find the 
third side, and then determine tan y from the triangle (see Fig. 3): 


A 
(a, b) 
ee ae : pave i 
1 b y = V6 
= 2V2 
= 
FIGURE 3 
Using the values labeled in Figure 3, 
tan[sec '(—3)] = tan y ° _ —2V2 a 
Find the exact value of cot[csc~!(—3)] without using a calculator. Oo 


HB Calculator Evaluation 
Many calculators have keys for sin, cos, tan, sin |, cos |, tan ~, or their equivalents. 
To find sec x, csc x, and cot x using a calculator, we can use the reciprocal identities 


1 
csc xX = > cotx = 
COS x sin x tan x 


| 


sec X = 


It’s very tempting to assume that sec!x = 1/(cos !x), esc !x = 1/(sin™!x), 
and cot !x = 1/(tan~!x). Unfortunately, these equations are simply not true! The 
correct reciprocal identities are provided in the box on page 313. These can be 


used to evaluate sec |x, csc! x, and cot !x using a calculator that has only sin |, 
cos !, and tan! keys. 


We will establish the first part of the inverse cotangent identity stated in the box 
on page 313. The inverse secant and cosecant identities are left to you to do (see 
Problems 71 and 72, Exercise 5.2). 

Let 


y = cot! x x >0 
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Then 
coty = x 0<y<7/2 Definition of cot’ 
1 
=x 0<y<7/2 Reciprocal Identity 
tan y 
1 
tan y = —- 0<y< 7/2 Algebra 
—| 1 wae = 
y=tan' — O0<y<7/2 Definition of tan 
Xx 


We have shown that 


= _, 1 
cot! x =tan!— forx >0 
x 


INVERSE COTANGENT, SECANT, AND COSECANT 
IDENTITIES 


sec 'x = cos! 


csc x = sin 


BARE cestator rataation 
\ 


Use a calculator to evaluate the following as real numbers to three decimal places. 


(A) cot | 4.05 (B) csc !(—12) 


a 

x 
ale 

x 


Solution (A) With the calculator in radian mode, 


= =e 1 
1405 =tayt t= Ny = tant) 
cot ‘ 4.05 = tan 4.05 0.242 Use cot ‘x = tan “ 


(B) With the calculator in radian mode, 


= ae = a1 
csc '(-12) = sin 3) = —0.083 Use csc 'x = sin | . Oo 


Matched Problem 3 _— Use acalculator to evaluate the following as real numbers to three decimal places. 


(A) cot! 2.314 (B) sec '(—1.549) | 
Answers to 
Matched Problems 1. (A) 57/6 (B) —7/6 2. 3 3. (A) 0.408 (B) 2.273 
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EXERCISE 5.2 


Look at the graph of y = sec x on the interval [—27r, 277] 
and explain why [0, 7] is a reasonable choice of restrict- 


ed domain to use in defining inverse secant. 
Look at the graph of y = csc x on the interval [—277, 27] 


and explain why [—7/2, 7/2] is a reasonable choice of 
restricted domain to use in defining inverse cosecant. 


Look at the graph of y = cot x on the interval [ —27r, 27 
and explain why [0, 7] is a reasonable choice of restrict- 


ed domain to use in defining inverse cotangent. 


Use the graph of y = sec x to choose an interval of length 
ar, different from the standard interval in this section, so 
that secant is one-to-one if restricted to that interval. 
Repeat for y = csc x and y = cot x. 


In Problems 5-32, find the exact real number value of each if 
possible without using a calculator. 


5. 


Cc 


cot V3 6. cot !0 
arccsc 1 8. arcsec 2 
sec 1/2 10. csc! 2 

. sin(cot! 0) 12. cos(cot! 1) 

: tan(csc! 3) 14. cot(sec™! 3) 
cot !(-1) 16. sec"!(-1) 
arcsec(—2) 18. arcesc(— V2) 
arccsc(—2) 20. arccot(— V3) 
ese 15 22. sec !(—3) 
cos[ese!(—3)] 24. tan[cot™!(—1/V3)] 
cot[ sec !(—3)] 26. sin{cot !(—3)] 
cos[sec!(—2)] 28. sin[csc™!(—2)] 
cot(cot! 33.4) 30. sec[sec!(—44)] 
esc[esc™!(—4)] 32. cot[cot !(—7.3)] EEE 


In Problems 33-42, use a calculator to evaluate the following 
as real numbers if possible to three decimal places. 


33. sec! 5.821 34. cot | 2.094 
35. cot! 0.035 36. csc!(—1.003) 
37. csc! 0.847 38. sec !(—0.999) 
39. arccot(—3.667) 40. arccsc 8.106 


41. 


arcsec(—15.025) 42. arccot(—0.157) 
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In Problems 43-54, find the exact degree measure of 0 if pos- 
sible without using a calculator. 


43. 0 = arcsec(—2) 44, 6 = arecsc(—V2) 

45. 6 = cot !(-1) 46. 6 = arccot(—1/V3) 
47. 0 = csc !(—2/V3) 48. @ = sec !(-1) 

49. @ = arcsec(sin 60°) 50. 6 = arccsc(cos 45°) 
51. 6 = arccsc(sec 135°) 52. 6 = arccot[{cot (—30°)] 
53. 6 = cot |[cot (—15°)] 54. @ = sec !(sec 100°) 


In Problems 55-60, find the degree measure to two decimal 
places using a calculator. 


55. 0 = cot | 0.3288 
57. 6 = arccsc(—1.2336) 
59. 6 = arccot(—0.0578) 


56. 4 = sec! 1.3989 
58. 6 = arcsec(—1.2939) 
60. @ = cot !(—3.2994) 


In Problems 61-64, find exact values for each problem with- 
out using a calculator. 


61. tants C3) + tan! 4] 
62. tan[tan”! 4 — sec !(—V5)] 
63. tan[2 cot !(— 3)] 

64. tan[2 sec !(—V5)] 


In Problems 65-70, write each as an algebraic expression in 
x free of trigonometric or inverse trigonometric functions. 


65. sin(cot! x) 66. cos(cot ! x) 

67. csc(sec™! x) 68. tan(csc! x) 

69. sin(2 cot! x) 70. sin(2 sec! x) 

71. Show that sec"! x = cos!(1/x) forx = landx = —1. 
72. Show that csc! x = sin !(1/x) for x = landx = —1. 


Problems 73-76 require the use of a graphing calculator. Use 
Jan appropriate inverse trigonometric identity to graph each 


function in the viewing window 


73. y = sec! x 


1 


“S27 553,-7T = y=7. 


74. y = csc! x 


75. y =cot x [Use two viewing windows, one for 
—5 = x = 0, and the other for0 = x = 5.] 

76. y = cot! x [Using one viewing window, —5 = x = 5, 
graph y; = w(x <0) + tan !(1/x), where < is 


selected from the TEST menu. The expression (x < 0) 
assumes a value of | for x < 0 and 0 for x = 0.] 
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For the eri in meee i bee . that are iden- 81. cot( gent x)= | 
tities and give counter examples for those that are not. 
-1,) 4/2 
77. sectx + csc! x = a/2 82. tan(sec ' x) x +] 
Z = x 
78. tan'x + cot! x = a /2 83. sec! x = csc “ees 
Ee | 
79. csc(cot! x) = Vx* - 1 ¥ - 7 
+4 5) 84. csc “x = sec 
80. sec(tan x) = Var t+ 1 as | 


FIGURE 1 
Sin x= OS 


5.3 Trigonometric Equations: An Algebraic 
Approach 


° Introduction 
© Solving Trigonometric Equations Using an Algebraic Approach 


BH Introduction 
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In Chapter 4 we considered trigonometric equations called identities. These equations 
are true for all replacements of the variable(s) for which both sides are defined. We 
now consider another class of equations, called conditional equations, which may 
be true for some replacements of the variable(s) but false for others. For example, 


sin x = cos x 


is a conditional equation, since it is true for x = 7/4 and false for x = 0. (Check 


both values.) 


EXPLORE/DISCUSS 1 


Consider the simple trigonometric equation 


sin x = 0.5 


Figure | shows a partial graph of the left and right sides of the equation. 


= sinx 
y i 


(A) How many solutions does the equation have on the interval (0, 277)? What 


are the solutions? 


(B) How many solutions does the equation have on the interval (—oo, co)? 


Discuss a method of writing all solutions to the equation. 
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EXAMPLE 1 


Solution 


Explore/Discuss | illustrates the key issue in solving trigonometric equations: 
In many cases, if there is a solution at all, there are actually infinitely many. 

In this section we will solve conditional trigonometric equations using an alge- 
braic approach. In the next section we will use a graphing calculator approach. 
Solving trigonometric equations using an algebraic approach often requires the use 
of algebraic manipulation, identities, and some ingenuity. In some cases, an alge- 
braic approach leads to exact solutions. A graphing calculator approach uses graph- 
ical methods to approximate solutions to any accuracy desired (or that your 
calculator will display), which is different from finding exact solutions. The graph- 
ing calculator approach can be used to solve trigonometric equations that are either 
very difficult or impossible to solve algebraically. 


B Solving Trigonometric Equations Using an 
Algebraic Approach 


We will begin developing a general framework for solving trigonometric equa- 
tions by looking at a simple example. Since we will make liberal use of unit cir- 
cle diagrams, it would be a good idea to review the unit circle on page 103 before 
beginning. 


Solving a Simple Sine Equation 


Find all solutions to sin x = 1/2 exactly. 


You may recognize that one solution is x = 7/4. This is a good start. Now we 
need to find all of the other solutions. We will use a unit circle diagram as an aid 
(Fig. 2). To simplify notation, the point (1/2, 1/V2) on the unit circle at the 
angle 7/4 radians is labeled x = 7/4. The dotted horizontal line indicates that 
the height of that point is 1/2. 


FIGURE 2 


Matched Problem 1 


A Caution 


EXAMPLE 2 


Solution 
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Recall that for any x, sin x is defined to be the second coordinate (height) of a point 
on the unit circle corresponding to x. So there is a second solution directly across 
the circle from x = 7/4, at the same height: x = 37/4. Finally, we need a 
method of representing all other solutions. Because sine is periodic with period 
2a, 7/4 + 27 is also a solution, as are 7/4 — 27, 7/4 + 47, 7/4 — 4a, and 
so on. In general, any number of the form 7/4 + 2k, where k is any integer, is 
a solution. We will use this idea to write all of the infinitely many solutions as 


7 
4 + 2kar 
x= k any integer 
377 
—— + 2kar 
+ ia 
Find all solutions to sin x = 0.5 exactly. a 


It’s not uncommon for students to think of the “+ 2ka” part of the answer in 
Example | as an afterthought, which often leads to forgetting it in other solutions. 
But you could make a case for it being the most important part. The equation 
sin x = 1/V72 has infinitely many solutions, but without adding 2k7 to 7/4 and 
3a /4, you’ve only found two of them! 


A similar approach will work for equations of the form cos x = a and 
tan x = a, as illustrated in Example 2. 


Solving Cosine and Tangent Equations 


Find all solutions to each equation. Find exact solutions if possible; if not, approx- 
imate to two decimal places. 


(A) 3cosx —1=0 (B) V3tanx = 1 


(A) We will begin by solving for cos x so that we can use the procedure we devel- 
oped in Example 1. 


3cosx —1=0 Add 1 to both sides. 
3cos x = | Divide both sides by 3. 
1 
cos x = = 
3 


Now we need to find all numbers x whose cosine is 1/3. This is not one of 
the values we recognize for cosine, so we use a calculator (set in radian mode) 
to find cos '(1/3). 


x = cos /(1/3) = 1.23 


Since cosine is the first coordinate of a point on the unit circle, a second 
solution will lie directly below x = 1.23 (Fig. 3). This is x = 27 — 1.23, 
or 5.05. 
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FIGURE 3 


Matched Problem 2 


Since the period of cosine is 277, all solutions are given by 


+ 2ka 
x= 


5.05 + 2k k any integer 


(B) Begin by solving for tan x: 
V3 tan x = 1 Divide both sides by V3. 
tanx = 1/V3 
Since sin(7/6) = 1/2 and cos(7/6) = V3/2, tan(a/6) = 1/3. Thatis, 
one solution is x = 7/6. There is one other location on the unit circle whose 


tangent is 1/V3 (Fig. 4)—in the third quadrant, where tangent is positive: 
x=7/6+ 7 = 77/6. 


Tt 


x= "6 


FIGURE 4 


But it turns out that we don’t need to know this: Recall that the period of 
tangent is 77, so all solutions are given by 


x= S + ka, k any integer. Oo 


Find all solutions to each equation. Find exact solutions if possible; if not, approx- 
imate to two decimal places. 


(A) 5cosx +3 =0 (B) 5tanx = —5 | 


EXAMPLE 3 


Solution 


FIGURE 5 
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The results of the first two examples suggest a general procedure for solving 
trigonometric equations using an algebraic approach. 


SUGGESTIONS FOR SOLVING TRIGONOMETRIC 


EQ 


UATIONS ALGEBRAICALLY 


. Solve for a particular trigonometric function first. If it is not apparent 


how to do so: 

(A) Try using identities. 

(B) Try algebraic manipulations such as factoring, combining fractions, 
and so on. 


. Find all solutions within one period of the trigonometric function or func- 


tions involved. 


. Write all solutions by adding 2k7r, where k is any integer, for sine and 


cosine equations, or k7r for tangent equations. 


Now we will focus on equations where solving for the trigonometric func- 


tion is 


more challenging. 


Exact Solutions Using Factoring 


Find all solutions exactly for 2 sin? x + sin x = 0. 
Step 1 Solve for sin x: 
2 sin’ x + sinx = 0 Factor out gin x. 
sin x (2 sinx + 1) = 0 ab = Oonlyifa = Oorb=0. 
snx=0 or 2sinx+1=0 
sin x = —} 
Step 2 Solve each equation over one period [0, 277). Using a unit circle diagram 
(Fig. 5), we see that there are two solutions for sin x = 0 between 0 and 27, and 
two for sin x = —1/2 as well. The four solutions are x = 0, 7, 77/6, and 117 /6. 
A 
X= 7 x=0 
sa 

_7t _ lla 

to AG 


320 5 INVERSE TRIGONOMETRIC FUNCTIONS; TRIGONOMETRIC EQUATIONS AND INEQUALITIES 


Matched Problem 3 


EXAMPLE 4 


Solution 


Step 3 Write an expression for all solutions. Sine has period 27, so all solutions 
are given by 


0 + 2ka 
a + 2kar k id = 
any integer 
Tr /6 + Qk ota 
lla /6 + 2ka 
Find all solutions exactly for 2 cos” x — cos x = 0. a 


Exact Solutions Using Identities and Factoring 


Find all solutions exactly for sin 2x = sinx,0 = x < 2a. 


Step 1 Solve for sin x and/or cos x. 


sin 2x = sin x Use double-angle identity. 
2 sin x cos x = sin x Algebra 
2 sin x cos x — sinx = 0 Factor out sin x. 
sin x (2cosx — 1) =0 ab = Oonlyifa = Oorb=O. 
sinx =0 or 2cosx-—1=0 
1 
2 


COS X = 


Step 2. Solve each equation over one period, [0,27r). Note that we are asked 
only for solutions in the interval [0, 27r). Using a unit circle diagram (Fig. 6), we 
see that there are two solutions for sin x = 0 between 0 and 277, and two for 
cos x = 1/2 as well. The four solutions are x = 0, 7/3, 7, and 57/3. (Step 3 is 
unnecessary.) 


FIGURE 6 a 


Matched Problem 4 


EXAMPLE 5 


Solution 


FIGURE 7 
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2 


; : ; 1. 
Find exact solutions for sin* x = > sin 2x,0 S x < 27. | 


Exact Solutions Using Identities and Factoring 
Find all solutions exactly (in degree measure) for sin(@/2) = cos @ — 1. 


Step 1 Solve for sin 6 and/or cos 0. 
Use the half-angle identity: 


6 
sin — = cos@ — 1 9 _ | {1 cosé 
2 sin i : 
1 — cos@ 
+ a ae =cos@éd—- 1 Square both sides. 


edie cep sueeS aeeenea  enee erent Recall from algebra, squar- 


[1 — cos @ \* | ing both sides of an equa- 
( 2 ) = (cos 6 — 1) tion may introduce 


a SS ea ees ae ee eee ce extraneous solutions.” 


1 - 6 
= cos?6 — 2cos@ +1 Algebra 
1 — cos 6 = 2cos?0 — 4cos@ +2. Algebra 
2cos*@ — 3cos9+1=0 Factor: 2u* — 3u + 1 
(2 cos @ — 1)(cos6 — 1) = 0 = (2u — 1)(u — 1) 
2cos89-1=0 or cosd-1=0 
1 
0= 6=1 
cos 5 cos 


Step 2 Solve each equation over [0,720°), one period of sin (0/2). Figure 7 
shows the locations on the unit circle where cos 6 = 1/2 or cos 9 = 1. These 
correspond to degree measures of 8 = 0°, 60°, 300°, 360°, 420°, and 660° in the 
first period of sin(@/2). 


* Tn general, an extraneous solution is a solution introduced during the solution process that does not 
satisfy the original equation. 
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Matched Problem 5 


EXAMPLE 6 


Solution 


In the solution process, we squared both sides of an equation. This operation 
may have introduced extraneous solutions. Checking each solution in the original 
equation will identify any extraneous solutions: 


0 0° 60° 300° 360° 420° 660° 
. 0 

ell Dy 0 —0.5 —0.5 0 —0.5 —0.5 
cos @ — | 0 0.5 0.5, 0 =0:5 —0.5 


From the table, we see that 60° and 300° are not solutions of the original equa- 
tion, while 0°, 360°, 420°, and 660° are solutions. 


Step 3 Write an expression for all solutions. Because the period of sin(@/2) is 
720°, all solutions are given by 


0° + k(720)° 
360° + k(720)° 
) 
) 


( 
d= = ‘ k any integer. 
( 


420° + k 
660° + k(720)° 


Find all solutions exactly (in degree measure) for cos(@/2) = cos 6. a 


Approximate Solutions Using Identities 
and Factoring 


Approximate all real solutions for 8 sin? x = 5 + 10 cos x to four decimal places. 


Step 1 Solve for sin x and/or cos x: Move all nonzero terms to the left of the 
equal sign and express the left side in terms of cos x: 


8 sin? x = 5 + 10cosx 


1— cos* x. 


8 sin? x — 10cosx —5=0 Use gin? x = 
8(1 — cos? x) — 10cosx — 5 =0 
8cos*x + 10cosx —-3=0 


(2 cos x + 3)(4cosx — 1) = 0 


Distribute and simplity. 


Factor: 8u~ + 10u — 3 
= (2u + 3)(4u — 1) 


o 


2cosx+3=0 or 4cosx-1l1= Solve for cos x. 


3 
2 COS X 


Ale 


COS X 


W Check 


Matched Problem 6 


EXAMPLE 7 


Solution 
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Step 2. Solve each equation over one period [0, 27). Figure 8 shows that 
cos x = 1/4 has solutions in the first and fourth quadrants. It also shows that 
cos x = —3/2 has no solution (there is no point on the unit circle with first coor- 
dinate —3/2). We will use inverse cosine on a calculator to find solutions for 
cos x = 1/4: 


A 
x= 1.3181 
1 
if 
1 
+ } > 
a) 1 
2 ‘ 
x=4,9651 
FIGURE 8 
x= cos} 4 = 1.3181 First-quadrant solution 
x = 27 — 1.3181 = 4.9651 Fourth-quadrant solution 


cos 1.3181 = 0.2500 cos 4.9651 = 0.2500 
(Checks may not be exact, because of rounding errors.) 


Step 3. Write an expression for all solutions. Because the cosine function has 
period 27,, all solutions are given by 


ve + 2k 
x= k any integer 


4.9651 + 2ka a 


Approximate all real solutions for 3 cos” x + 8 sin x = 7 to four decimal places. 


Approximate Solutions Using Identities and the 
Quadratic Formula 


Approximate all real solutions for cos 2x = 2(sin x — 1) to four decimal places. 


Step 1 Solve for sin x: 
cos 2x = 2(sinx — 1) Use double-angle identity. 


1 — 2sin? x = 2sinx — 2 Rearrange to get zero on one side. 


2 sin? x + 2sinx —3=0 Quadratic in sin x. Left side does 
24. / 4 = 4(2)(—3) not factor using integer coefficients, 
sin x = 4 30 use the quadratic formula. 


= —1.822876 or 0.822876 


324 5 INVERSE TRIGONOMETRIC FUNCTIONS; TRIGONOMETRIC EQUATIONS AND INEQUALITIES 


FIGURE 9 


Y Check 


Matched Problem 7 


EXAMPLE 8 


Solution 


Step 2. Solve each equation over one period [0, 27). Figure 9 shows that 
sin x = 0.822876 has solutions in the first and second quadrants, while 
sin x = —1.822876 has no solution. We will use inverse sine on a calculator to 
find solutions for sin x = 0.822876. 


+ — 1.822876 


sin! 0.822876 = 0.9665 
a — 0.9665 = 2.1751 


sin 0.9665 = 0.8229 sin 2.1751 = 0.8229 


Step 3 Write an expression for all solutions. Because the sine function has peri- 
od 277, all solutions are given by 
_ aon + 2ka 


sie oe 3 eer 7 


Approximate all real solutions for cos 2x = 4 cos x — 2 to four decimal places. 


We will close the section with an application problem. 


Spring-Mass System 


The equation y = —4 cos 8f represents the motion of a weight hanging on a spring 
after it has been pulled 4 cm below its equilibrium point and released. (Air resis- 
tance and friction are neglected.) The output y tells us how many inches above 
(positive y values) or below (negative y values) the equilibrium point the weight 
is after t seconds. Find the first four times when the weight is 2 cm above the equi- 
librium point. 


The weight is 2 cm above the equilibrium point when y = 2, so we are asked to 
find the first four positive solutions of the equation —4 cos 8f = 2. 
—4 cos 8 = 2 Divide both sides by —4. 
1 


SSS 
COS 4 5) 


Matched Problem 8 


Answers to Matched 
Problems 
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Figure 10 shows the first four positive inputs for which the cosine function is —1/2. 
Keep in mind that these are values for 8¢ (the input of cosine in this equation), not ¢! 

So we have 8¢ = 27/3, 47/3, 87/3, and 107 /3. Dividing by 8 to find 1, we 
gett = 7/12, 7/6, 7/3, and 57/12 sec. To two decimal places, these times are 
0.26, 0.52, 1.05, and 1.31 sec. 


f 
iT 
if 
| 
rT 
; 2 
if 
| 
i 


a 


FIGURE 10 a 


Find the first four times when the weight in Example 8 is at its highest point. 


+ 
is p= i 2k 


eee) k any integer 


2.21 + 2k . 
2. (A) x = ee oe k any integer 


3 
(B) x = a + ka,  k any integer 


a /3 + 2ka 
a [2 + 2ka : 

3. x= k any integer 
3a /2 + 2kar 


5a /3 + 2ka 
4. x = 0, 7/4, 7, 57/4 
0° + k(720°) 
120° + k(720°) 
360° + k(720°) 
480° + k(720°) 
bi Be ae + 2k 


5. x = k any integer 


DAO + Qe NY ees 


1.2735 + 2ka 
5.0096 + 2ka 


8. 77/8, 37/8, 57/8, and 777 /8 sec, or 0.39, 1.18, 1.96, 2.75 sec. 


x= k any integer 


A 
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1. Use a unit circle diagram to explain why the equations [ For Problems 27-46, find exact solutions (x real and @ in 


sinx = 1/2 and cosx = 1/2 have infinitely many 
solutions. 

Use the graphs of y = sin x and y = cos x to explain 
why the equations sin x = 1/2 and cos x = 1/2 have 
infinitely many solutions. 


Use a unit circle diagram to explain why the equations 
sin x = 5/4 and cos x = —5/4 have no solution. 


Use the graphs of y = tan x and y = sin x to explain 
why tan x = 5 has solutions, while sin x = 5 does not. 


In Problems 5-20, find exact solutions over the indicated 
intervals (x real and 0 in degrees). 


5. 


~ Sans 


10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


cos x = V3/2, all real x 

sin x = —1/V2, all real x 
tan x = 1, all real x 

tan x = O, all real x 

sin x = —1, all real x 

cos x = l, all real x 
2cosx+1=0, OS x< 27 
2sinx+1=0, OS x < 277 


2cosx +1=0, all real x 
2sinx + 1=0, allreal x 
V2sind-1=0, 0° <6 < 360° 
2cos6 — V3 =0, 0° <= 6 < 360° 
V2sind-1=0, alld 
2cos@— V3 =0, alld 


3cos x — 6 = 0, all real x 


V5 sin x + 20 = 0, all real x 


In Problems 21-26, solve each to four decimal places (x real 
and @ in degrees). 


21. 
22. 
23. 
24. 
25. 
26. 


4tand+ 15=0, 0° = 6 < 180° 
2tand-7=0, 0° = @< 180° 
S5cosx —-2=0, 0S x< 27 
Toosx —3=0, OS x< 27 
5.0118 sin x — 3.1105 = 0, 
1.3224 sin x + 0.4732 = 0, 


all real x 


all real x 


degrees). 

27. cosx =cotx, 0OSx< 27 

28. tanx = —2sinx, OS x< 27 

29. cos” 6 = 5 sin 20, all@ 

30. 2sin’?@ + sin20=0, allé 

31. tan(x/2) -1=0, OS x< 27 

32. sec(x/2)+2=0, 0S x< 27 

33. sin’@ + 2cos@ = —2, 0° < 6 < 360° 
34. 2cos?6 + 3sin0=0, 0° < 6 < 360° 
35. cos 20 + sin? =0, 0° < 6 < 360° 
36. cos 26 + cos@=0, 0° = @ < 360° 
37. cos 2x = sin x, all real x 

38. sin 2x = 2 sin’ x, all real x 

39. cos 2x = cos x — l,allreal x 

40. sin 2x = 1 + cos 2x, all real x 

41. 2cos(@/2) = cos 6 + 1, all 6 (in degrees) 
42. cos(@/2) = cos @ + 1, all @ (in degrees) 
43. sin(@/2) = cos6, 0° = 6 < 720° 

44, 2sin(0/2) =cos@-—1, 0° = @< 720° 
45. 2\/2 cos a = cos x + 2, all real x 

46. tan > = 1 — cos x, all real x 


Solve Problems 47-50 (x real and 6 in degrees) to four signif- 


icant digits. 

47. 4cos?@ = 7cos6 +2, 0° <= 6 < 180° 
48. 6sin?@ + 5sind=6, 0° <6 <= 90° 
49. cos2x + 10cosx =5, OS x< 27 
50. 2sinx =cos2x, OS x< 27 


Solve Problems 51-56 for all real solutions to four significant 


digits. 

51. cos? x = 3 — 5cosx 52. 2sin? x = 1 — 2sinx 
53. sin?x = —2+3cosx 54. cos?x =3+ 4sinx 
55. cos(2x) = 2 cos x 56. cos(2x) = 2 sin x 


57. 


Explain the difference between evaluating the expres- 
sion cos '(—0.7334) and solving the equation 
cos x = —0.7334. 


58. Explain the difference between evaluating the expres- 
sion tan !(—5.377) and solving the equation 
tan x = —5.377. 


Find exact solutions to Problems 59-62. [Hint: Square both 
sides at an appropriate point, solve, then eliminate any extra- 
neous solutions at the end. ] 


59. sinx +cosx=1, OS x< 27 

60. cos x — sinx = 1 

61. secx +tanx=1, OS x< 27 
1 


62. tan x — secx = 


3 Applications 


63. Spring—Mass System The equation y = —10 cos 3t 
represents the motion of a weight hanging on a spring 
after it has been pulled 10 in. below its equilibrium 
point and released. (Air resistance and friction are 
neglected.) The output y gives the position of the 
weight in inches above (positive y values) or below 
(negative y values) the equilibrium point after t sec- 
onds. Find the first four times when the weight is at its 
highest point. 


64. Spring—Mass System Refer to Problem 63. Find the 
first four times when the weight is 5 in. above its 
equilibrium point. 

65. Electric Current An alternating current generator 
produces a current given by the equation 

I = 30 sin 120at 
where f is time in seconds and / is current in amperes. 
Find the least positive ¢ (to four significant digits) for 
which J = 25 amperes. 

66. Electric Current Find the least positive ¢ in Problem 65 
(to four significant digits) for which J = —10 amperes. 

67. Rotary Motion A ferris wheel with a diameter of 
60 ft rotates counterclockwise at 5 revolutions per 
minute. At its lowest point, each seat is 3 ft from the 
ground. For a rider starting at the lowest point, his 
height in feet above the ground after ¢ minutes is given 
by y = 63 — 60cos(10zt). Find all times in the first 
half minute when the rider is 80 ft above the ground. 
Round to the nearest tenth of a second. 

68. Rotary Motion For the ferris wheel in Problem 67, 
find all times in the first minute when the rider is at the 
ferris wheel’s highest point. 
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Figure for 67 and 68 


69. Photography A polarizing filter for a camera contains 
two parallel plates of polarizing glass, one fixed and the 
other able to rotate. If @ is the angle of rotation from the 
position of maximum light transmission, then the inten- 
sity of light leaving the filter is cos” 9 times the intensity 
entering the filter (see the figure). Find the least positive 
6 (in decimal degrees, to two decimal places) so that the 
intensity of light leaving the filter is 70% of that entering. 
[Hint: Solve I cos” 9 = 0.701.] 


Polarizing filter (schematic) 


Figure for 69 and 70 


70. Photography Find @ in Problem 69 so that the light 
leaving the filter is 40% of that entering. 
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71. Astronomy The planet Mercury travels around the sun 
in an elliptical orbit given approximately by 
_ 3.44 x 107 
1 — 0.206 cos 0 
(see the figure). Find the least positive 6 (in decimal 
degrees, to three significant digits) for which Mercury is 
3.78 X 10’ mi from the sun. 


Figure for 71 and 72 


72. Astronomy Find the least positive 6 (in decimal 
degrees, to three significant digits) in Problem 71 for 
which Mercury is 3.09 X 10’ mi from the sun. 


Precalculus In Problems 73 and 74, find simultaneous solu- 
tions for each system of equations for 0° = 6 = 360°. These 
are polar equations, which will be discussed in Chapter 7. 
73. r=2sin0 
r = 2(1 — sin@) 
74. r=2sin0 
r = sin 20 
75. Precalculus 
and y with 


Given the equation xy = —2, replace x 


x = ucos@— vsin@g 


y =usin@ + vcos@ 


76. 


72s 


78. 
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and simplify the left side of the resulting equation. Find 
the least positive @ (in degree measure) so that the coef- 
ficient of the uv term will be 0. 

Precalculus 
2xy = 1. 
Modeling Hours of Daylight Use the data in Table 1 
to construct a model for the hours of daylight for 
Columbus, OH, of the form y = k + Acos(Bx), where 
x is time in months. Let x = 1 represent January 15. 
(Don’t forget to convert hours and minutes to decimal 
hours before constructing the model.) When does 
Columbus have exactly 12 hours of daylight? Round 
months to one decimal place. 


Modeling Hours of Daylight Use the data in Table 1 
to construct a model for the hours of daylight for New 
Orleans, LA, of the form y = k + Acos(Bx), where x 
is time in months. Let x = 1 represent January 15. 
(Don’t forget to convert hours and minutes to decimal 
hours before constructing the model.) When does New 
Orleans have exactly 12 hours of daylight? Round 
months to one decimal place. 


Modeling Hours of Daylight Refer to Problem 77. 
Use sinusoidal regression to find a model for the hours of 
daylight in Columbus. When does Columbus have 
exactly 12 hours of daylight? Round months to one dec- 
imal place. 


Repeat Problem 75 for the equation 


. Modeling Hours of Daylight Refer to Problem 78. 


Use sinusoidal regression to find a model for the hours of 
daylight in New Orleans. When does New Orleans have 
exactly 12 hours of daylight? Round months to one 
decimal place. 


TABLE 1 


Hours of Daylight for Two Cities (in Hours and Minutes on the 15th of Each Month) 


Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 
Columbus 9:37, 10:42 ~— 11:53 13:17 14:24 15:00 §=14:49 = 13:48 12:31) «11:10 «10:01 = 9:20 
New Orleans | 10:24 11:10 11:57 12:53 13:40 14:04 13:56 = 13:16 = 12:23) 11:28 §=10:40 = 10:14 


EXAMPLE 1 


Solution 
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Trigonometric Equations and Inequalities: 
A Graphing Calculator Approach 


® Solving Trigonometric Equations Using a Graphing Calculator 
¢ Solving Trigonometric Inequalities Using a Graphing 
Calculator 


All of the trigonometric equations that were solved in the last section using an alge- 
braic approach can also be solved using graphing calculator methods. This is not 
to say that algebraic methods are not useful. In most cases, graphing calculator 
methods don’t provide exact solutions, and it can require interpretation to find all 
real solutions when there are infinitely many. However, many trigonometric equa- 
tions that cannot be solved easily using an algebraic approach can be solved (to 
any accuracy desired) using graphing calculator methods. 
Consider the simple-looking equation 


2x cos x = | 


Try solving this equation using any of the methods discussed in Section 5.3. You 
will not be able to isolate x on one side of the equation with a number on the other 
side. Such equations are easily solved using a graphing calculator, as will be seen 
in the examples that follow. 

Solving trigonometric inequalities, such as 


cos x — 2sinx > 0.4 — 0.3x 


using the numerical approximation routines implemented on most graphing calcula- 
tors is almost as easy as solving trigonometric equations with a graphing calculator. 
The second part of this section illustrates the process. 


B Solving Trigonometric Equations Using a 
Graphing Calculator 


The best way to proceed is by working through some examples. 


Solutions Using a Graphing Calculator 


Find all real solutions (to four decimal places) for sin(x/2) = 0.2x — 0.5. 


We start by graphing y; = sin(x/2) and y. = 0.2x — 0.5 in the same viewing 
window for —47 = x = 47 (Fig. la on page 380). The figure shows that there 
is one intersection point between x = a and x = 27, and a possible intersection 
near x = —7. Since y; is always between —1 and 1, while y2 is greater than 1 or 
less than —1 for x outside the window in Figure 1b (yz = 0.2x — 0.5 is a line, so 
the graph can’t change direction), the two curves do not intersect anywhere 
outside this viewing window. Using the INTERSECT] command we find that 
x = 5.1609 is a solution to the original equation (Fig. 1b). 
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Next, we move the cursor near the suspected intersection in the third quadrant, 
ZOOM lin, and graph (Fig. lc). Now we can see that there is no intersection point in 
the third quadrant, and x = 5.1609 is the only solution of the original equation. 


—0.5 
—5.8 0.5 

15 

(c) 
FIGURE 1 B 
Matched Problem 1 __ Find all real solutions (to four decimal places) for 2 cos 2x = 1.35x — 2. Oo 


EXAMPLE 2 Solutions Using a Graphing Calculator 


A rectangle is inscribed under the graph of y = 2 cos(7x/2), -1 = x = 1, with 
the base on the x axis, as shown in Figure 2. 


FIGURE 2 y 


Half of base = x 


(A) Write an equation for the area A of the rectangle in terms of x. 

(B) Graph the equation found in part (A) in a graphing calculator, and use 
[TRACE ]to describe how the area A changes as x goes from 0 to 1. 

(C) Find the value(s) of x (to three decimal places) that produce(s) a rectangle area 
of | square unit. 


Solution (A) A(x) = (Length of base) X (Height) 
= (2x) X (2 cos =) 


TX 
ce Osxsl 
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(B) The graph of the area function is shown in Figure 3. Referring to the figure, 

WEhkeostrHe2) we see that the area A increases from 0 to a maximum of about 1.429 square 
units, then decreases to 0, as x goes from 0 to 1. 

1 (C) To find x for a rectangle area of 1 square unit, we must solve the equation 


TX 
1 = 4x cos —— 
2 


H=.E4255 __Y=1. 4286S 


This equation cannot be solved by methods discussed in Section 5.3, but it is eas- 
FIGURE 3 ily solved using a graphing calculator. Graph y, = 1 and yy = 4x cos(ax/2) 
in the same viewing window, and find the point(s) of intersection of the two graphs 
using the| INTERSECT] command (see Fig. 4). Note that the graph of y, inter- 
sects the graph of y. in two points; therefore, there are two solutions. From Figure 
4 we can see that the area is | for x = 0.275 and for x = 0.797. 


— 


FIGURE 4 


0 1 
Intersection Intersection 
#227536 Y=1 4=.79684 __Y=1 
0 
(b) 


V Check Substitute x = 0.275 and x = 0.797 into A(x) = 4x cos(ax/2) to see if the 
result is | (or nearly 1): 


Matched Problem 2 Repeat Example 2 to find the value(s) of x (to three decimal places) that pro- 
duce(s) a rectangle area of 1.25 square units. Ho 


EXPLORE/DISCUSS 1 


A 12 cm arc of a circle has a 10 cm chord. A 16 cm arc of a second circle also 
has a 10 cm chord. For parts (A) and (B), reason geometrically by drawing 
larger and smaller circles. 


(A) Which circle has the larger radius? 


(B) Is there a /argest circle that has a chord of 10 cm? Is there a smallest circle 
that has a chord of 10 cm? Explain. 
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EXAMPLE 3 An Application in Geometry 


A 12 cm arc on a circle has a 10 cm chord. What is the radius of the circle (to 
four decimal places)? What is the radian measure (to four decimal places) of the 
central angle subtended by the arc? 


Solution Sketch a figure and introduce the auxiliary lines, as shown in Figure 5. 
Recall from Section 2.1 that the radian measure of an angle is the length 
of the arc it subtends divided by the radius. From the figure (0 in radians), we 
see that 


6 Arc length ; 5 Opposite 
d= ; and sin 6? = 
r Radius r Hypotenuse 


We can conclude that 


FIGURE 5 
sin — = — 
r r 
Now we’ll solve this trigonometric equation for 7 Graph y,; = sin(6/x) and 
y2 = 5/x in the same viewing window for 1 = x = 15 and 0 S y = 1.5; then 
find the point of intersection using the command (Fig. 6). From 
Figure 6, we see that r = 5.8437 cm. 


ED roa The radian measure of the central angle subtended by the 12 cm chord is 


FIGURE 6 20 = 58437 2.0535 rad al 


Matched Problem 3_ A 10 ft arc on a circle has an 8 ft chord. What is the radius of the circle (to four 
decimal places)? What is the radian measure (to four decimal places) of the cen- 
tral angle subtended by the arc? a 


EXPLORE/DISCUSS 2 


Solve the equation sin x = 0.9x, —2 = x S 2, two ways: 
(A) Find the points of intersection of yj = sin x and yp = 0.9x. 
(B) Find the zeros of y3 = yj — yo. 


(C) Discuss the advantages and disadvantages of each method. Which do you 
prefer? 


EXAMPLE 4 


Solution 


Matched Problem 4 


EXAMPLE 5 
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Solution Using a Graphing Calculator 


Find all real solutions (to four decimal places) for tan(x/2) = 5x — x’, 


OS eS 3a: 


Graph y, = tan(x/2) and y) = 5x — x’ in the same viewing window for 
0 = x = 37 and —10 = y = 10. Solutions occur at the three points of inter- 
section shown in Figure 7. 


10 


FIGURE 7 


Using the [INTERSECT] command, the three solutions are found to be 


x = 0.0000, 2.8191, 5.1272. a 
Find all real solutions (to four decimal places) for tan(x/2) = 1/x, 
—7T <x S30. i 
EXPLORE/DISCUSS 3 


For each of the following equations, determine the number of real solutions. 
Is there a largest solution? A smallest solution? Explain. 


(A) sinx = x/2 (B) tanx = x/2 


B Solving Trigonometric Inequalities Using a 
Graphing Calculator 


Solving trigonometric inequalities using a graphing calculator is almost as easy 
as solving trigonometric equations using a graphing calculator. Example 5 illus- 
trates the process. 


Solving a Trigonometric Inequality 


Solve cos x — 2 sinx > 0.4 — 0.4x (to two decimal places). 


334 5 INVERSE TRIGONOMETRIC FUNCTIONS; TRIGONOMETRIC EQUATIONS AND INEQUALITIES 


Solution 


FIGURE 8 


Matched Problem 5 


EXAMPLE 6 


Solution 


FIGURE 9 


Graph y; = cos x — 2 sin x and yy = 0.4 — 0.4.x in the same viewing window 
(Fig. 8). Finding the three points of intersection using the INTERSECT] command, 
we see that the graph of y, is above the graph of y> for the following two intervals: 
(—2.09, 0.35) and (3.20, oo). Formally, the solution set for the inequality is 
(—2.09, 0.35) U (3.20, oo) 
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= 7 


Solve sin x — cos x < 0.25x — 0.5 (to two decimal places). | 


An Application of Trigonometric Inequalities 


In Example 5 of Section 3.3, we developed a function to model the phases of the 
moon: y = 50 + 50 cos(0.213x + 0.924). In this model, y is the phase of the 
moon from 0 (new moon) to 100 (full moon) in terms of x, the number of days 
after October 1, 2007. Use this model to find the first stretch of days in 2009 when 
more than 70% of the moon is visible. 


We are asked to solve the inequality 
50 + 50 cos(0.213x + 0.924) > 70 


First, we need to find an appropriate viewing window for the time period we’re inter- 
ested in. The beginning of 2008 is 91 days after October 1, 2007 [30 days in October 
(after October 1) + 30 in November + 31 in December]. There were 366 days 
in 2008, so January 1, 2009, is 366 + 91 = 457 days after October 1, 2007. 

We will graph y; = 50 + 50 cos(0.213x + 0.924) and y, = 70 on the inter- 
val 457 = x = 488, which represents January 2009 (Fig. 9). The graph of y is 
above height 70 between x = 462 and x = 473 (to the nearest day). This corre- 
sponds to January 6 through January 17, 2009. 


100 100 


457 | 488 488 


Intersection 
He4Fs.08096 T=r0 


Intersection 
na4ee 19S" arg 


(b) a 
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Matched Problem 6 On how many days in February 2009 is less than 30% of the moon visible? Mf 


. 0.9639 
. 0.376, 0.710 


Answers to Matched 
Problems 


. r = 4.4205 ft, 0 = 2.2622 rad 


. (—1.65, 0.52) U (3.63, 0) 


. 11 days 


EXERCISE 5.4 


Unless stated to the contrary, all the problems in this exercise 
require the use of a graphing calculator. 


Au 


Discuss the advantages and disadvantages of solving 
trigonometric equations using a graphing calculator as 
opposed to algebraically. 


Explain the differences between solving a trigonometric 
equation and solving a trigonometric inequality using a 
graphing calculator. 


Solve Problems 3—10 (to four decimal places). 


3. 


10. 


eS rFnranwn 


2x = cosx, allreal x 
all real x 
0Os<x<7/4 


Os x<7 


2sinx =1-—x, 
3x + 1 = tan 2x, 
8 — x = tan(x/2), 


cosx <sinx, OS x < 27 
tanx =cosx, OS x < 27 
x =cosx, allreal x 


sinx < x, all real x 


B Solve Problems 11-18 (to four decimal places). 


11. 
12. 
13. 
14. 
15. 
16. 


cos2x + l0cosx=5, OS x< 27 
2sinx =cos2x, 0S x< 27 
cos? x = 3 — 5cos x, allreal x 

2 sin? x = 1 — 2sin x, allreal x 
2 sin(x — 2) <3 — x’, allreal x 


cos 2x > x2 — 2, allreal x 


1 
2. 
3 
4. —1.3065, 1.3065, 6.5846 
5 
6 


17. 
18. 
19. 


20. 


sin(3 — 2x) = 1 — 0.4x, 
cos(2x + 1) = 0.5x — 2, 


all real x 
all real x 
Without graphing, explain why the following inequality 
is true for all real x: 

sin? x — 2sinx +1=0 
Without graphing, explain why the following inequality 
is false for all real x for which the left side of the state- 
ment is defined: 


tan? x — 4tanx+4<0 


C Solve Problems 21-28 exactly if possible, or to four signifi- 
cant digits if an exact solution cannot be found. 


21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 
29. 


30. 


2 cos(1/x) = 950x — 4, 0.006 < x < 0.007 
sin(1/x) = 15 — 5x, 0045 x =0.2 
cos(sin.x) > sin(cosx), —27 Sx S27 
1 + tan? x = cos’?(—x), -27 Sx <27 
tan! x = 0.5x, all real x 

x=secx, -27 SxS 27 
sin? x > sin(x’), OX xa 
cos(x*) <0.5x, -27 Sx <27 


Find subintervals (to four decimal places) of the inter- 
val [0, 7] over which V3 sin(2x) — 2 cos(x/2) + x is 
a real number. (Check the end points of each 
subinterval.) 


Find subintervals (to four decimal places) of the inter- 
val [0, 277] over which V2 sin(2x) — cos? x + 0.5x 
is a real number. (Check the end points of each 
subinterval.) 
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S Applications 


31. Geometry The area of a segment of the circle in the 
figure is given by 


A = 3r°(6 — sin @) 


Find the angle 6 subtended by the segment if the radius 
is 10 m and the area is 40 m?. Compute the solution in 
radians to two decimal places. 


ii. 
V7 


Figure for 31 and 32 


32. Geometry Repeat Problem 31 if the radius is 8 m and 
the area is 48 m7. 


33. Seasonal Business Cycles A producer of ice cream ex- 
periences regular seasonal fluctuation in sales but is also 
experiencing growth in sales overall. An economic con- 
sultant uses sales data and regression analysis to model 
sales with the function y = 12 + x/8 — 9 cos(7x/26), 
where y is weekly sales in thousands of gallons x weeks 
after January | of the current year. When will the com- 
pany surpass 27,000 gallons in weekly sales for the first 
time? 


34. Seasonal Business Cycles A competitor of the com- 
pany in Problem 33 experiences similar seasonal 
fluctuations, but has been losing market share. Its 
weekly sales in thousands of gallons can be modeled 
by y = 26.5 — x/12 — 7 cos(7x/26), where x is the 
number of weeks after January | of the current year. 
When will sales for this company drop below sales for 
the company in Problem 33? 


35. Architecture An arched doorway is formed by placing 
a circular arc on top of a rectangle (see the figure). If the 
rectangle is 4 ft wide and 8 ft high, and the circular arc is 
5 ft long, what is the area of the doorway? Compute the 
answer to two decimal places. 
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4 ft 


Figure for 35 


36. Architecture Repeat Problem 35 if the rectangle is 3 ft 
wide and 7 ft high, and the circular arc is 4 ft long. 


37. Eye Surgery A surgical technique for correcting an 
astigmatism involves removing small pieces of tissue in 
order to change the curvature of the cornea.* In the cross 
section of a cornea shown in part (b) of the figure, the cir- 
cular arc with radius r and central angle 26 represents the 
surface of the cornea. 


oe 
(a) Eye 
Figure for 37 and 38 


(b) Cross section of the cornea 


(A) If x = 5.5mm and y = 2.5 mm, find L, the length 
of the corneal cross section, correct to four decimal 
places. 


* Based on the article “The Surgical Correction of Astigmatism” by 
Sheldon Rothman and Helen Strassberg in The UMAP Journal, Vol. 
V, No. 2 (1984). 


38. 


39. 
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(B) Reducing the width of the cross section without (A) According to the equation in Problem 39, find the 
changing its length has the effect of pushing the smallest angle at which a third basemen, who 
cornea outward and giving it a rounder, yet still cir- throws with an initial velocity of 120 ft per second 
cular, shape. Approximate y to four decimal places if (82 mph), should aim to make the ball reach the first 
x is reduced to 5.4 mm and L remains the same as in baseman at the throwing height. Round to the near- 
part (A). est tenth of a degree. 

Eye Surgery Refer to Problem 37. Increasing the (B) If the ball were thrown at that angle and not subject 

width of a cross section of the cornea without changing to gravity, so that it traveled in a straight line, how 

its length has the effect of pushing the cornea inward and far over the first baseman’s head would it go? 

giving it a flatter, yet still circular, shape. Approximate y 41. Modeling Climate Use the high-temperature data 
to four decimal places if x is increased to 5.6 mm and L in Table 1 to construct a model of the form 
remains the same as in part (A) of Problem 37. y =k + Asin(Bx + C), where x is time in months. 

Golf When an object is launched with an initial Graph the points in the table and your model to estimate 

velocity vg (in feet per second) at an angle of a relative C. When is the high temperature greater than 70°? Round 

to the ground, its horizontal distance traveled (neglecting months to one decimal place. 

air resistance) can be modeled by the equation 42. Modeling Climate Use the low-temperature data 

; in Table 1 to construct a model of the form 
ae y =k + Asin(Bx + C), where x is time in months. 
sin @ cos @ he : 

16 Graph the points in the table and your model to esti- 
mate C. When is the low temperature less than 34°? 

Suppose a golfer can hit a ball with an initial velocity of Round months to one decimal place. 

os oo Be SHE os inning fOr Sere 43. Modeling Climate Refer to Problem 41. Use sinusoidal 


regression to find a model for the monthly high tempera- 
tures in Pittsburgh. When is the high temperature less than 
50°? Round months to one decimal place. 


(A) At what angle should she be trying to hit the ball (to 
the nearest tenth of a degree)? 


; i ? 
©) a Spe Deane yee Bien inatin aye away) 44. Modeling Climate Refer to Problem 42. Use sinusoidal 
i secede regression to find a model for the monthly low tempera- 
40. Baseball When making a throw to first base, a third tures in Pittsburgh. When is the low temperature greater 
baseman is typically about 130 ft from first base. than 30°? Round months to one decimal place. 
TABLE 1 


Monthly Average High and Low Temperatures (in °F) for Pittsburgh, PA 


Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 


High 33.6 36.9 48.9 60.3 70.5 78.8 82.6 80.8 74.3 62.4 50.4 38.5 


Low 13.6 17.9 24.8 33.3 42.1 51.3 55.8 54.7 48.0 36.3 30.0 21.0 


fs) 
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CHAPTER 5 GROUP ACTIVITY 


1 1 
sin — = Oand sin '— = 0 
xX xX 


I. EXPLORATION OF SOLUTIONS TO sin < =0,x>0 


In this activity, we will explore solutions to the equation sin(1/x) = 0, which 
are the zeros of the function f(x) = sin(1/x), for x > 0. Note that the 
function fis not defined at x = 0. We will restrict our analysis to positive zeros; 
a similar analysis can be made for negative zeros. 


(A) An overview of the problem. Graph f(x) = sin(1/x) for (0, 1]. 
Discuss your first observations regarding the zeros for f- 

(B) Exploring zeros of f on the interval [0.1, b], b > 0.1. Graph f over 
the interval [0.1, b] for various values of b, b > 0.1. Does the func- 
tion f have a largest zero? If so, what is it (to four decimal places)? 
Explain what happens to the graph of f as x increases without bound. 
Does the graph appear to have an asymptote? If so, what is its 
equation? 

(C 


= 


Exploring zeros of f near the origin. Graph f over the intervals [0.05, 
0.1], [0.025, 0.05], [0.0125, 0.025], and so on. How many zeros exist 
between 0 and b, for any positive b, however small? Explain why this 
happens. Does f have a smallest positive zero? Explain. 


Il. EXPLORATION OF SOLUTIONS TO sin! 


1 
—=0,x>0 
xX 

Next, we will explore solutions to the equation sin!(1/x) = 0, which are the 
zeros of the function g(x) = sin !(1/x), for x > 0. Note that the function g 
is not defined at x = 0. 


(A) An overview of the problem. Graph g(x) = sin !(1/x) over the inter- 
val (0, 5]. Discuss your first observations regarding the zeros for g. 

(B) The interval (0, ||. Explain why there is no graph on the interval (0, 1]. 

(C) The interval {1,~). Explain why there are no zeros for g on the inter- 
val [1, %) and, therefore, the equation sin™!(1/x) = 0, x > 0, has 
no solutions. Does the graph have an asymptote? If so, what is its 
equation? 
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CHAPTER 5 REVIEW : 


51 Definition of Inverse Trigonometric Functions 

INVERSE SINE, 

COSINE, AND y = sin! x is equivalentto x = siny 

TANGENT FUNCTIONS where -1 = x < land—-7/2 = y = 7/2 


y =cos!x is equivalentto x = cosy 


where -1 = xSlandOSysa7 
y= tan! x is equivalent to x = tany 


where x is any real number and —7r/2 < y < 7/2 


y y y 
A A A 
2 = tne |W 
2 
Sil 
1 1 > X 
1 
a 
2 
Domain: -lS=x=1 Domain: -1 =x =1 Domain: All real numbers 
Range: 5 SyS5 Range:0<y< 7 Range: —F <y <4 


The inverse sine, cosine, and tangent functions are also denoted by arcsin x, arccos x, 
and arctan x, respectively. 


Inverse Sine, Cosine, and Tangent Identities 


sin(sin | x) = -lsx<l 

sin '(sin x) = x —7/2Sx=s 7/2 
cos(cos ! x) = x -lsx<l 

cos !(cos x) = x Osxs7 
tan(tan! x) = x for all x 

tan !(tan x) = x —aT/2<x< 7/2 
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"9.2 Definitions of Inverse Trigonometric Functions 

INVERSE COTANGENT, y=cot!x is equivalent to x = coty 

SECANT, AND where 0 < y < zr and x is any real number 
COSECANT 

FUNCTIONS y =sec!x isequivalentto x = sec y 


whereO = y= 7,y 4 w/2,andx = -lorx =1 


y= csc! x is equivalent to x = csc y 
where —7/2 = y = 7/2,y # 0,andx = -lorx = 1 


V 


Domain: All real numbers Domain: x = —-1 or x21 Domain: x = —1 or x= 1 
i a a Range: 0 y= a, y# 5 Range: -2 <y<Z,y#0 


(a) (b) (c) 


1 


[Note: The ranges for sec! and csc”! are sometimes selected differently. ] 


Inverse Cotangent, Secant, and Cosecant Identities 


tan” — x >0 
=| Xx 
cot x = 
a + tan! — x <0 
=4 _ 1 
sec x = cos — Ke 1-0 += —1 
x 
esc! x = sin! — xe 1 or 2S =! 
5.3 An equation that may be true for some replacements of the variable, 
TRIGONOMETRIC but is false for others for which both sides are defined, is called a 
EQUATIONS: AN conditional equation. An algebraic approach to solving trigonometric 
ALGEBRAIC equations can yield exact solutions, and the approach may be aided by the 


APPROACH following: 
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Suggestions for Solving Trigonometric Equations Algebraically 


1. Solve for a particular trigonometric function first. If it is not apparent how to 
do so: 
(A) Try using identities. 
(B) Try algebraic manipulations such as factoring, combining fractions, and 

so on. 

2. Find all solutions within one period of the trigonometric function or functions 
involved. 

3. Write all solutions by adding 2k7, where k is any integer, for sine and cosine 
equations, or ka for tangent equations. 


5.4 A graphing calculator can be used to solve most trigonometric equations to any 
TRIGONOMETRIC accuracy allowed by the calculator but usually will not give exact solutions. Graph 
EQUATIONS AND each side of the equation in a graphing calculator, then use the INTERSECT] com- 
INEQUALITIES: A mand to find any points of intersection. 
GRAPHING 
CALCULATOR 
APPROACH. 
CHAPTER 5 REVIEW EXERCISE 4 
Work through all the problems in this chapter review and In Problems 18-21, find all solutions exactly. 
check the answers. Answers to all review problems appear in 18. sin x = —V3/2 19. tanx = —V3 
the back of the book; following each answer is an italic num- 20. cos x = 1/V2 i eee ee, 
ber that indicates the section in which that type of problem is 
discussed. Where weaknesses show up, review the appropriate In Problems 22-27, find exact solutions over the indicated 
sections in the text. Review problems flagged with a star (*) interval. 
are from optional section. 22. 2cosx —- V3 =0, 0S x<20 


23. 2sin?@ = sin@, 0° <6 < 360° 


A Evaluate exactly as real numbers. 
24. 4cos?x -3=0, OS x< 27 


1. tan !(-1) 2. sin '(V3/2) 
25. 2cos*@ + 3cos@+1=0, 0° < 6 < 360° 
3. arccos | 4. arctan(—1/¥V3) wet 
. V2sin4x-1=0, O=x< 7/2 
5. arcsin V2 6. cos !(—1/V2) aiid Vi ; ea 
- = 7. t 2) + = —180° < 6 < 180° 
* 7, esc l(-2/V3) * 8. cot 10 aay) ) a eee ia 
4 41 28. Explain how to find the value of x that produces the 
* 9, sec ‘(—2) *10. csc 5 


result shown in the graphing calculator display and find 
it. The calculator is in degree mode. Give the answer to 
six decimal places. 


Evaluate as a real number to four significant digits. 
11. sin! 0.6298 12. arccos(—0.9704) 
13. tan! 23.55 #14, cot (-1.414) 


Find the degree measure of each to two decimal places. 
15. 6 = cos !(—1.025) 16. @ = arctan 8.333 
17. 6 = sin !(—0.1010) 
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B In Problems 29-34, find exact values. 
29. cos(cos! 0.315) 30. tan” ![tan(—1.5)] 
31. sin[tan !(—3)] 32. cot[arccos(—4)] 
*33. csc[cot !(—4)] “34. cos(areesc 5) 


In Problems 35—40, evaluate to four significant digits. 

35. sin !(cos 22.37) 36. sin !(tan 1.345) 

37. sin[tan'(—14.00)] 38. csc[cos !(—0.4081) ] 
*39. cos(cot ! 6.823) “40. sec[arcese(—25.52) ] 


41. Referring to the two displays from a graphing calculator 
below, explain why one of the displays illustrates a 
sine—inverse sine identity and the other does not. 


sin Wsinc235 
2, B668868 


sin Wsine233 
1.141593 


(a) (b) 
In Problems 42-48, find exact solutions over the indicated 
interval. 
42. sin’ @ = —cos 20, 0° < 6 < 360° 
43. sin 2x = 4, Osx<7 
44. 2cosx+2=-sin?x, -tx<7 
45. 2sin?@ — sind =0, allé 
46. sin2x = V3sinx, all real x 
47, 2sin’-9 + 5cos9+1=0, 0° <0 < 360° 


48. 3sin2x = —2cos*2x, 0<x<7 


In Problems 49-52, solve for all real x to four significant digits. 
49. sin x = 0.7088 50. tan x = —4.318 
51. sint?x + 2=4sinx 52. tan? x = 2tanx+1 


In Problems 53-60, find all solutions over the indicated inter- 
val to three decimal places using a graphing calculator. 


53. sinx = 0.25, -7wSxs7 
54. cotx = —-4, -7TSxxsq7 
55. secx = 2, -7TWSxX5T7 


56. cosx = x°, allreal x 


57. sinx = Vx, x20 


58. 2sinxcos2x =1, OS x27 


59. sin > + 3sin x = 2, Osxs47 
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. sinx + 2sin2x + 3sin3x = 3, OS x27 
. Graph y; = tan(sin™! x) in the window —2 = x = 2, 
—10 = y = 10. What is the domain for y,? Explain. 


=2 
. Given h(x) = sin 3 ): 
(A) Explain how you would find the domain of h, and 
find it. 


(B) Graph h over the interval —5 = x = 5 and explain 
the result. 


63. Does tan”! 23.255 represent all the solutions to the equa- 
tion tan x = 23.255? Explain. 


In Problems 64 and 65, find exact solutions over the indicat- 
ed interval. 

64. cosx =1-—sinx, 0S x< 27 

65. cos’ 2x = cos2x + sin? 2x, OX x< a7 

66. Solve to three significant digits: 


2+ 2sinx =1+4+ 2cos?x Osx527 


In Problems 67 and 68, find the exact value. 
67. sin[2 tan !(—3)] 


«rel 3 -14 
68. sin(sin '3 + cos | 2) 


Write Problems 69 and 70 each as an algebraic expression in 
x free of trigonometric or inverse trigonometric functions. 
69. tan(sin! x) 70. cos(tan! x) 
. The identity tan”!(tan x) = x is valid over the interval 
—7/2Sx 5 7/2. 
(A) Graph y = tan ‘(tan x) for —7/2 <x < 7/2. 
(Use dot mode.) 
(B) What happens if you graph y = tan |(tan x) over a 
larger interval, say —277 = x < 27? Explain. (Use 
dot mode.) 


3 Applications 


72. Music The note A above middle C has a frequency of 
440 Hz. If the intensity / of the sound at a certain point t 
seconds after the sound is made can be described by the 
equation 


I = 0.08 sin(880zrr) 


find the smallest positive t for which J = 0.05. Compute 
the answer to two significant digits. 


73. Electric Current An alternating current generator pro- 
duces a current given by the equation 


I = 30 sin(1207t) 
where f is time in seconds and / is current in amperes. 
Find the least positive ¢ (to four significant digits) for 
which J = 20 amperes. 


74, Navigation A small craft is approaching a large vessel 
on the course shown in the figure. 


Figure for 74 


(A) Express the angle 6 subtended by the large vessel in 
terms of the distance x between the two ships. 


(B) Find 6 in decimal degrees to one decimal place for 
x = 1,200 ft. 


75. Viewing Angle A sightseeing helicopter is approach- 
ing the Statue of Liberty at an altitude of 3,500 ft above 
ground level. The staue is 305 ft tall from ground level to 
the torch. 


(A) Show that the viewing angle below the horizontal 
from a viewer in the plane to the torch is given by 


0= tan( =) 
x 


where x is the horizontal distance in feet between the 
plane and the statue. 


(B) At what angle (to the nearest tenth of a degree) 
should a viewer | mi away look in order to be look- 
ing at the torch? 

76. Precalculus: Viewing Angle For advertising purpos- 
es, a large brokerage house has a 1.5 ft by 12 ft ticker 
screen mounted 20 ft above the floor on a high wall at an 
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Figure for 76 


airport terminal (see the figure). A woman’s eyes are 5 ft 

above the floor. If the best view of the tape is when @ is 

maximum, how far from the wall should she stand? Parts 

(A)-(F) explore this problem. 

(A) Describe what you think happens to @ as x increases 
from 0 ft to 100 ft. 


(B) Show that 
-| 1.5x 
x? + 247.5 
(C) Complete Table 1 (to two decimal places, @ in 
degrees), and from the table select the maximum 0 


and the distance x that produces it. (Use a table gen- 
erator if your calculator has one.) 


6 = tan x20 


TABLE 1 


x (ft) 0 5 10 15 20 25 30 


6 (deg) 1.58 


(D) In a graphing calculator, graph the equation in part 
(B) for 0 = x = 30, and describe what the graph 
shows. 


(E) Use the |MAXIMUM| command in your graphing 
calculator to find the maximum @ and the x that pro- 
duces it. Find both to two decimal places. 


(F) How far away from the wall should the woman stand 
to have a viewing angle of 2.5°? Solve graphically to 
two decimal places using a graphing calculator. 
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77. Engineering A circular railroad tunnel of radius r is to 
go through a mountain. The bed for the track is formed 
by using a chord of the circle of length d as shown in the 
figure. 


Figure for 77 


(A) Show that the cross-sectional area of the tunnel is 
given by 


d d 
A= or — sin! — + — V4r? — a 
2r 4 
(B) Complete Table 2 (to the nearest square foot) for 


r = 15 ft and 10 = d = 20. (Use a table generator 
if your calculator has one.) 


TABLE 2 
d (ft) 8 10 12 14 16 18 20 
A(f?) 704 


(C) Find the value of d (to one decimal place) that will 
produce a cross-sectional area of 675 ft?. Solve 
graphically using a graphing calculator and the 


INTERSECT] command. 


. Architecture The roof for a 10 ft wide storage shed is 
formed by bending a 12 ft wide steel panel into a circu- 
lar arc (see the figure). Approximate (to two decimal 
places) the height h of the arc. 
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Figure for 78 


79. The height above the ground of a certain bungee jumper 
after he reaches the low point of his jump and is being 
pulled back up by the cord can be modeled by the 
function 


40 
= 50 - 81 
y = 50 — cos(0.815x) 
where x is the number of seconds after the jumper reach- 
es the low point. Find the total amount of time (to the 
nearest tenth of a second) after reaching the low point 
that the jumper is at least 52 feet above the ground. 


80. Physics The equation of motion for a weight suspend- 
ed from a spring is given by 


y = —18 sin 4t — 2.4 cos 4t 


where y is displacement of the weight from its equilibri- 

um position (positive direction upward) and f is time in 

seconds. 

(A) Graph y forO = ¢ S 7/2. 

(B) Approximate (to two decimal places) the time(s) ¢ 
0 <+t < 7/2, when the weight is 2 in. above the 
equilibrium position. 

(C) Approximate (to two decimal places) the time(s) ¢ 
0 = +t < 7/2, when the weight is 2 in. below the 
equilibrium position. 


A 


CUMULATIVE REVIEW EXERCISE CHAPTERS 1-5 


Work through all the problems in this cumulative review and 
check the answers. Answers to all review problems appear in 
the back of the book; following each answer is an italic num- 
ber that indicates the section in which that type of problem is 
discussed. Where weaknesses show up, review the appropriate 
sections in the text. 


1. 


Find the degree measure of 4.21 rad. 


2. Find the radian measure of 505°42’. 
3. 
4. The hypotenuse of a right triangle is 7.6 m and one of the 


Explain what is meant by an angle of radian measure 0.5. 


sides is 4.5 m. Find the acute angles and the other side. 


Find the value of cos 6 and cot 6 if the terminal side of 6 
contains P = (—5, —12). 

Evaluate to four significant digits using a calculator: 

(A) cos 67°45’ (B) csc 176.2° (C) cot 2.05 
Sketch a graph of each function for —27 = x = 27. 
(A) y = cos x 


(B) y = csc x (C) y = cotx 


Is it possible to find an angle @ such that sin 6 is negative 
and csc @ is positive? Explain. 


Verify each identity in Problems 9-12 without looking at a 
table of identities. 


9. 
10. 
11. 


12. 


13. 


tan x csc x = sec x 


csc 6 — sin@ = cos 6 cot 6 


(sin? w)(tan? uw + 1) = sec?u — 1 
2 2 


sin“ a — cos’ a tana — cota 


sin @ cos @ tan a cot a 
Is the following equation an identity? Explain. 


cos x = sin x for x = 7/4 + 2kzr, k an integer 


Evaluate Problems 14-20 exactly as real numbers. 


14. 


16. 


18 


~20. 


—T1 Tt 
cos 15. tan — 
4 3 
sec =. 17. arctan 0 
cos 1(—/3/2) 19. arcsin 3 
arccot(— V3) 


Evaluate Problems 21-25 as real numbers to four significant 
digits using a calculator. 


21. 


sin! 0.0505 22. cos !(—0.7228) 


23. 
#25, 
26. 
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arctan(—9) “24, arccot 3 
sec! 2.6 
Explain how to find the value of x that produces the 


result shown in the graphing calculator display that fol- 
lows, and find it. The calculator is in radian mode. Give 
the answer to six decimal places. 


Find exact solutions for Problems 27-29 over the indicated 


interval. 
27. 2sn@—-—1=0, 0° = @ < 360° 
28. 3tanx + V3 =0, -7/2<x< 7/2 
29. 2cosx+2=0, -7TWSx<7 
~ 30. Write sin 7u cos 3u as a sum or difference. 
31. Write cos Sw — cos w as a product. 


B 32. 


33. 
34. 


35. 


36. 
37. 


If the radian measure of an angle is halved, is the degree 
measure of the angle also halved? Explain. 


Convert 92.462° to degree-minute-second form. 


Find the degree measure of a central angle subtended by 
an arc of 12 in. in a circle with a circumference of 30 in. 


Find x exactly and @ to the nearest 0.1° in the figure. 


Le : 


x 3 


Figure for 35 


Convert 72° to radian measure in terms of 77. 


Find the exact value of each of the other five trigonometric 
functions if tan @ = i and sin 8 < 0. 
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In Problems 38-40, sketch a graph of each function for the 
indicated interval. State the period and, if applicable, the 
amplitude and phase shift. 


38. 


39. 
40. 
41. 


42. 


43. 


Tsxs5sr 


2—2sin= 
sin —, 
- 2 
—Tsxs27 


Os x53 


y = 3cos(2x — 7), 
y = 2tan(ax — 7/4), 


Find an equation of the form y = k + Acos Bx whose 
graph is shown in the figure. 


Find an equation of the form y = k + Asin Bx that 
produces the graph shown in the following graphing cal- 
culator display: 


2 


-4 


If the sides of a right triangle are 19.4 cm and 41.7 cm, find 
the hypotenuse and find the acute angles to the nearest 10’. 


Verify the identities in Problems 44-48. 


44. 


45. 


46. 


47. 


48. 


cos x 
: + tan x sec x 
1 + sin x 
1+ 0 
ie a = (sec 6 — tan @)(sec 6 + 1) 


Uu 
aaa =cscu + cotu 


4. 
1 + sec 20 
sin x — sin y 


=1-tan’@ 


cos x + cos y 2 


49. 


54. 


55. 


56. 
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For the following graphing calculator displays, find the 
value of the final expression without finding x or using a 
calculator: 


(A) (B) 


CsintKa5e 
fcoostepae 


2469 


. Write y = sin 3x cos x — cos 3x sin x in terms of a sin- 


gle trigonometric function. Check the result by entering 
the original equation in a graphing calculator as y,; and 
the converted form as yy. Then graph y,; and y, in the 
same viewing window. Use |TRACE]to compare the two 
graphs. 


. Find the exact values of sin(x/2) and cos 2x, given 


tan x =X anda < x < 30/2. 


. Graph y, = cos(x/2) and y, = —V(1 + cos x)/2 


in the same viewing window for —27 = x = 2a, and 
indicate the subintervals for which y,; and y> are equal. 


. Use a graphing calculator to test whether each equation is 


an identity. If the equation appears to be an identity, 
verify it. If the equation does not appear to be an identity, 
find a value of x for which both sides are defined but are 
not equal. 


sin x 1 + cos x 
(A) : 
1+ cos x sin x 
sin x 1 + cos x 
(B) : 
1 — cos x sin x 


Find exact values for each of the following: 

(A) sin(cos!0.4)  (B) sec[arctan(— V5) ] 

(C) esc(sin! ) “(D) tan(sec ! 4) 

Find the exact degree value of @ = tan’! V3 without 
using a calculator. 


Find the degree measure of 0 = sin ! 0.8989 to two dec- 
imal places using a calculator. 


Find exact solutions to Problems 57-59 over the indicated 


interval. 

57. 2+ 3sinx =cos2x, 0S x3 27 
58. sin 20 = 2cos6, alld 

59, 4tan? x — 3sec? x = 0, allreal x 
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Find all real solutions to Problems 60-62 to four significant 


digits. 

60. sin x = —0.5678 
61. sec x = 2.345 

62. 2 cos 2x = 7cos x 


63. 


Referring to the two displays from a graphing calculator 
below, explain why one of the displays illustrates a 
cosine-inverse cosine identity and the other does not. 


cosWeost -355 
3, 680868 


(a) (b) 


In Problems 64—66, use a graphing calculator to approximate 
all solutions (to three decimal places) over the indicated 


interval. 
64. tnx =3, -TWSsxsT7 
65. cosx = Vx, x>0 


66. 


C 67. 


68. 


69. 


70. 


cos 5 — 2sin x = 1 OsSx=47 

A point P moves counterclockwise around a unit circle 
starting at (1, 0) for a distance of 28.703 units. Explain 
how you would find the coordinates of the point P at its 
final position and how you would determine which quad- 
rant P is in. Find the coordinates (to four decimal places) 
and the quadrant in which P lies. 


The following graphing calculator display shows the 
coordinates of a point on a unit circle. Let s be the length 
of the least positive arc from (1, 0) to the point. Find s to 
four decimal places. 


5 
W4=IC4-HE1 


—2.27 2.27 


=15 


If 6 is an angle in the fourth quadrant and cos 0 = a, 
0 <a < 1, express the other five trigonometric func- 
tions of @ in terms of a. 


2cos2x +1 


Show that tan 3x = t 
ow that tan 3x = tan toy 1 


is an identity. 


71. 
72. 


73. 


74. 


Find the exact value of cos(2 sin”! 4), 
Write sin(cos™! x — tan”! x) as an algebraic expression in 
x free of trigonometric or inverse trigonometric functions. 
Find exact solutions for all real x: 

sinx = 1 + cos x 
Find solutions to four significant digits: 


sin x = cos” x 0O=x*5 27 


In Problems 75-78, graph f(x), find a simpler function g(x) 


=) that has the same graph as f(x), and verify the identity 


f(x) = g(x). [Assume g(x) = k + A+t(Bx), where t(x) is 
one of the six trigonometric functions. ] 


75. 


76. 


77. 


78. 


2 2 


2 tan” x cos” x 


sin” x 

Fla) 1 — cos x 1+ cos x 
f(x) = 2sin? x + 6 cos” x 

2 — 2sin* x 
Lo - 

2cos°x — 1 

3cosx + sinx — 3 
f(x) = 


cosx — | 


. Find the subinterval(s) of [0, 4] over which 


TX 
3 cos = 25 Sl 


0 si TX 
sin 
2 


Find the end points to three decimal places. 


80. 


Ss Applications 


Navigation An airplane flying on a level course directly 
toward a beacon on the ground records two angles of 
depression as indicated in the figure. Find the altitude h of 
the plane to the nearest meter. 


Figure for 80 
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81. Precalculus: Trigonometric Substitution In the 
expression Vue —a,a>0, let u=acscx, 
0 < x < 7/2, simplify, and write in a form that is free 


(A) Write an equation for the distance d from the boat to 
the base of the cliff in terms of the angle of elevation 
0 from the boat to the top of the cliff. 


(B) Sketch a graph of this equation for 0 < @ = 7/2. 


of radicals. 


82. Engineering Find the exact values of x and @ in the 
figure. 


N 


2 4 Figure for 82 


83. Physics The equation of motion for a weight suspended Figure for 87 
from a spring is given by 


: 88. Precalculus Two guy wires are attached to a radio 
y = —7.2 sin 5t — 9.6 cos 5t 


tower as shown in the figure. 


where y is the displacement of the weight from its equi- 

ipa Dee ; ee os 100x 

librium position in centimeters (positive direction (A) Show that 6 = arctan 3 

upward) and f is time in seconds. Find the smallest posi- B) Find @ in decimal d a+ oa ee f 

tive ¢ (to three decimal places) for which the weight is in () Ep ee CORBET GeEre Ss 10 ONE Cacia) DIACE TO 
x= ; 


the equilibrium position. 
. Physics Refer to Problem 83. Graph y forO = t = 7/2 
and approximate (to three deci- 
mal places) the time(s) ¢ in this 
interval for which the weight is 
5 cm above the equilibrium 
position. 


85. Analytic Geometry Find the 
radian measure (to three deci- 
mal places) of the angle @ in the 
figure, if A has coordinates (2, 5) 
and B has coordinates (5, 3). 
[Hint: Label the angle between OB and the x axis as a; then 
use an appropriate sum identity. ] 


Figure for 85 


86. Electric Circuits The current J (in amperes) in an elec- 
trical circuit is given by 


1 = 60 sn( 90 mt — =) Figure for 88 
2 
(A) Find the amplitude, period, frequency, and phase shift. 89. Precalculus Refer to Problem 88. Set your calculator 


in degree mode, graph 


(B) Graph the equation for 0 = t = 0.02. 


(C) Find the smallest positive t (to four decimal places) — tannl 100x = 
: y, = tan and y) = 15 
for which J = 35 amperes. x” + 20,000 
87. Boat Safety A boat is approaching a 200 ft high verti- in the same viewing window, and use approximation 


cal cliff (see the figure that follows). techniques to find x to one decimal place when 6 = 15°. 


90. Engineering The chain on a bicycle goes around the 
pedal sprocket and the rear wheel sprocket (see the 
figure). The radius of the pedal sprocket is 11.0 cm, the 
radius of the rear sprocket is 4.00 cm, and the diameter 
of the rear wheel is 70.0 cm. If the pedal sprocket rotates 
through an angle of 187 radians, through how many 
radians does the rear wheel rotate? 


Figure for 90 


“91. Engineering Refer to Problem 90. If the pedal sprock- 
et rotates at 60.0 rpm, how fast is the bicycle traveling (in 
centimeters per minute)? 


92. Precalculus: Surveying A log is to be floated around 
the right angle corner of a canal as shown in the figure. 
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We are interested in finding the length of the longest log 
that will make it around the corner. (Assume the log is 
represented by a straight line segment with no diameter.) 
(A) From the figure, and assuming that the log touches the 
inside corner of the canal, explain how L, the length 
of the segment, varies as 0 varies from 0° to 90°. 
(B) how that the length of the segment, L, is given by 
L = 50 csc @ + 25 sec 0 0° < 6 < 90° 


(C) Complete Table 1 (to one decimal place). (If you 
have a table-generating calculator, use it.) 


TABLE 1 


6 (deg) 35. 40 45 50 55 60 65 


L (Ff) 117.7 


(D) From the table, select the minimum length L and the 
angle @ that produces it. Is this the length of the 
longest log that will go around the corner? Explain. 

(E) Graph the equation from part (B) in a graphing cal- 
culator for 0° < 6 < 90° and 80 = L = 200. Use 
the [MINIMUM] command to find the minimum 
length L and the value of 6 that produces it. 


. Modeling Daylight Duration Table 2 gives the dura- 
tion of daylight on the fifteenth day of each month for 1 
year at Anchorage, Alaska. 


(A) Convert the data in Table 2 from hours and minutes to 
two-place decimal hours. Enter the data for a 2 year 
period in your graphing calculator and produce a 
scatter plot in the following viewing window: 
l=x=24,6=y = 20. 

(B) A function of the form y = k + Asin(Bx + C) 
can be used to model the data. Use the converted data 
from Table 2 to determine k and A (to two decimal 
places), and B (exact value). Use the graph from part 
(A) to visually estimate C (to one decimal place). 


(C) Plot the data from part (A) and the equation from 
part (B) in the same viewing window. If necessary, 
adjust your value of C to produce a better fit. 


Figure for 92 

TABLE 2 

x (months) 1 2 3 4 5 6 ‘| 8 9 10 11 12 
y (daylight duration) | 6:31 9:10 11:50 14:48 17:33. 19:16 18:27. 15:51 12:57 10:09 7:19 5:36 
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ADDITIONAL TOPICS: TRIANGLES AND VECTORS 


6.1 


FIGURE 1 


n chapter | we introduced the trigonometric ratios to solve right triangles. 

We also saw that this could be very useful in solving applied problems, par- 

ticularly those involving measurement. But it’s unreasonable to assume 
that every situation that involves triangles will involve right triangles. So we will 
now return to solving triangles, but without being restricted to right triangles. We 
will establish the law of sines and law of cosines; they are the principal tools we’ll 
need to solve general triangles. We will then use these tools to solve a wide vari- 
ety of applied problems. We will also develop several formulas for calculating the 
area of a triangle. 

Velocity and force are examples of vector quantities. In Section 6.3, we will 
introduce the concept of vector, first in geometric form and then in algebraic form. 
We will also define algebraic operations on vectors, including the dot product. 
Finally, we will illustrate how vectors and trigonometry can be used together to 
solve problems in physics and engineering. 


Law of Sines 


e Deriving the Law of Sines 
e Solving ASA and AAS Cases 
e Solving the Ambiguous SSA Case 


Until now, we have considered only triangle problems that involved right trian- 
gles. We now turn to oblique triangles, that is, triangles that contain no right angle. 
Every oblique triangle is either acute (all angles are between 0° and 90°) or obtuse 
(one angle is between 90° and 180°; because the three angles always sum to 180°, 
there can’t be more than one greater than 90°). Figure | illustrates an acute trian- 
gle and an obtuse triangle. 


(a) Acute triangle (b) Obtuse triangle 


Notice how we labeled the sides and angles of the oblique triangles shown in 
Figure 1: Side a is opposite angle a, side b is opposite angle 6, and side c is oppo- 
site angle y. Note also that the largest side of a triangle is opposite the largest angle. 
Given any three of the six quantities indicated in Figure 1, we will be trying to 
find the remaining three, if possible. This process is called solving the triangle. 

If only the three angles a, @, and y of a triangle are known, it is impossible to 
solve for the sides. (Why?) But if the given information consists of two angles and 
a side, two sides and an angle, or all three sides, then it is possible to determine 


Remark on 
Calculations 


FIGURE 2 
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whether a triangle having the given quantities exists and, if so, to solve for the 
remaining quantities. 
The two basic tools for solving oblique triangles are the law of sines, devel- 
oped in this section, and the law of cosines, developed in the next section. 
Before we proceed with specifics, recall the rules governing angle measure 
and significant digits for side measure (listed in Table | and inside the front cover 
for easy reference). 


TABLE 1 
Significant digits 
Angle to nearest for side measure 
1° 2 
10’ or 0.1° 3 
1’ or 0.01° 4 
10” or 0.001° 5 


When you solve for a particular side or angle, you should always carry out all 
operations within the calculator and then round to the appropriate number of sig- 
nificant digits (following the rules in Table 1) at the very end of the calculation. 
Note that your answers still may differ slightly from those in the book, depending 
on the order in which you solve for the sides and angles. 


Deriving the Law of Sines 


The law of sines is relatively easy to derive using the right triangle properties we 
studied earlier. We also use the fact that 


sin(180° — x) = sinx 


which can be obtained from the difference identity for sine. Referring to the tri- 
angles in Figure 2, we will proceed as follows: For each triangle, 


h 


sina = — and sin B = — 
b a 
Therefore, 
h = bsina and h = asin B 


(a) Acute triangle (b) Obtuse triangle 
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Since b sin a and a sin B are both equal to h, 


bsina = asin B 


and 

sin a sin B 

= (1) 
a b 
Similarly, for each triangle in Figure 2, 
sina = — and sin y = sin(180° — y) 
° mu 
a 

Therefore, 

m=csina and m=asiny 
Since c sin aw and a sin y are both equal to m, 

csin@ = asiny 
and 

sina  siny (2) 


a c 
If we combine equations (1) and (2), we obtain the law of sines. 


sin @ sin B sin y 
a b G 


In words, in any triangle the ratio of the sine of an angle to its opposite side 
is the same as the ratio of the sine of either of the other angles to its 
opposite side. 


The law of sines is used to solve triangles, given: 
1. Two angles and any side (ASA or AAS), or 
2. Two sides and an angle opposite one of them (SSA) 


We will apply the law of sines to the easier ASA and AAS cases first; then we 
will turn to the more difficult SSA case. 


A Caution 


6.1 Law of Sines 355 


EXPLORE/DISCUSS 1 


(A) Suppose that in a triangle a = 35°, B = 79°, and a = 13 cm. Using 
only these three pieces of information and the law of sines, which side 
or angle can you find? Why? 


(B) If instead we know that a = 35°, b = 10 cm, andc = 21 cm, explain 
why we can’t use the law of sines to find any other side or angle. 


Explore/Discuss | illustrates the key point about when you can and can- 
not use the law of sines. In order to set up an equation with only one unknown, 
you need to know at least one side opposite a known angle. In the next sec- 
tion, we will develop a formula for dealing with situations the law of sines 
cannot handle. 


B Solving ASA and AAS Cases 


If we are given two angles and the included side (ASA case) or two angles and 
the side opposite one of the angles (AAS case), the simplest approach is to first 
find the measure of the third angle (remember that the sum of the measures of all 
three angles in any triangle is 180°). We can then use the law of sines to find the 
other two sides. 


Note that for the ASA or AAS case to determine a unique triangle, the sum of the 
two given angles must be between 0° and 180° (see Fig. 3). 


120° 110° 
oe a. 
10 mm 10 mm 
(a) No triangle (b) A unique triangle 


FIGURE 3 


Examples | and 2 illustrate the use of the law of sines in solving the ASA 
and AAS cases. 
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EXAMPLE 1 


Solution 


FIGURE 4 


Matched Problem 1 


EXAMPLE 2 


Using the Law of Sines (ASA) 


Solve the triangle shown in Figure 4. 


This is an example of the ASA case. 
Solve for y: 
a+ B+ y = 180° 
y = 180° — (45.1° + 75.8°) 
59.1° 


Since the only side we know is c (the side opposite angle y), we have no choice 
other than to use (sin y)/c. We choose to first find side a: 


sina  siny 
a 
sin 45.1° _ sin 59.1° oe 
a 10.2 
asin 59.1° = 10.2 sin 45.1° Divide both sides by sin 59.1”. 
a= Se Use calculator. 
sin 59.1° 
= 8.42 in. 
Solve for b: 
sin B sin y 
boc! 
sin 75.8° sin 59.1° 
= Cross-multiply. 
b 10.2 
b sin 59.1° = 10.2 sin 75.8° Divide both sides by sin 59.1’. 
b= pesca Use calculator. 
sin 59.1° 
= 11.5in. | 
Solve the triangle with a = 28.0°, B = 45.3°, andc = 122 m. | 


Using the Law of Sines (AAS): Sundials 


A sundial can be used to trace a moving shadow during the day to measure the time. 
The raised part that casts the shadow is called the gnomon. In order to measure time 
accurately, the angle the gnomon makes with the face of the dial (labeled 8 in Fig. 
5) must be the same as the latitude where the sundial is used. If the latitude of 
San Francisco is 38°N, and the angle of elevation of the sun, a, is 63° at noon, how 
long will the shadow of a 12 in. gnomon be on the face of the sundial (see Fig. 5)? 


FIGURE 5 
Sundial 


Solution 


FIGURE 6 


Matched Problem 2 


Remark 
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We are given two angles and the side opposite one of the angles (AAS). First 
we find the third angle; then we find the length of the shadow using the law of 
sines. It is helpful to make a simple drawing (Fig. 6) showing the given and 
unknown parts. 


Solve for y: 
y = 180° — (63° + 38°) = 79° 


Solve for c: 
sina  siny 
a c 
sin 63° sin 79° F saul 
12 ‘ ross-mu Ip \y. 
c sin 63° = 12 sin 79° Divide both sides by gin G3’. 
12 sin 79° 
c = ——— = 13 in. Shadow length | 
sin 63° 


Repeat Example 2 for Columbus, Ohio, with a latitude of 40°N, a gnomon of 
length 15 in., and a 52° angle of elevation for the sun. Oo 


Note that the AAS case can always be converted to the ASA case by first solving 
for the third angle, so we can think of the two situations where we know two 
angles as a single case. For this case to determine a unique triangle, the sum of 
the two given angles must be between 0° and 180°. 
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EXAMPLE 3 


Solution 
1.2mm 
2.3 mm 
34° 
FIGURE 7 


Matched Problem 3 


EXAMPLE 4 


Solution 


B Solving the Ambiguous SSA Case 


If we are given two sides and an angle opposite one of the sides—the SSA case— 
then it is possible to have zero, one, or two possible triangles, depending on the 
measures of the two sides and the angle. Therefore, we will refer to the SSA case 
as the ambiguous case. 

We will use examples to illustrate the three possibilities. 


Using the Law of Sines (SSA): No Triangle 


Find £6 in the triangle with a = 34°, b = 2.3mm, anda = 1.2 mm. 


Since we know an angle and the side opposite (@ and a), we can use the law of sines: 


sin B sin a 

=... SS Law of sines 
b a 
2s Multiply both sides by 2.3 
- u oth sides ed 

2.3 ie: — oe 

; 2.3 sin 34° 

sin B = —— an = 1.0718 No solution since 1.0718 >1 


Since the equation sin B = 1.0718 has no solution, there is no triangle having the 
given measurements. Figure 7 illustrates geometrically what went wrong: Side a 
is not long enough to reach the bottom side of a 34° angle. Oo 


Use the law of sines to find 6 in the triangle with a = 130°, b = 1.3m, and 
a=12m. Oo 


Using the Law of Sines (SSA): One Triangle 
Solve the triangle with a = 47°, a = 3.7 ft, and b = 3.5 ft. 


Solve for B: 
sin B sin a 
ot Law of gines 
b a 
sa pen Multiply both sides by 3.5 
35 37 ultiply both sides by 3.5. 
: 3.5 sin 47° 
sin B = 37. Apply inverse sine to solve for B. 


B 


. —1f 3.5 sin 47° 
sin 37 Use the inverse sine key on a calculator. 


= 44° 


180° — 44° = 136° 


44° 


q 


FIGURE 8 


Matched Problem 4 


EXAMPLE 5 


180° — 46° = 134° 


Solution 


FIGURE 9 
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The calculator gives the measure of the acute angle whose sine is 3.5 sin 47° /3.7. 
But there is another possible choice for B (see Fig. 8): the supplement of 44°, that 
is, 180° — 44° = 136°. But if we add 136° to a = 47°, we get 183°, which is 
greater than 180° (the sum of the measures of the three angles in a triangle). Because 
it is not possible to form a triangle having two angles with measures 47° and 136°, 
the supplement 136° must be rejected, and we are left with only one triangle using 
B = 44°. We complete the problem by solving for y and c. 


Solve for y: 
y = 180° — (a + B) 
= 180° — (47° + 44°) = 89° 


|) Solve for c: 


sin @ sin y 
— Law of sines 
a c 
sin 47° sin 89° 

= Cross-multiply. 

3.7 ic 

c sin 47° = 3.7 sin 89° Divide both sides by sin 47°. 
3.7 sin 89° 
= ———— = 5l|ft | 
© sin 47° 
Solve the triangle with a = 139°, a = 42 yd, and b = 27 yd. a 


Using the Law of Sines (SSA): Two Triangles 


Solve the triangle(s) with a = 26°, a = 11 cm, and b = 18cm. 


Solve for B: 
sin B sin a 
=f. < Law of sines 
b a 
sin B sin 26° estes 
18 ll olve for gin B. 
; 18 sin 26° 
sin B = |; a Apply inverse sine to solve for B. 
.__1f 18 sin 26° ; 
B = sin 7 Use inverse sine key on a calculator. 
= 46° 


But B could also be the supplement of 46°; that is, 180° — 46° = 134° (see Fig. 9). 
To see if the supplement, 134°, can be an angle in a second triangle, we add 134° 
to a = 26° to obtain 160°. Since 160° is less than 180° (the sum of the measures 
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of all angles of a triangle), there are two possible triangles meeting the original 
conditions, one with 6 = 46° and the other with 6 = 134°. Figure 10 illustrates 
the results: 8 = 46° and B’ = 134°. 


D D 
a> J 
18 cm 11cm 18cm 
11 cm 
A c C A c’ B 
Two choices for B Triangle 1; B= 46° Triangle 2; B’ = 134° 
FIGURE 10 
Solve for y and y': 
y = 180° — (26° + 46°) = 108° 
y' = 180° — (26° + 134°) = 20° 
Solve for c and c': 
sin 26° __ sin 108° sin 26° __ sin 20° 
11 Cc 11 c’ 
c sin 26° = 11 sin 108° c' sin 26° = 11 sin 20° 
_ I1 sin 108° , _ Ll sin 20° 
© sin 26° © sin 26° 
c = 24cm c' = 8.6cm | 
Matched Problem 5 __ Solve the triangle(s) with a = 8.0 mm, b = 11 mm, anda = 35°. |_| 


For the ambiguous SSA case, it is probably easiest to begin solving the tri- 
angle and see if zero, one, or two triangles result, as in Examples 3-5. It is pos- 
sible, however, to summarize the various cases, as shown in Table 2 on page 361. 
With this information, you can determine in advance how many triangles exist. 


EXPLORE/DISCUSS 2 


If it is found that sin B > 1 in the process of solving an SSA triangle with 
a acute, indicate which case(s) in Table 2 apply and why. Repeat the problem 
for sin 8B = 1 andfor0 < sinB < 1. 
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TABLE 2 
SSA Variations 
Number of 
a(h =b sina) _ triangles Figure 
a acute O<a<h 0 bon (a) 
a 
-_ ; ra, (b) 
—\ 
@ 
h<a<b 2 ye 
Ss ee 
b A 
. (@) 
a=b 1 
a 
a obtuse 0<a<b 0 Dx<—~v () 
>b I b < 
. C) 


We close the section with another application. 


EXAMPLE 6 Distances Between Cities 


The cities of Jacksonville and Miami are 335 mi apart on Florida’s east coast, with 
Miami southeast of Jacksonville. Tampa is 181 mi southwest of Jacksonville, on 
the west coast. If a triangle is formed by lines connecting the cities, the angle at 
Tampa is 120.3°. How far is it from Tampa to Miami? 


Solution We should begin by drawing a diagram matching the described situation, label- 
ing the angles with the cities (Fig. 11). 


FIGURE 11 J 


335 mi 
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Based on the given information, our only choice is to find angle M first: 


sin 120.3°  sinM 


Multiply both sides by 181. 


335 181 
: 181 sin 120.3° 
sin M = — Apply inverse sine to find M. 
335 
‘ie sin-( 181 sin 120.3° ) ee 
335 se calculator. 
= 27.8° 


(There is only one possible triangle because the angle at Tampa is greater 
than 90°). Now we can find angle J, then use the law of sines again to find the 
distance d. 


J = 180° — (120.3° + 27.8°) = 31.9° 


sin 120.3° sin 31.9° ‘ ia 
335 d ross-multiply. 


d sin 120.3° = 335 sin 31.9° Divide both sides by sin 120.3”. 
335 sin 31.9° 


d = ——— Ugze calculator. 


sin 120.3° 
= 205 mi 


Miami is 205 miles from Tampa. a 


Matched Problem 6 San Francisco is 446 mi northwest of San Diego, and Las Vegas is 259 mi north- 
east of San Diego. If a triangle is drawn from the lines connecting these cities, the 
angle at Las Vegas is 79.6°. How far is it from San Francisco to Las Vegas? 


Remark The cities in Example 6 are relatively close together, so it’s reasonable to assume 
that the actual distances between them are the lengths of the line segments con- 
necting the points J, T, and M in Figure 11. For cities like New York, Tokyo, and 
SZo Paulo, which are much farther apart, the shortest distances between them 
must take the curvature of the earth into account. Spherical trigonometry, a 
branch of trigonometry that is treated in more advanced books, can be used to 
calculate such distances. 


Answers to 
Matched Problems 


1. y = 106.79; a=598m; b= 905m 

2. Shadow length = 19 in. 

3. No triangle: a is obtuse anda = b. 

4. B = 25°; y= 16°; c= 18yd 

5. B = 128°, B' = 52°; y= 17°, y’ = 93°35 c= 41mm, c’ = 14mm 
6. 413 mi 
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Assume all triangles are labeled as in the figure unless stated 
to the contrary. Your answers may differ slightly from those in 
the back of the book, depending on the order in which you 
solve for the sides and angles. 


EXERCISE 6.1 


AX 1. What is meant by “solving a triangle’’? 


2. Use illustrations to explain why there are sometimes two 
possible triangles when we are given two sides and an 


In Problems 5-10, decide whether or not the law of sines can 
be used to solve the triangle with the given information. Do 


angle not between the sides. 


Explain why it’s always possible to use the law of sines 
in solving a triangle when we are given two angles and 


any side. 


Discuss a simple way to decide if the law of sines can be 
used when we are given three parts of a triangle. 


not solve. 
5. a = 5in,b = Tin,a = 31° 
6. b = 10.1 ft, B = 116°, y = 9° 
7. a=9mm,b = 10mm,c = 11 mm 
8. a = 110 yd, B = 81°,c = 91 yd 
9. b= 24mi,a = 78.4°,c = 1.6mi 
10. a=6m,b =2m,c = 90m 


In Problems 11-18, solve each triangle given the indicated 


measures of angles and sides. 


11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


B 


a 


B= 


a 
a 
a 
B 
a 


43°, y = 36°,a = 92cm 
= 122°,y = 18°,b = 12mm 
27.5°, y = 54.5°,a = 9.27 mm 
= 118.3°, y = 12.2°,b = 17.3km 
= 122.7°, B = 34.4°,b = 18.3cm 
= 67.7°, B = 54.2°,b = 123 ft 
= 12°40’, y = 100°0', b = 13.1km 
= 73°50’, B = 51°40’, a = 36.6 mm 


B In Problems 19-30, determine whether the information in each 
problem allows you to construct zero, one, or two triangles. Do 
not solve the triangle. Explain which case in Table 2 applies. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


a= Sft,b = 4ft,a = 60° 

1 ft, b = 2 ft, a = 30° 
3in., b = 8in., a = 30° 
= 6in., b = 7in., a = 135° 
= 5cm,b = 6cm,a = 45° 
= 9cm,b = 8cm,a = 75° 


a 
a 
a 
a 
a 
a = 3mm, b = 2mm,a = 150° 
a 
a 
a 
a 
a 


= 5mm, b = 7mm, a = 30° 


4 ft,b = 8 ft,a = 30° 

7 ft, b = 1 ft,a = 108° 
2in., b = 3in., a = 120° 
4in., b = S5in.,a = 60° 


In Problems 31-48, solve each triangle. If a problem has 
no solution, say so. If a problem involves two triangles, solve 


both. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 
45. 
46. 
47. 
48. 


a = 134°,a = 38cm, b = 24cm 
a = 15°,a = 53cm, b = 48cm 

a = 69°,a = 86 ft, b = 91 ft 

a = 30°,a = 19 ft, b = 38 ft 

a = 21°,a = 4.7in., b = 6.2 in. 
a = 145°,a = 8.6in., b = 9.1 in. 
a = 52°,B = 65°,a = 57m 

a = 45°,a = 58m,b = 72m 

B = 30°,a = 54cm, b = 27cm 
a = 108°, B = 36°, b = 66cm 


B = 57°,a = 47ft,b = 62ft 

B = 95°, a = 7.9 ft, b = 8.7 ft 

B = 150.7°, a = 26.4 in., b = 19.5 in. 

B = 70.5°, a = 85.3 in., b = 61.4 in. 

a = 130°20', B = 31°30’, c = 37.2 cm 
B = 45°50’, a = 8.25cm, b = 5.83 cm 
B = 22°10',a = 56.3 mm, b = 25.1 mm 
a = 65°40’, B = 13°50’, b = 42.3 mm 
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C 49. 


50. 


51. 


52. 


53. 


54. 


Mollweide’s equation, 


(a b) cos diets 


=csin 5 

is often used to check the final solution of a triangle since 
all six parts of a triangle are involved in the equation. If, 
after substitution, the left side does not equal the right side, 
then an error has been made in solving a triangle. Use this 
equation to check Problem 11 to two decimal places. 
(Remember that rounding may not produce exact equality, 
but the left and right sides of the equation should be close.) 


Use Mollweide’s equation (see Problem 49) to check 
Problem 13 to two decimal places. 
Use the law of sines and suitable identities to show that 
for any triangle, 
a—-Bp 
t 
a-b _ is 2 
at+b ar B 
2 
Verify (to three decimal places) the formula in Problem 
51 with values from Problem 11 and its solution. 
Let B = 46.8° and a = 66.8 yd. Determine a value k so 
that if0 < b < k, there is no solution; if b = k, there is 
one solution; and if k < b < a, there are two solutions. 
Let B = 36.6° and b = 12.2 m. Determine a value k so 
that if0 < b < k, there is no solution; if b = k, there is 
one solution; and if k < b < a, there are two solutions. 


tan 


55. 


A“ Applications 


Surveying To determine the distance across the Grand 
Canyon in Arizona, a 1.00 mi baseline, AB, is established 
along the southern rim of the canyon. Sightings are then 
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56. 


57. 


made from the ends (A and B) of the baseline to a point C 
across the canyon (see the figure). Find the distance from 
Ato Cif ZBAC = 118.1° and ZABC = 58.1°. 


Surveying Refer to Problem 55. The Grand Canyon 
was surveyed at a narrower part of the canyon using a 
similar 1.00 mi baseline along the southern rim. Find the 
length of AC if Z BAC = 28.5° and ZABC = 144.6°. 


Fire Spotting A fire at F is spotted from two fire look- 
out stations, A and B, which are located 10.3 mi apart. If 
station B reports the fire at angle ABF = 52.6°, and sta- 
tion A reports the fire at angle BAF = 25.3°, how far is 
the fire from station A? From station B? 


Figure for 57 


58. 


59. 


Coast Patrol Two lookout posts, A and B, which are 
located 12.4 mi apart, are established along a coast to 
watch for illegal foreign fishing boats coming within the 
3 mi limit. If post A reports a ship S$ at angle 
BAS = 37.5°, and post B reports the same ship at angle 
ABS = 19.7°, how far is the ship from post A? How far 
is the ship from the shore (assuming the shore is along 
the line joining the two observation posts)? 


Surveying An underwater telephone cable is to cross a 
shallow lake from point A to point B (see the figure). 


Figure for 59 


60. 


61. 


62. 


Stakes are located at A, B, and C. Distance AC is mea- 
sured to be 112 m, Z CAB to be 118.4°, and Z ABC to be 
19.2°. Find the distance AB. 


Surveying A suspension bridge is to cross a river from 
point B to point C (see the figure). Distance AB is mea- 
sured to be 0.652 mi, Z ABC to be 81.3°, and Z BCA to 
be 41.4°. Compute the distance BC. 


Figure for 60 


Cleveland, Columbus, and Toledo form a triangle in 
Ohio with Columbus 120 mi southeast of Toledo, and 
Cleveland 112 mi northeast of Columbus. If the angle 
at Toledo is 59.7°, how far is it from Toledo to 
Cleveland? 


Coastal Piloting A boat is traveling along a coast at 
night. A flashing buoy marks a reef. While proceeding on 
the same course, the navigator of the boat sights the buoy 
twice, 4.6 nautical mi apart, and forms triangles as 


Pe Reef 
Oo 
=e 


Figure for 62 


63. 


65. 


365 
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shown in the figure. If the boat continues on course, by 
how far will it miss the reef? 


Surveying Find the height of the mountain above the 
valley in the figure. 


How high is the mountain? 


Figure for 63 


. Tree Height A tree growing on a hillside casts a 157 ft 


shadow straight down the hill (see the figure). Find 
the vertical height of the tree if relative to the horizontal, 
the hill slopes 11.0° and the angle of elevation of the sun 
is 42.0°. 


Figure for 64 and 65 


Tree Height Find the height of the tree in Problem 64 
if the shadow length is 102 ft and relative to the horizon- 
tal, the hill slopes 15.0° and the angle of elevation of the 
sun is 62.0°. 
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66. 


Aircraft Design Find the measures of B and c for the 
sweptback wing of a supersonic jet, given the information 
in the figure. 


Figure for 66 


67. 


68. 


69. 


Aircraft Design Find the measures of 6 and c in 
Problem 66 if the extended leading and trailing edges of 
the wing are 20.0 m and 15.5 m, respectively, and the 
measure of the given angle is 35.3° instead of 33.7°. 


Eye A cross section of the s 
cormea of an eye, a circular arc, 
is shown in the figure. With the 
information given in the figure, 
find the radius of the arc, r, and 
the length of the arc, s. 


Eye Repeat Problem 68 
using a central angle of 98.9° 
and a chord of length 11.8 mm. 


Cornea 


Figure for 68 


_¢ Horizon line at 
B tracking station A 


Earth Figure for 70 and 71 
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70. 


71. 


72. 


73. 


74. 


Space Science When a satellite is directly over 
tracking station B (see the figure), tracking station A 
measures the angle of elevation 6 of the satellite (from 
the horizon line) to be 24.9°. If the tracking stations are 
504 mi apart (that is, the arc AB is 504 mi) and the radius 
of the earth is 3,964 mi, how high is the satellite above 
B? [Hint: Find all angles for the triangle ACS first.] 


Space Science Refer to Problem 70. Compute the 
height of the satellite above tracking station B if the sta- 
tions are 632 mi apart and the angle of elevation 6 of the 
satellite (above the horizon line) is 26.2° at tracking 
station A. 


Astronomy The orbits of the earth and Venus are 
approximately circular, with the sun at the center 
(see the figure). A sighting of Venus is made from the 
earth and the angle @ is found to be 18°40’. If the 
diameter of the orbit of the earth is 2.99 x 10° km and 
the diameter of the orbit of Venus is 2.17 X 10°km, 
what are the possible distances from the earth to 
Venus? 


Figure for 72 and 73 


Astronomy In Problem 72 find the maximum value of 
a. [Hint: The value of a is maximum when a straight line 
joining the earth and Venus in the figure is tangent to 
Venus’s orbit. ] 


Engineering A 12 cm piston rod joins a piston to a 
4.2 cm crankshaft (see the figure). What is the longest 
distance d of the piston from the center of the crankshaft 
when the rod makes an angle of 8.0°? 


Figure for 74 and 75 
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75. Engineering Refer to Problem 74. What is the shortest 
distance d of the piston from the center of the crankshaft 
when the rod makes an angle of 8.0°? h 
76. Surveying The scheme illustrated in the figure is used 
to determine inaccessible heights when d, a, B, and y can 
be measured. Show that 


h = dsinacsc(@ + B) tany 4 o 


Figure for 76 


6.2 Law of Cosines 


¢ Deriving the Law of Cosines 
e Solving the SAS Case 
e Solving the SSS Case 


In Figure 1, we are given two types of triangles that we didn’t study in Section 6.1. 
In the first, we know two sides and the included angle (SAS), and in the second 
we are given three sides (SSS). Neither case can be solved using the law of sines 
because we don’t know both an angle and the opposite side. In this section we 
will develop the law of cosines, which can be used for these two cases. 


FIGURE 1 


c Cc 


(a) SAS case (b) SSS case 


B Deriving the Law of Cosines 


The following three formulas are known collectively as the law of cosines. 


a =)? +c — 2becosa 
b* = a? + c? — 2ac cos B 


=a’ +b? — 2abcosy 
All three equations say essentially the 
same thing. 
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FIGURE 2 


The law of cosines is used to solve a triangle if we are given: 


1. Two sides and the included angle (SAS), or 
2. Three sides (SSS) 


We will derive only the first equation in the box. (The other equations can 
then be obtained from the first case simply by relabeling the figure.) We start by 


locating a triangle in a rectangular coordinate system. Figure 2 shows three typi- 
cal triangles. 
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Since the left side of the formula we are trying to develop is a’, we will begin by 
finding an expression for a’. 


For an arbitrary triangle located as in Figure 2, we use the formula for the 
distance between two points to obtain 


a= Vi(h —c)+(k-0) 
or, squaring both sides, 
a=(h-cPt+h 
= -2%wt+e?+h (1) 
We can find an expression for b’ easily using the Pythagorean theorem in Figure 2: 
Pah +h 


Notice that h* + k? is part of the right side in equation (1). Substituting b* for 
h? + k?, we get 


a = b? + c* — 2he (2) 


But using a right triangle ratio, 


cosa = — and 
b 
h = bcosa@ 
Finally, by replacing h in (2) with b cos a, we reach our objective: 
a’ = b? + c? — 2be cosa 


[Note: If a is acute, then cos a > 0; if a is obtuse, then cos a < 0.] 
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@ Solving the SAS Case 


In this case we start by using the law of cosines to find the side opposite the given 
angle. We can then use either the law of cosines or the law of sines to find a sec- 
ond angle. Because of the simpler computation, we will generally use the law of 
sines to find a second angle. 


EXPLORE/DISCUSS 1 


After using the law of cosines to find the side opposite the angle for the SAS 
case, the law of sines is used to find a second angle. There are two choices for 
the second angle, and the following discussion shows that one choice may be 
better than the other. 


(A) If the given angle between the two given sides is obtuse, explain why 
neither of the remaining angles can be obtuse. 

(B) Ifthe given angle between the two given sides is acute, explain why choos- 
ing the angle opposite the shorter given side guarantees the selection of an 
acute angle. 

(C) Starting with (sin B)/b = (sin a) /a, show that 


Be sin (258) (3) 
a 


(D) Explain why equation (3) gives us the correct angle 6 only if B is acute. 


This discussion leads to the following strategy for solving the SAS case: 


STRATEGY FOR SOLVING THE SAS CASE 


Step Find Method 
1. Side opposite given angle Law of cosines 
2. Second angle (Find the angle Law of sines or law of cosines 


opposite the shorter of the two 
given sides—this angle will 
always be acute.) 
3: Third angle Subtract the sum of the 
measures of the given angle 
and the angle found in step 2 
from 180°. 


370 6 ADDITIONAL TOPICS: TRIANGLES AND VECTORS 


EXAMPLE 1 


Solution 


10.0 m 


FIGURE 3 


Matched Problem 1 


Using the Law of Cosines (SAS) 


Solve the triangle shown in Figure 3. 


Solve for b: With the given information, we have only one choice: the second 
equation in the law of cosines. 


b? = a + c* — 2ac cos B Solve for b. 


Va? + c? — 2ac cos B 
= V (13.9)? + (10.0)? — 2(13.9)(10.0) cos 34°20’ 
= 7.98m 


b 


(We choose only the positive root because b is a length.) 


Solve for y: Since side c is shorter than side a, y must be acute, so we use the 
law of sines to solve for y. 


sin y sin B 
<a a Law of gines 
c b 
= ee Multiply both sides by 10.0 
oo ulti oth sides iO) 
10.0 7.98 i . 
: 10.0 sin 34°20’ i — 
sin y = se inverse sine to solve for y. 
” 7.98 ; 
. -1f 10.0 sin 34°20’ Since y is acute, we can use the 
y = sin 7.98 inverse gine key on a calculator to 


find the measure of y. 


= 45.0° or 45°0’ 


Solve for a: 
a = 180° - (6B + y) 
= 180° — (34°20' + 45°0’) = 100°40’ fe 
Solve the triangle with a = 86.0°, b = 15.0 m, andc = 24.0 m (angles in decimal 
degrees). a 
EXPLORE DISCUSS 2 


After finding side b in Example 1, we next used the law of sines to find angle 
y. Rework that part of Example | by using the law of sines to find a@ instead 
of y. Did you get the right answer? Explain why or why not. 


Explore/Discuss 2 illustrates why it’s a good idea to find the smaller of the 
remaining angles when using the law of sines: If you try to find the larger, and it 
happens to be obtuse, you will get the incorrect angle using inverse sine. 
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B Solving the SSS Case 


When we start with three sides of a triangle, our problem is to find the three angles. 
Although the law of cosines can be used to find any of the three angles, we will 
always start with the angle opposite the longest side to get an obtuse angle, if pre- 
sent, out of the way at the start. This will ensure that if we use the law of sines to 
find a second angle, we won’t have to worry about two potential solutions. Then 
we will switch to the law of sines to find a second angle. 


EXPLORE/DISCUSS 3 


(A) Starting with a = b? + c? — 2bc cos a, show that 
2 2 2) 
- =f GSE Se ) 
=3 | ———— 4 
Z ( SG 4) 


(B) Explain why equation (4) gives us the correct angle a regardless of whether 
a is obtuse or acute. 


This discussion leads to the following strategy for solving the SSS case: 


STRATEGY FOR SOLVING THE SSS CASE 


Step Find Method 


1. Angle opposite longest side Law of cosines 
(This will take care of an 
obtuse angle, if present.) 


2. Either of the remaining angles Law of sines or law of 
(Always acute, since a triangle cosines 
cannot have more than one 
obtuse angle.) 
ab Third angle Subtract the sum of the 
measures of the angles found 
in steps | and 2 from 180°. 


EXAMPLE 2 Solving the SSS Case: Surveying 


A triangular plot of land has sides a = 21.2 m, b = 24.6 m, andc = 12.0 m. Find 
the measures of all three angles in decimal degrees. 
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Solution — Find the measure of the angle opposite the longest side, which in this problem is 
angle B, first using the law of cosines. We make a rough sketch to keep the vari- 
ous parts of the triangle straight (Fig. 4). 


Solve for B:  Itis not clear whether B is acute, obtuse, or 90°, but we do not need 
to know beforehand, because the law of cosines will automatically tell us in the 


ti solution process. 
21.2m 

b* = a* + c* — 2ac cos B Law of cosines 

(24.6) = (21.2)? + (12.0)? — 2(21.2)(12.0) cos B Solve for cos B. 

cos B = (24.6) 7 (21.2)? = (12.0) Use inverse cosine to 
—2(21.2)(12.0) solve for B. 
FIGURE 4 4f G46) — 212)" (120)? 

B = cos —2(21.2)(12.0) Use a calculator. 


91.3° 


Solve fora: Botha and y must be acute, since 6 is obtuse. We arbitrarily choose 
to find a first using the law of sines. Since a is acute, the inverse sine function in 
a calculator will give us the measure of this angle directly. 


sin a sin B 
ee ee Law of sines. 
a b 
ae Multiply both sides by 21.2 
12 746 ultiply both sides by 21.2. 
_  _ 21.2 sin 91.3° wai rian 
sin @ 246 9é€ Inverse siné vo solve tor a. 
2 “( 21.2 ma ° bade 
a sin 14.6 9é a Calculator 
= 59.5° 
Solve for y: 
y = 180° — (a + B) 
= 180° — (59.5° + 91.3°) = 29.2° | 


Matched Problem 2_ A triangular plot of land has sides a = 217 ft, b = 362 ft, and c = 345 ft. Find 
the measures of all three angles to the nearest 10’. a 
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\ EXAMPLE 3 Navigation 


A small plane is flying from Chicago to St. Louis, a distance of 258 mi. After fly- 
ing at 130 mi/hr for 45 min, the pilot finds that she is 12° off course. If she corrects 
the course and maintains speed and direction for the remainder of the flight, how 
much longer will the flight take? 


Solution We first need to know how far the plane has flown after 45 min, or 3/4 hr. 
mi 3 : 
130 — - —hr = 97.5 mi 
hr 4 


Now we can draw a diagram (Fig. 5). The distance remaining is labeled d, and we 
can find it using the law of cosines. 


Chicago 


St. Louis 


FIGURE 5 


d* = (97.5)* + (258)? — 2(97.5)(258) cos 12° 


V/(97.5)2 + (258)? — 2(97.5)(258) cos 12° 
164 mi 


aX 
II 


Finally, we can find the remaining time: 


= 1.3 hr, or about 1 hr, 18 min | 


Matched Problem 3 _ Repeat Example 3 if the pilot was 21° off course after flying 110 mi/hr for 
90 min. | 
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We conclude our study of solving triangles with a brief summary describing 
a simple overall strategy. 


STRATEGY FOR SOLVING OBLIQUE 


(NON-RIGHT) TRIANGLES 


Given information Overall strategy 


Two angles and any side Subtract from 180° to find the third angle, then 
use the law of sines. 

All three sides Use the law of cosines to find the largest angle. 

Two sides and an angle If one of the sides is opposite the angle, use the 
law of sines. If not, use the law of cosines. 


Answers to 1. a = 27.4m, B = 33.1°, y = 60.9° 
Matched Problems = 2, q = 35°40', 8 = 76°30', y = 67°50’ 


3. 1 hr, Smin 
EXERCISE 6.2 
All triangles in this exercise are labeled as in the figure unless 9. B=81°, y= 4°, b=21yd 
stated to the contrary. Your answers may differ slightly from 10. @=56°. b=3mm. c=2.1 mm 


those in the back of the book, depending on the order in which 
you solve for the sides and angles. 


11. Referring to the figure at the beginning of the exercise, if 
B = 38.7°,a = 25.3 ft, and c = 19.6 ft, which of the 
two angles, a or y, can you say for certain is acute? Why? 

12. Referring to the figure at the beginning of the exercise, if 
a = 92.6°, b = 33.8 cm, and c = 49.1 cm, which of the 
two angles, 6 or y, can you say for certain is acute? Why? 


Solve each triangle in Problems 13-16. 
A 1. Explain why it’s a good idea to first find the largest angle 13. a = 50°40’, b = 7.03 mm, 
when solving a triangle, given all three sides. 


c = 7.00 mm 
14. a = 71°0'", b=532cm, c = 5.00cm 
15. y = 134.0°, a= 200m, b= 800m 


ll 


2. Use drawings to decide if you can always find a solution 
to a triangle when given two sides and an angle between 


them that is between 0° and 180°. 16. a = 120.0°, b= 5.00km, c = 10.0 km 
B 17. Referring to the figure at the beginning of the exercise, if 
In Problems 3-10, decide whether you should use the law of a = 36.5mm, b = 22.7mm, and c = 19.1 mm, then, 
sines or the law of cosines to begin solving the triangle. Do if the triangle has an obtuse angle, which angle must it 
not solve. be? Why? 
3. a=S5ft, b=6ft, c=7ft 18. You are told that a triangle has sides a = 29.4 ft, 
4. a= 10°, y= 119°, c= 10mi b = 12.3 ft, and c = 16.7 ft. Explain why the triangle 


B= 45°, a=8in b=11in has no solution. 


y= 91°, a= 14km, c= 20km Solve each triangle in Problems 19-22. 


a=9ft, b= 12ft, y= 101% 19. a = 9.00 yd, b = 6.00 yd, c = 10.0 yd 
a=13m, b=7m, c=81lm (decimal degrees) 


Pr nn 


20. 


21. 


22. 


a = 5.00 km, b = 5.50 km, c = 6.00 km 
(decimal degrees) 

a = 420.0 km, b = 770.0 km, c = 860.0 km 
(degrees and minutes) 


a = 15.0 cm, b = 12.0cm, c = 10.0cm 
(degrees and minutes) 


Problems 23-40 represent a variety of problems involving the 
first two sections of this chapter. Solve each triangle using the 
law of sines or the law of cosines (or both). If a problem does 
not have a solution, say so. 


23. 
24. 
25. 
26. 
27. 
28. 
29. 


30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 


42. 


43. 


44. 


B = 132.4°, y = 173°, b = 67.6ft 
a@ = 57.2°, y = 112.0°, c = 248 ft 
B = 66.5°, a= 13.7m, c= 20.1m 
y = 54.2°, a= 112ft, b= 87.2 ft 

B = 84.4°, y = 978°, a= 123cm 
a = 95.6°, y = 863°, b= 43.5cm 


a = 10.5in., b = 5.23 in., c = 9.66 in. 
(decimal degrees) 
a = 15.0 ft, b = 18.0 ft, c = 22.0 ft (decimal degrees) 


y = 80.3°, a= 145mm, c = 10.0mm 
B = 634°, b= 50.5in., c= 644 in. 
a = 463°, y = 105.5°, b= 643m 

B = 123.6°, y = 21.9°, a= 108cm 
a=12.2m, b=16.7m, c = 30.0m 
a= 28.2 yd, b=523yd, c = 22.0 yd 


a = 46.7°, a= 181 yd, b= 22.6 yd 

y = 58.4°, b=7.23cm, c = 6.54cm 

a = 365°, B=72.4°, y =71.1° 

a = 29°20’, B = 32°50’, y = 117°50' 

Using the law of cosines, show that if B = 90°, then 


b? = c* + a’ (the Pythagorean theorem). 

Using the law of cosines, show that if b> = c* + a’, 
then B = 90°. 

Check Problem 13 using Mollweide’s equation (see 
Problem 49, Exercise 6.1), 


_ a— B 
=csin 


Y 
b 
(a ) cos 5 


Check Problem 5 using Mollweide’s equation (see 
Problem 43). 


45. 


46. 


47. 


48. 
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Show that for any triangle with standard labeling (see the 
figure at the beginning of the exercise), 


c = bcosa + acos B 


Use Problem 45 to show that the sum of the lengths of 
any two sides of a triangle is greater than the length of 
the third side. 

The base of an isosceles triangle is 1.5 times the length 
of the congruent sides. Use the law of cosines to find the 
base angles. 

Show that for any triangle with standard labeling (see the 
figure at the beginning of the exercise), 


at+ht+ec cos a cos B cos y 
T T 


2abc a b c 


49. 


50. 


< Applications 


Surveying A geologist wishes to determine the dis- 
tance CB across the base of a volcanic cinder cone (see 
the figure). Distances AB and AC are measured to be 
425 m and 384 m, respectively, and 2 CAB is 98.3°. Find 
the approximate distance across the base of the cinder 
cone. 


Figure for 49 


Surveying To estimate the length CB of the lake in the 
figure on the next page, a surveyor measures AB and AC 
to be 89 m and 74 m, respectively, and 4 CAB to be 95°. 
Find the approximate length of the lake. 
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51. 


52. 


53. 


@** 
¢ 


Figure for 50 


Geometry: Engineering Find the measure in decimal 
degrees of a central angle subtended by a chord of length 
13.8 cm in a circle of radius 8.26 cm. 


Geometry: Engineering Find the measure in decimal 
degrees of a central angle subtended by a chord of length 
112 ft in a circle of radius 72.8 ft. 


Search and Rescue At midnight, two Coast Guard 
helicopters set out from San Francisco to find a sail- 
boat in distress. Helicopter A flies due west over the 
Pacific Ocean at 250 km/hr, and helicopter B flies 
northwest at 210 km/hr. At 1 A.M., helicopter A spots a 
flare from the boat and radios helicopter B to come and 
assist in the rescue. How far is helicopter B from heli- 
copter A at this time? Compute the answer to two sig- 
nificant digits. 


San Franc com 


Figure for 53 


54. 


Navigation Los Angeles and San Francisco are 
approximately 600 km apart. A pilot flying from 
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55. 


56. 


57. 


58. 


59. 


Los Angeles to San Francisco notices when she is 200 
km from Los Angeles that the plane is 20° off course. 
How far is the plane from San Francisco at this time (to 
two significant digits)? 

Navigation A cruise ship is sailing from St. Thomas to 
St. Lucia, a distance of 398 mi. After 6 hr at a cruising 
speed of 26 mi/hr in heavy seas, the captain is informed 
that the ship is 14.1° off course. If the course is correct- 
ed and speed and direction are maintained, how much 
longer will the trip take? 


Geometry: Engineering A 58.3 cm chord of a circle 
subtends a central angle of 27.8°. Find the radius of 
the circle to three significant digits using the law of 
cosines. 


Geometry: Engineering Find the perimeter (to the 
nearest centimeter) of a regular pentagon inscribed in a 
circle with radius 5 cm (see the figure). 


Figure for 57 


Geometry: Engineering Three circles of radius 2 cm, 
3 cm, and 8 cm are tangent to each other (see the figure). 
Find (to the nearest 10’) the three angles formed by the 
lines joining their centers. 


Figure for 58 


Engineering A tunnel for hydroelectric power is to be 
constructed through a mountain from one reservoir to 
another at a lower level (see the figure on the next page). 
The distance from the top of the mountain to the lower 
end of the tunnel is 5.32 mi, and that from the top of the 


mountain to the upper end of the tunnel is 2.63 mi. The 

angles of depression of the two slopes of the mountain 

are 42.7° and 48.8°, respectively. 

(A) What is the length of the tunnel? 

(B) What angle does the tunnel make with the 
horizontal? 


Figure for 59 


60. 


61. 


62. 


Engineering: Construction A fire lookout is to be 
constructed as indicated in the figure. Support poles 
AD and BC are each 18.0 ft long and tilt 8.0° inward 
from the vertical. The distance between the tops of the 
poles, DC, is 12.0 ft. Find the length of a brace AC and 
the distance AB between the supporting poles at 
ground level. 


Figure for 60 


Engineering: Construction Repeat Problem 60 with 
support poles AD and BC making an angle of 11.0° with 
the vertical instead of 8.0°. 


Space Science A satellite, S, in circular orbit around 
the earth, is sighted by a tracking station T (see the 


63. 
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figure). The distance TS is determined by radar to be 
1,034 mi, and the angle of elevation above the horizon 
is 32.4°. How high is the satellite above the earth at 
the time of the sighting? The radius of the earth is 
r = 3,964 mi. 


Figure for 62 


Space Science For communications between a space 
shuttle and the White Sands Missile Range in southern 
New Mexico, two satellites are placed in geostationary 
orbit, 130° apart. Each is 22,300 mi above the surface of 
the earth (see the figure). (When a satellite is in geosta- 
tionary orbit it remains stationary above a fixed point on 
the earth’s surface.) Radio signals are sent from an orbit- 
ing shuttle by way of the satellites to the White Sands 
facility, and vice versa. This arrangement enables the 
White Sands facility to maintain radio contact with the 
shuttle over most of the earth’s surface. How far (to the 
nearest 100 mi) is one of these geostationary satellites 
from the White Sands facility (W)? The radius of the 
earth is 3,964 mi. 


Figure for 63 
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64. Geometry: Engineering A rectangular solid has 
sides of 6.0 cm, 3.0 cm, and 4.0 cm (see the figure). 
Find ZABC. 


6.0 cm 3.0cm 


Figure for 64 and 65 


65. Geometry: Engineering Refer to Problem 64. Find 
ZACB. 


66. Surveying A plot of land was surveyed, with the 
resulting information shown in the figure. Find the length 
of DC. 


67. Surveying A plot of land was surveyed, with the 
resulting information shown in the figure. Find the length 
of BC. Figure for 67 


*6.3 Areas of Triangles 


e Base and Height Given 

© Two Sides and Included Angle Given 
e Three Sides Given (Heron's Formula) 
e Arbitrary Triangles 


In this section, we will discuss three frequently used methods of finding areas of 
triangles. The derivation of Heron’s formula also illustrates a significant use of 
identities. 


B Base and Height Given 


FIGURE 1 


i If the base b and height h of a triangle are given (see Fig. 1), then the area A is 
A = zbh one-half the area of a parallelogram with the same base and height. 


* Sections marked with a star may be omitted without loss of continuity. 


FIGURE 2 


A= 2 sing 


EXAMPLE 1 
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= 
A = xbh 


Notice that in each case in Figure 1, the shaded triangle fills exactly half of the 
parallelogram. 


EXPLORE/DISCUSS 1 


Given two parallel lines m and n, explain why all three triangles (I, I, and II) 
sharing the same base b have the same area. 


m 


B Iwo Sides and Included Angle Given 


The area formula, A = sbh, can be rewritten into a form that doesn’t require know- 
ing the height of the triangle. Suppose that for the triangles in Figure 2, all we 
know are two sides, a and b, and the included angle, 6. According to the figure, 


sin@ = h/a, so h = asin @. [This is true for both cases in Fig. 2 because 
sin(180° — 6) = sin 0.] Our area formula then becomes 


1 1 . 
A = —bh = —b(asin@) or 
2 2 
ab 
A= cs sin 8 This is the area of the triangle. 


Find the Area of a Triangle Given Two Sides and the 
Included Angle 


Find the area of the triangle shown in Figure 3 on page 380. 


380 
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Solution 


Matched Problem 1 


8.00 m 


LE 


5.00 m 
FIGURE 3 


b rl 
A= a sin @ = > (8.00)(5.00) sin 35.0° 


= 11.5m? ie 


Find the area of the triangle with a = 12.0 cm, b = 7.00 cm, and included angle 
6 = 125.0°. | 


@ Three Sides Given (Heron’s Formula) 


A famous formula from the Greek philosopher-mathematician Heron of Alexandria 
(75 AD) enables us to compute the area of a triangle directly when given only the 
lengths of the three sides of the triangle. 


HERON’S FORMULA 


If the semiperimeter s is 
@ ar Dor 
2 


then Heron’s formula gives the area as 


A= Vsls—a)(s— B)(6—¢) 


Heron’s formula is obtained from 


b 
A= sina (1) 


by expressing sin a in terms of the sides a, b, and c. Several identities and the law 
of cosines play a central role in the derivation of the formula. We will first get 
sin(a/2) and cos(@/2) in terms of a, b, and c. Then we will use a double-angle 
identity in the form 


a a 
ina = 2 sin cos — 2 
sin @ sin 2 cos 2 ( ) 


to write sin @ in terms of a, b, and c. We start with a half-angle identity for sine 
in the form 


6.3 Areas of Triangles 381 


sin?— = —"" (3) 


The following version of the law of cosines involves cos @ and all three sides of 
the triangle a, b, and c: 


a’ =b* +c? — 2becosa 
Solving for cos a, we obtain 


(aga 2 
cos @ = (4) 
Cc 


Substituting (4) into (3), we can write sin?(a /2) in terms of a, b, and c: 


b? + c* — a 


a 1 Ihe Multiply numerator and denominator 
sin? 5 = 5 by 2bc. 
b* + c* — a? 
260 |= ——__—_— 
2be a 
2be(2) Simplity. 
2be — B - * + a? ; 
= tie Numerator factors (not obvious). 
(a-b+c)(at+b-c) 
7 Abc i 
To bring the semiperimeter 
a@a+bt+e 
p= ftbte (6) 


into the picture, we write (5) in the form 


ga. (@tb+¢- 2b)(a+ b+ c= 2c) 
sin* — = 


2 4bc 
+bt+ +b+ 
(4 Cc » (4 c c) 
= 2 2 
4bc 
(i*5*s (Se ) 
b Cc 
2 2 (7) 
7 be 


Substituting (6) into (7) and solving for sin(a/2), we obtain 


(s — os —c) (8) 


sin 
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EXAMPLE 2 


Solution 


If we repeat this reasoning starting with a half-angle identity for cosine in the form 


sae 1+ cosa (9) 
2 2 
we obtain 
a s(s — a) 
= 10 
cos, 7 (10) 


Substituting (8) and (10) into identity (2) produces 


ere (s—b)(s—c) | s(s—a) 2 
sina = a . J — ie Vs(s—a)(s—b)(s—c) (11) 


And we are almost there. We now substitute (11) into formula (1) to obtain Heron’s 


formula: 
a= %\2 Vals — a)(s — bys | 


= Vs(s a)(s — b)(s — c) 


The derivation of Heron’s formula provides a good illustration of the impor- 
tance of identities. Try to imagine a derivation of this formula without identities! 


EXPLORE/DISCUSS 2 


Derive equation (10) above following the same type of reasoning that was used 
to derive equation (8). 


Finding the Area of a Triangle Given Three Sides 


Find the area of a triangle with sides a = 12.0 cm, b = 8.0cm, andc = 6.0 cm. 


First, find the semiperimeter s: 


_atb+c _ 12.0 + 8.0 + 6.0 
2 2 


= 13.0cm 


Then 


s—a = 13.0 — 12.0 = 1.0cm 
s — b= 13.0 — 8.0 = 5.0cm 
s—c= 13.0 — 6.0 = 7.0cm 
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Using Heron’s formula, we get 


A= V's(s — a)(s — b)(s — c) 


= V13.0(1.0)(5.0)(7.0) 
= 21cm” To two significant digits 
[Note: The computed area has the same number of significant digits as the side 
with the least number of significant digits. ] oH 
Matched Problem 2 __ Find the area of a triangle with a = 6.0m, b = 10.0 m, andc = 8.0 m. a 


B Acbitrary Triangles 


To find the area of a triangle when the given information does not include (i) two 
sides and the included angle or (ii) all three sides, we partially solve the triangle to 
reduce to (i) or (11). The law of sines may be useful, as illustrated by Example 3. 


\ EXAMPLE 3 Finding the Area of a Triangle 


Find the area of a triangle with a = 39°, a = 9.4 ft, and b = 7.2 ft. 


Solution Angle y is the included angle for sides a and b, so we will find y. But first, we 
have to use the law of sines to find B. 


sin B sin a 


b = z Law of sines 

a Multiply both sides by 7.2 
79 94 ultiply both sides by 7.2. 

: 7.2 sin 39° 

sin B = 94 Use inverse sine to solve for B. 

7.2 sin 39° 
B= sin = ) = 29° 
9.4 


The third angle y is given by 
y = 180° — (a + B) = 112° 


Since y is the included angle for sides a and b, 


b 1 
A= sin y = 5 (9-4)(7.2) sin 112° 
= 31 ft" a 
Matched Problem 3 __ Find the area of a triangle with a = 104°, a = 51 in., and b = 42 in. Oo 


Answersto 1. 34.4cm? 
Matched Problems 9-94 7)? 


3. 420 in.” 
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EXERCISE 6.3 


. Explain, using illustrations, why the area of a triangle is 


half the area of a parallelogram with the same base and 
height. 


Discuss a method you could use to find the area of the tri- 
angle below if you didn’t know Heron’s formula. 


10 in. 


Find the area of the triangle matching the information given 
in Problems 3-22. 


Figure for 3-22 


3. h=12.0m, c=17.00m 

4. h=7.0ft, c = 10.0 ft 

5. c=3V5m, h= a 

6. c = 2Vb6yd, n= ya 

7. a = 30.0°, b=60cm, c= 80cm 

8 a = 45°, b=5.0m, c=6.0m 

9. a= 4.00in., b= 6.00in., c = 8.00 in. 
10. a = 4.00 ft, b = 10.00 ft, c = 12.00 ft 
11. a = 23°20’, b= 403 ft, c = 512 ft 

12. a = 58°40’, b = 28.2in., c = 6.40 in. 
13. a = 132.679, b=12.lcm, c = 10.2cm 
14. a = 147.5°, b= 125mm, c = 67.0mm 
15. a=12.J7Jm, b=203m, c= 244m 
16. a =5.24cm, b= 3.48cm, c = 6.04cm 
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B 17. 
18. 


19. 
20. 
21. 
22. 


a= 15°, B =35°, c=45ft 

a= 25°, B= 115°, c= 142 ft 

a= 72°, a= 38in., b= 29 in. 

a= 115°, a=93in., b= 82in. 

B = 175°, a=32cm, b=45cm 

B = 12°, a=78cm, b = 6.4cm, a acute 


C In Problems 23-26, determine whether the statement is true 


or false. If true, explain. If false, give a specific counter- 


example. 

23. If two triangles have the same side lengths, then they 
have the same area. 

24. If two quadrilaterals have the same side lengths, then 
they have the same area. 

25. If two triangles have the same semiperimeter, then they 
have the same area. 

26. If two triangles have the same area, then they have the 
same side lengths. 

27. Show that the diagonals of a parallelogram divide the 
figure into four triangles, all having the same area. 
Figure for 27 

28. If s = (a + b + c)/2 is the semiperimeter of a triangle 


with sides a, b, and c (see the figure), show that the 
radius r of an inscribed circle is given by 


Figure for 28 


29. 


30. 


31. 


32. 


Find the area of a regular pentagon that has a perimeter 
of 35 ft. 


Find the area of a regular decagon that has a perimeter of 
35 ft. 


Find the area of a regular heptagon (seven-sided poly- 
gon) if the length of a side is 25 m. 


Find the area of a regular nonagon (nine-sided polygon) 
if the length of a side is 25 m. 


33. 


34. 


35. 


S Applications 


Construction Cost A building owner contracts with a 
local construction company to build a brick patio in a tri- 
angular courtyard. The three sides of the courtyard mea- 
sure 42 ft, 51 ft 4 in., and 37 ft 9 in. The construction 
company charges $15.50 per square foot for materials 
and installation. Find the cost of the patio to the nearest 
hundred dollars. 


Gardening A gardener is building four triangular wild- 
flower beds along one wall of a museum. The triangles 
will be equilateral with side length 14 ft 3 in. The wild- 
flower seeds are to be spread at a rate of one packet for 
each 20 sq ft. How many packets will the gardener need? 


Land Cost A four-sided plot of land, shown in the fig- 
ure, occupies the cul-de-sac in a new development. 


6.4 


36. 
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The land in the rest of the development has sold for $4.50 
per square foot. Find the price of this plot to the nearest 
thousand dollars. [Hint: Draw a diagonal that divides 
the plot into two triangles.] 


60.0 ft 


130 ft 


Land Cost Refer to Problem 35. The plot drawn below 
is in a different development nearby, where land costs 
$5.20 per square foot. Find the price of the plot to the 
nearest thousand dollars. 


210 ft CI 


123 ft 
84.0 ft 


a 
170 ft 


Vectors: Geometrically Defined 


e Geometric Vectors; Vector Addition 


e Velocity Vectors 
e Force Vectors 


e Resolution of a Vector into Components 


© Centrifugal Force 


Scalar quantities are physical quantities that can be completely specified by a sin- 
gle real number, such as length, area, or volume. But many physical quantities— 
for example, displacements, velocities, and forces—can’t be described by just a 
size: They require both a size (magnitude) and a direction for a complete descrip- 
tion. We call these vector quantities. 
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Terminal point 
B 


v=AB 


A 
Initial point 


FIGURE 1 
Vector AB = v 


u 


FIGURE 2 
Tail-to-tip rule for addition 


FIGURE 3 
Parallelogram rule for addition 


Vector quantities are widely used in both pure and applied mathematics. They 
are used extensively in the physical sciences and engineering and are seeing 
increased use in the social and life sciences. 

In this section we will limit our development to intuitive notions of geomet- 
ric vectors in a plane. In Section 6.5 we will present an algebraic treatment of 
vectors, which is just the first step in developing an area of study that can (and 
does!) fill whole books. 


BM Geometric Vectors; Vector Addition 


If A and B are two points in the plane, then the directed line segment (displace- 
ment) from A to B, denoted by AB, is the line segment joining A to B with an arrow- 
head placed at B to indicate the direction is from A to B (see Fig. 1). Point A is 
called the initial point, and point B is called the terminal point. 

A geometric vector in the plane is a quantity that possesses both a length 
and a direction and can be represented by a directed line segment. The directed 
line segment in Figure | represents a vector that is denoted by AB. A vector also 
may be denoted by a boldface letter, such as v or F, or by a letter with an arrow 
over it, such as v. Letters with arrows over them are easier to write by hand, 
but boldface letters are easier to recognize in print. We will generally use bold- 
face letters for vector quantities in this book, but when you write a vector by 
hand you should include the arrow above it as a reminder that the quantity is a 
vector. a = 

The magnitude of the vector AB, denoted by |AB | ; |v , or ly | , is the length 
of the directed line segment. Two vectors have the same direction if they are par- 
allel and point in the same direction. Two vectors have opposite direction if they 
are parallel and point in opposite directions. The zero vector, denoted by 0 or 0, 
has a magnitude of zero and an arbitrary direction. Two vectors are equal if they 
have the same magnitude and direction. That is, as long as the length and direc- 
tion are the same, we consider two vectors to be the same no matter where they 
begin. So a vector can be translated from one location to another as long as the 
magnitude and direction do not change. 

The sum of two vectors u and v can be defined using the tail-to-tip rule: 
Translate v so that its tail end (initial point) is at the tip end (terminal point) of u. 
Then the vector from the tail end of u to the tip end of v is the sum, denoted by 
u + vy, of the vectors u and v (see Fig. 2). The sum of two nonparallel vectors 
also can be defined using the parallelogram rule: The sum of two nonparallel 
vectors u and vy is the diagonal of the parallelogram formed using u and v as adja- 
cent sides (see Fig. 3). (If u and v are parallel, use the tail-to-tip rule.) Of course, 
both rules give the same sum, as they should. The choice of which rule to use 
depends on the situation. 

The sum vector u + v is also called the resultant of the two vectors u and 
v, and u and v are called components of u + v. As we will show in the exercise, 
vector addition is commutative and associative. That is, u + v = v + u and 
u+ (v+w)=(ut+yv)t+w. 


6.4 Vectors: Geometrically Defined 387 


EXAMPLE 1 Finding the Sum of Two Vectors 


For the vectors u and v drawn in Figure 4, draw u + v using the parallelogram 
rule, then find the magnitude of u + v. 


FIGURE4 yy 


Solution The sum is drawn in Figure 5. Because the vectors are perpendicular, we can use 
the Pythagorean theorem to find |u + v|. Note that |ul = 3 and |v| = 5. 


lu + vi? = 3? + 5? = 34 


lu + vl = V34 


FIGURE 5 y 


Matched Problem 1 _ Repeat Example | for vectors u and v in Figure 6. 


FIGURE 6 y 
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FIGURE 7 


EXAMPLE 2 


Solution 


EXPLORE/DISCUSS 1 


If u, v, and w represent three arbitrary geometric vectors, illustrate using either 
definition of vector addition that: 


(A)u+v=vtu (B) u+ (v + w) = (ut+v) +w 


B Velocity Vectors 


A velocity vector is a vector that represents the speed and direction of an object 
in motion. Vector methods often can be applied to problems involving objects in 
motion. Many of these problems involve the use of a navigational compass, which 
is marked clockwise in degrees starting at north (see Fig. 7). 


Resultant Velocity 


A power boat traveling at 24 km/hr relative to the water has a compass heading 
(the direction the boat is pointing) of 95°. A strong tidal current, with a heading 
of 35°, is flowing at 12 km/hr. The velocity of the boat relative to the water is called 
its apparent velocity, and the velocity relative to the ground is called the resul- 
tant or actual velocity. The resultant velocity is the vector sum of the apparent 
velocity and the current velocity. Find the resultant velocity; that is, find the actu- 
al speed and direction of the boat relative to the ground. 


We can use geometric vectors (see Fig. 8a on the next page) to represent the 
apparent velocity vector and the current velocity vector. We add the two vectors 
using the tail-to-tip method of addition of vectors to obtain the resultant (actual) 
velocity vector as indicated in Figure 8b. From this vector diagram we obtain the 
triangle in Figure 9, and we can solve this triangle for B, b, and a. 


N 
A 
0 


FIGURE 10 


FIGURE 8 


FIGURE 9 
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North North 
A A 

I 

I 


Current velocity 
Current 
velocity 


Apparent velocity Apparent velocity 


(a) (b) 


Boat’s actual heading: 95° — a 
12 Boat’s actual speed: b 


=i (/ 
24 


Solve for B: Using the apparent velocity heading (95°) and the current velocity 
heading (35°), we can find 6 using Figure 10. Note that the two angles labeled 0 
are equal because they are alternate interior angles relative to the parallel dotted 
lines. 


6 = 180° — 95° = 85° 
B = 6 + 35° = 85° + 35° = 120° 
Solve for b: Use the law of cosines: 
b* = a? + c* — 2ac cos B 4212.6 = 24. = 120° 
= 127 + 247 — 2(12)(24) cos 120° 
b = V'12? + 242 — 2(12)(24) cos 120° 
= 32 km/hr Actual speed relative to the ground 


Solve for a: Use the law of sines: 


sin @ sin B 
—————SS SS Law of sines 

a b 
nd ae Itiply both sides by 12 

D 39 ultiply both sides by 12. 

. 12 sin 120° 
sina = 37 Use inverse sine to solve for a 

a 12 ee 
qa = sin Use calculator. 
32 
= 19° 

Actual heading = 95° — a = 95° 19° = 76° Oo 


Matched Problem 2 Repeat Example 2 with a current of 8.0 km/hr at 22° and the speedometer on the 


boat reading 35 km/hr with a compass heading of 85°. | 
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i EXAMPLE3 


FIGURE 11 


Solution 


FIGURE 12 


B® Force Vectors 


A force vector is a vector that represents the direction and magnitude of an applied 
force. If an object is subjected to two forces, then the sum of these two forces (the 
resultant force) can be thought of as a single force. In other words, if the resul- 
tant force replaced the original two forces, it would act on the object in the same 
way as the two original forces taken together. In physics it is shown that the resul- 
tant force vector can be obtained using vector addition to add the two individual 
force vectors. It seems natural to use the parallelogram rule for adding force vec- 
tors, as illustrated in the next example. 


Resultant Force 


Figure 11 shows a man and a horse pulling on a large piece of granite. The man 
is pulling with a force of 200 Ib, and the horse is pulling with a force of 1,000 Ib 
50° away from the direction in which the man is pulling. The length of the main 
diagonal of the parallelogram will be the actual magnitude of the resultant force 
on the stone, and its direction will be the direction of motion of the stone (if it 
moves). Find the magnitude and direction a of the resultant force. (The magni- 
tudes of the forces are measured to two significant digits and the angle to the near- 
est degree.) 


200 Ib 


Resultant force 
force—. Ja -------------=s5= 


a 
1,000 Ib force 


Granite 


From Figure 11 we obtain the triangle in Figure 12 and then solve for a and b. 


\30" J 


1,000 


Solve for b: 


b* = 1,000? + 2007 — 2(1,000)(200) cos 130° Law of cosines 
= 1,297,115.04 


b = V1,297,115.04 = 1,100 Ib 


Solve for a: 


sin a@ sin 130° 
= Law of sines 


200 1,100 


Matched Problem 3 


EXAMPLE 4 


Solution 
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. _ 200. 7 
sina = 1,100 sin 130 


200 
= 1 = 1 ° — ° 
qa = sin ( 1,100 sin 130 ) 8 |_| 


Repeat Example 3, but change the angle between the force vector from the horse 
and the force vector from the man to 45° instead of 50°, and change the magni- 
tude of the force vector from the horse to 800 lb instead of 1,000 Ib. | 


B Resolution of a Vector into Components 


Instead of adding vectors, many problems require the opposite: writing a single 
vector as asum. Whenever a vector is expressed as a resultant of two vectors, these 
two vectors are called components of the given vector. In many cases, we will 
find it helpful to find the horizontal and vertical components of a vector, as in 
Example 4. 


Finding Components of a Vector 


Find the horizontal and vertical components of the vector u in Figure 13. 


Vertical 
line 
| u 
55 
! 22° Horizontal 
aaa line 
FIGURE 13 


We will find the magnitudes of these component vectors, labeled H and V in 
Figure 14, using the sine and cosine functions. The directions are already known 
since the vectors are horizontal and vertical. 


Vertical 
component 
SS Se u 
Vv 55 ! 
22° | Horizontal 
H component 
FIGURE 14 


Magnitude of horizontal component: 


cos 22° = jal 
55 
|H| = 55 cos 22° 


= 31 
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Magnitude of vertical component: 


de aah: IV 
sin 22° = —— 
55 
|V| = 55 sin 22° 
= 21 a 


Matched Problem 4_ Find the horizontal and vertical components H and V of the vector u in 
Figure 15. 


FIGURE 15 y e 


80 


62° 


B Centrifugal Force 


Ideally, a race car going around a curve will not slide sideways if the track is 
banked appropriately. How much should a track be banked for a given speed v and 
a given curve of radius r to eliminate sideways forces? Figure 16 shows the rele- 
vant forces. 


FIGURE 16 


(Centrifugal force, 
r is curve radius) 


To avoid sideways forces, the components of the forces parallel to the track 
surface due to the mass of the car and its movement around the curve (centrifu- 
gal force) must be equal. That is, 


: mv 
mg sin @ = cos 6 Divide both sides by mg cos 0. 
r 
sin 0 mv 
= Simplify. 


cos 0 mgr 
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2 
Vv 
tan @ = — Use inverse tangent to solve for 0. 
gr 
vy 
d= tan! — vin meters per second, rin meters, g ~ 9.81 m/sec® 
er 
EXAMPLE 5 Racetrack Design 


At what angle 6 must a track be banked at a curve to eliminate sideways forces 
parallel to the track, given that the curve has a radius of 525 m and the racing car 
is moving at 85.0 m/sec (about 190 mph)? 


Vv 
Solution 6 = tan! — 


(85.0)? 
(9.81) (525) 


= 54.5° a 


= tan 


Matched Problem 5 _ Repeat Example 5 with a car moving at 25.0 m/sec (about 56 mph) around a curve 
with a radius of 125 m. a 


Answers to 1. |u + v| = V/80 or 4/5 
Matched Problems 


2. Actual speed: 39 km/hr; actual heading: 75° 
3. Resultant force: b = 950 lb, a = 9° 

4. |H| = 38, |V| = 71 

5. 9 = 27.0° 
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EXERCISE 6.4 


A Express all angles in decimal degrees. 


5. jul = 44 km/hr, |v| = 32 km/hr 
1. Explain the two methods of geometrically adding 6. |u| = 65km/hr, |v] = 17 km/hr 
es 7 . 7. |u| = 231b, |v] = 98 Ib 
2. Explain how addition of vectors can be applied to the 8. |u| = 37 1b, lv| = 39 1b 
motion of boats and airplanes. 
9. |u| = 15.6 knots*, |v] = 28.3 knots 
In Problems 3 and 4, for the vectors u and v drawn in the 10. |u| = 11.5 knots, |v| = 61.4 knots 
figure, draw u + Vv, then find the magnitude of u + v. 
3 In Problems 11-14, find the magnitudes of the horizontal and 
° » vertical components, |H| and |V|, respectively, of the vector 
u given |u| and 6 in the figure. 
2 
u 
x 11. |u| = 95 1b, @ = 23° 
12. |u| = 72 1b, 0 = 68° 
40 y 13. |u| = 325km/hr, 6 = 85.9° 
A 


EL 14. |u| = 82.6 km/hr, @ = 10.2° 


15. Can the magnitude of a vector ever be negative? Explain. 


16. If two vectors have the same magnitude, are they equal? 
Explain. 


B In Problems 17-20, find \u + v| and a, given |u|, |v|, and 6 
in the figure that follows. 


uty Vv 
In Problems 5-10, find lu + v| and 8, given lul and |v| in the 
figure that follows. 0 
| u 7 
utv utv : : 
Vv Vv (a) Parallelogram rule (b) Tail-to-tip rule 
| 
a Z \ ia 
u u 17. |u| = 125 1b, |v] = 84 1b, 9 = 44° 
(a) Parallelogram rule (b) Tail-to-tip rule 18. |u| = 66 1b, |v| = 22 Ib, @ = 68° 


19. |u| = 655 mi/hr, |v] = 97.3 mi/hr, 6 = 66.8° 
v| = 74.2 mi/hr, 9 = 37.4° 


* A knot is | nautical mile per hour. 20. |ul = 487 mi/hr, 


as 
In, Problems 21-28, determine whether the vectors AB and 
CD have the same direction, opposite direction, or neither. 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 


30. 


31. 


32. 


B=(5, 4); C=(3, —2); D=(12, —2) 

3, 2); B=(3, 7); C=(1, —1); D=(1, —9) 

0, 1); B=(3, 4); C=(5, 0); D=(1, —4) 

6, 3); B=(—2, 11); C=(2, 7); D=(9, 0) 

5, —1); B=(6, 5); C=(—4, 3); D=(2, 4) 

12, 4); B=(0, 12); C=(-10, 15); D=(11, 1) 
1,3); B=(4, 9); C=(-1, —4); D=(4, 6) 

A=(2, 0); B=(—1, 4); C=(0, 5); D=(—4, 8) 

Explain why it is or is not correct to say that the zero 
vector is parallel to every vector. 


Explain why it is or is not correct to say that the zero 
vector is perpendicular to every vector. 


Draw two arbitrary vectors u and v, then use the 
parallelogram law to show thatu + v =v + u. 


Draw three vectors as follows: u on the positive y axis, w on 
the positive x axis, and v in the first quadrant. Then use the 
tail-to-tip rule to illustrate that vector addition is associative. 
That is, show thatu + (v + w) = (u+ v) + w. 


§ Applications 


Navigation In Problems 33-36, assume the north, east, 
south, and west directions are exact. Remember that in navi- 
gational problems a compass is divided clockwise into 360° 
starting at north (see Fig. 7, page 388). 


33. 


34. 


35. 


36. 


A river is flowing east (90°) at 3.0 km/hr. A boat crosses 
the river with a compass heading of 180° (south). If the 
speedometer on the boat reads 4.0 km/hr, speed relative 
to the water, what is the boat’s actual speed and direction 
(resultant velocity) relative to the river bottom? 


A boat capable of traveling 12 knots on still water main- 
tains a westward compass heading (270°) while crossing 
a river. If the river is flowing southward (180°) at 4.0 
knots, what is the velocity (magnitude and direction) of 
the boat relative to the river bottom? 


An airplane can cruise at 255 mi/hr in still air. If a steady 
wind of 46 mi/hr is blowing from the west, what com- 
pass heading should the pilot fly in order for the true 
course of the plane to be north (0°)? Compute the ground 
speed for this course. 


Two docks are directly opposite each other on a south- 
ward flowing river. A boat pilot wishes to go in a straight 


37. 


38. 


39. 


40. 


41. 
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line from the east dock to the west dock in a ferryboat 
with a cruising speed of 8.0 knots. If the river’s current is 
2.5 knots, what compass heading should the pilot main- 
tain while crossing the river? What is the actual speed of 
the boat relative to land? 


Resultant Force Two tugs are trying to pull a barge off 
a shoal as indicated in the figure. Find the magnitude of 
the resulting force and its direction relative to Fy. 


|F,| = 1,500 lb 
|F,| = 1,100 lb 


Figure for 37 


Resultant Problem 37. with 


Force Repeat 
|F,| = 1,300 Ib and the angle between the force vec- 
tors 45°. 


Centrifugal Force At what angle must a freeway be 
banked at a curve to eliminate sideways forces parallel to 
the road, given that the curve has a radius of 138 m and 
cars are expected to move at 29 m/sec (about 65 mph)? 


Centrifugal Force Repeat Problem 39 with an expected 
car speed of 24.6 m/sec (about 55 mph) around a curve 
with a radius of 105 m. 


Resolution of Forces A car weighing 2,500 lb is 
parked on a hill inclined 15° to the horizontal (see the 
figure). Neglecting friction, what magnitude of force par- 
allel to the hill will keep the car from rolling down 
the hill? What is the force magnitude perpendicular 
to the hill? 


2,500 Ib 


Figure for 41 
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42. 


43. 


Resolution of Forces Repeat Problem 41 with the car 37 Ib at the angle indicated. Compute the horizontal and 
weighing 4,200 Ib and the hill inclined 12°. vertical scalar components of the force vector for the 
Biomechanics A person in the hospital has severe upper leg. 

leg and hip injuries from a motorcycle accident. His leg 44. Biomechanics Refer to Problem 43. Compute the 
is put under traction as indicated in the figure. The horizontal and vertical scalar components of the force 
upper leg is pulled with a force of 52 lb at the angle vector for the lower leg. 

indicated, and the lower leg is pulled with a force of 45. Resolution of Forces If two weights are fastened 


together and placed on inclined planes as indicated in the 
figure, neglecting friction, which way will they slide? 
(Weights are accurate to two significant digits, and 
angles are measured to the nearest degree) [Hint: The 
forces of the weights act perpendicularly to the ground, 
not the incline. ] 


Figure for 43 and 44 Figure for 45 


6.5 Vectors: Algebraically Defined 


e From Geometric Vectors to Algebraic Vectors 
e Vector Addition and Scalar Multiplication 

e Unit Vectors 

e Algebraic Properties 

e Application—Static Equilibrium 


In Section 6.4 we introduced vectors in a geometric setting and considered their 
applications to velocity and force. We discussed geometric vectors in a plane, but 
they are readily extended to three-dimensional space. However, for the general- 
ization of vector concepts to “higher-dimensional” abstract spaces, it’s difficult, 
or impossible, to work with them geometrically. Instead, we’ll study vectors alge- 
braically. This process is done in such a way that geometric vectors become spe- 
cial cases of the more general algebraic vector. It also turns out that for the solution 
of certain types of problems in two- and three-dimensional space, algebraic 


Bs 
A 
1 
Standard 8B 
vector 
O 
A 
FIGURE 1 


OP is the standard vector for 


AB(OP = AB) 


EXAMPLE 1 
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vectors have an advantage over geometric vectors. Static equilibrium problems, 
which are discussed at the end of this section, provide an example of this type of 
problem. 


B From Geometric Vectors to Algebraic 
Vectors 


We will start with an arbitrary geometric vector AB ina rectangular coordinate 
system. A geometric vector AB translated so that its initial point is at the origin 
is said to be in standard position, and the vector OP (as shown in Fig. 1) such 
that OP = AB is said to be the standard vector for AB. (Recall that two vectors 
are equal if they have the same magnitude and direction.) The standard vector is 
also called the position vector or the radius vector. Infinitely many geometric vec- 
tors have OP in Figure | as a standard vector—all vectors with the same magni- 
tude and direction as OP. 


EXPLORE/DISCUSS 1 


(A) In Figure | (or a copy) draw two other vectors having OP as their stan- 
dard vector. 
(B) If the tail of a vector is at point A = (1, —2) and the tip is at 
B = (3,5), explain how you would find the coordinates of P such that 
OP is the standard vector for AB. 


How do we find the standard vector OP for a geometric vector AB? The 
process is not difficult. We need only find the coordinates of P since the coordi- 
nates of O, the origin, are known. If the coordinates of A are (xq, yq) and the coor- 
dinates of B are (xp, y,), then the coordinates of P = (x, y) are given by 


xX = Xp ~ Xa y= Jb ~ Ja 


The process is illustrated geometrically in Example 1. 


Finding a Standard Vector for a Given Geometric Vector 


Given the geometric vector AB, with initial point A = (8, —3) and terminal point 
B = (4,5), find the > standard vector OP for AB; that is, find the coordinates of 
the point P so that OP = AB. 
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Solution The coordinates (x, y) of P are given by 


X=Xp—-X=4-8=-4 
= Ie = P= (- 3) SB 


Figure 2 illustrates these results geometrically. 


FIGURE 2 y 


Standard B = (4,5) 
vector 


Matched Problem 1 Given the geometric vector AB, with initial point A = (4, 2) and terminal point 
B = (2, —3), find the standard vector OP for AB: that is, find the coordinates of 
the point P so that OP = AB Oo 


Let’s extend our discussion to develop another way of looking at vectors. Since, 
given any geometric vector AB, there always exists a point P = (x, y) such that 
OP = AB, the point P completely determines the vector AB (except for its posi- 
tion, which we are not concerned about because we are free to translate AB any- 
where we please). Conversely, given any point P = (x,y) in the plane, the 
directed line segment joining O to P forms the geometric vector OP. We have made 
the key observation in dealing with vectors algebraically: 


Every geometric vector in a plane corresponds to an ordered pair of real 
numbers, and every ordered pair of real numbers corresponds to a 
geometric vector. 


This leads us to a definition of an algebraic vector as an ordered pair of real 
numbers. To avoid confusing a point (a, b) with a vector (a, b), we use special 
brackets to write the symbol (a, b), which represents an algebraic vector with ini- 
tial point the origin and terminal point (a, b), as indicated in Figure 3. 

The real numbers a and b are called scalar components of the vector (a, b). 
Two vectors u = (a,b) and v = (c,d) are said to be equal if their components 
Algebraic vector (a, b); are equal—that is, if a = c and b = d. The zero vector is denoted by 0 = (0, 0) 
geometric vector OP and has arbitrary direction. 


FIGURE 3 


FIGURE 4 


lv| 


= Vet 


EXAMPLE 2 


Solution 


Matched Problem 2 
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Geometric vectors are limited to two- and three-dimensional spaces, which 
we can visualize. Algebraic vectors do not have such restrictions. The following 
are algebraic vectors from two-, three-, four-, and five-dimensional spaces: 


(4, -2) (8, 1, 3) (12, 2, —6, 1) (5, 11, 3, —8, 4) 


Our development in this book is limited to algebraic vectors in two-dimensional 
space (a plane). Higher-dimensional vector spaces form the subject matter for more 
advanced treatments of the subject. 

The magnitude of an algebraic vector is defined as follows: 


The magnitude (or norm) of a vector v = (a,b) denoted by |v|, is 
given by 


lvl = Va? + b? 


Geometrically, V a’ + b’ is the length of the standard geometric vector OP 
associated with the algebraic vector (a, b) (see Fig. 4). 


The Magnitude of a Vector 


Find the magnitude of the vector v = (—2, 4). 


lv] = V(-2)? + 42 = V20 or 2V5 = 


Find the magnitude of the vectorv = (4, —5). | 


B Vector Addition and Scalar Multiplication 


Adding two algebraic vectors is very easy: We simply add the corresponding com- 
ponents of the two vectors. 


If u = (a,b) and v = (c,d), then 


ut+v=(atc,b+d) 


* The definition of magnitude is readily generalized to higher-dimensional vector spaces. For exam- 


ple, if v = (a, b, c, d, e), then the norm of v is given by lv| Ve+re+e4+d 4+ 2. Butin 


this case we lose the geometric interpretation of length. 
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ae 


FIGURE 5 
Scalar Multiplication 


EXAMPLE 3 


Solution 


Since the algebraic vectors in this definition of addition can be associated with 
geometric vectors in a plane, we can interpret the definition geometrically. As you 
will see in Explore/Discuss 2, the definition is consistent with the parallelogram 
and tail-to-tip rules for adding geometric vectors given in Section 6.4. 


EXPLORE/DISCUSS 2 


If u = (—1,4) and v = (6,—2), then u + v = ((—-1) + 6,4 + (-2)) 
=(5, 2) Locate u, v, and u + v in a rectangular coordinate system, and inter- 
pret geometrically in terms of the parallelogram and tail-to-tip rules discussed 
in the last section. 


To multiply a vector by a scalar (a real number), simply multiply each com- 
ponent by the scalar. 


If u = (a, b) and k is a scalar, then 


ku = k(a, b) = (ka, kb) 


Geometrically, if a vector v is multiplied by a scalar k, the magnitude of the 
vector v is multiplied by lk|. If kis positive, then kv has the same direction as v; 
if k is negative, then kv has the opposite direction as v. Figure 5 illustrates several 
cases. We can use scalar multiplication to define subtraction for vectors: The 
difference u — v of vectors u and v is equal tou + (—1)v. 


Arithmetic of Algebraic Vectors 
Let u = (—5,3), v = (4, -6), and w = (—2, 0). Find: 
(A) ut+v (B) —3u (C) 3u — 2v (D) 2u — v + 3w 


(A) u + v= (-5,3) + (4, -6) = (-1,-3) — Add componente. 

(B) —3u = —3(—5, 3) = (15, —9) Multiply each component by — 3. 

(C) 3u — 2v = 3(—5, 3) — 2(4, —6) Firet scalar multiply, then add. 
= (-15,9) + (-8,12) = (-23,21) 


Matched Problem 3 


Pea 


s 
" EXAMPLE 4 


a 


Solution 


W Check 


Matched Problem 4 
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(D). 29 Bw 2-5, 3) (46) 3-20) 


= (-10,6) + (-4,6) + (—6,0) = (—20, 12) = 
Let u = (4, —3), v = (2,3), and w = (0, —5). Find: 
(A) ut+v (B) —2u (C) 2u — 3v (D) 3u + 2v—w | 
HB Unit Vectors 


A vector V is called a unit vector if its magnitude is 1, that is, if |v| = 1. Special 
unit vectors play an important role in certain applications of vectors. There 
is a simple way to turn any nonzero vector v into a unit vector with the same 
direction as v. 


FORMING A UNIT VECTOR q 


If v is a nonzero vector, then 
1 
u=-——V 
lv| 


is a unit vector with the same direction as v. 


Unit Vector 


Find a unit vector u with the same direction as the vector v = (3, 1). 


lv| = V4 17% = V/10 Find the magnitude of v. 


1 1 3 1 1 
u= v= 3,1) = ; Scalar-multiply by ——. 
ave = (sages) Sstermiorb he 


J 3 2 1 2 

lul = (a) + (a) 
9 1 

=i9 Tig = VI=1 


So wu is a unit vector. Since it was obtained from v by scalar multiplication, it has 
the same direction as v. Oo 


Find a unit vector u with the same direction as the vector v = (1, —2). | 


Next, we’ll define two very important unit vectors: the i and j unit vectors. 
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y One of the reasons the i and j unit vectors are important is that any vector 
v = (a, b) can be expressed as a linear combination of these two vectors, that is, 
v= (a,b) = ait bj as ai + bj. For any vector (a, b), 


v = (a,b) = (a,0) + (0, b) 
a(1,0) + b(0, 1) 
ait bj 


FIGURE 6 Conclusion: Any vector v = (a, b) can be written as ai + bj. This result is 
illustrated geometrically in Figure 6. 


EXAMPLE 5 Expressing a Vector in Terms of i and j Unit Vectors 
Express each vector as a linear combination of the i and j unit vectors. 


(A) (3,-4) — (B) (7,0) ~— (©) (0, —2) 


Solution (A) (3,-4) = 3i-—4j — (B) (7,0) = 7i + Oj = Ti 
(C) (0,-2) = Oi — 2j = —2j a 


Matched Problem 5 __ Express each vector as a linear combination of the i and j unit vectors. 


A) (8.1) (B) (0, —3) (C) (6, 0) a 
EXAMPLE 6 Expressing a Geometric Vector in Terms of i and j 
Unit Vectors 


Express the vector w in Figure 7 as a linear combination of i and j unit vectors. 


FIGURE 7 


Solution 


Matched Problem 6 
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First, we find the horizontal and vertical components H and V for vector w: 


cos 21° = tal 
42 
|H| = 42 cos 21° = 39 
nee ac, LM 
sin 21° = —— 
42 
[V| = 42 sin 21° = 15 
We can write H as 39i and V as 15j, so w = 39% + 15j. a 


If w is a vector with lw = 37 that forms a 51° angle with the positive x axis, 
express w as a linear combination of the i and j unit vectors. | 


B Algebraic Properties 


Vector addition and scalar multiplication possess algebraic properties similar to 
those of the real numbers. These properties enable us to manipulate symbols rep- 
resenting vectors and scalars in much the same way we manipulate symbols that 
represent real numbers in algebra. These properties are listed in the following box 
for convenient reference. 


ALGEBRAIC PROPERTIES OF VECTORS 


(A) The following addition properties are satisfied for all vectors u, v, and w: 


lut+v=vt+u Commutative property 
2.u+ (v+w)=(ut+v)t+w Associative property 
3,u+0=0+u=Uu Additive identity 
4.u+ (-u) = (-u) +u=0 Additive inverse 


(B) The following scalar multiplication properties are satisfied for all vec- 
tors u and v and all scalars m and n: 


1. m(nu) = (mn)u Associative property 
2. m(u+ v) = mut mv Distributive property 
3. (m+ n)u= mut nu Distributive property 
4. lu=u Multiplication identity 


When vectors are represented in terms of the i and j unit vectors, the algebra- 
ic properties listed in the preceding box provide us with efficient procedures for 
performing algebraic operations with vectors. 


Algebraic Operations Involving Unit Vectors 


If u = 2i — j and v = 4i + 5j, compute each of the following: 
(A) ut+v (B) u- v (C) 3u — 2v 
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Solution 


Matched Problem 7 


In essence, we will treat i and j as variables and combine like terms. 


(A) u+v 


(21 — j) + (4i + 59) 
=2-jt4i+ 5 


=(2i+ 4i-—j + 55 
=(2 + 4)i + (-1 + 5)ji 


Gesbebuvensctsasceccueewdcnetucsscecceeeeecetoeeod 


Clear parentheses. 


Combine like terms. 


(B) u-— v= (2i — j) — (4i + 5j) 


Clear parentheses. 


Combine like terms. 


hart ec Rall Sete bet ile te 


baNsecadce steel cccadeeteectscccescttuscteoes 


= —2i — 6j 
(C) 3u — 2v = 3(2i — j) — 2(4i + Sj) Distribute twice. 
= 61 — 3j — 8i — 10j Combine like terms. 
=6i- 81-37-10) | 
= (6 — 8)i + (-3 - 10)j 
=-272-33 | = 


Ifu = i — 2j and v = Si + 2j, compute each of the following: 
(A)u+yv (B) u-v (C) 2u + 3v & 


B Application—Static Equilibrium 


We will now show how algebraic vectors can be used to solve certain physics 
and engineering problems. Basic to the process of solving such problems is 
the following principle from physics: An object at rest is in static equilibri- 
um. (Even though the earth is moving in space, it is convenient to consider an 
object at rest if it is not moving relative to the earth.) Two conditions (from 
Newton’s second law of motion) are required for an object to be in static equi- 
librium: The sum of all forces acting on the object must be zero, and the sum 
of all torques (rotational forces) acting on the object must be zero. A discus- 
sion of torque will be left to a more advanced treatment of the subject, and we 
will limit our attention to problems involving forces in a plane, where the lines 
of all forces on an object intersect in a single point. Such forces are called 
coplanar concurrent forces. 

For example, the three forces acting on the ski chair in Figure 8 on the next 
page are coplanar concurrent. In contrast, if a chandelier is hung by four chains 
attached to the four corners of a room, the forces are not coplanar. 
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FIGURE 8 


Solution 


|lw| = 325 lbYw 


FIGURE 9 
Force diagram 


CONDITIONS FOR STATIC EQUILIBRIUM 


An object subject only to coplanar concurrent forces is in static equilibrium 
if and only if the sum of all these forces is zero. 


Examples 8 and 9 illustrate how important physics and engineering problems 
can be solved using vector methods and the conditions just stated. 


Cable Tension 


Two skiers on a stalled chair lift deflect the cable relative to the horizontal as indi- 
cated in Figure 8. If the skiers and chair weigh 325 Ib (neglect cable weight), what 
is the tension in each cable running to each tower? 


Step 1 Form a force diagram with all force vectors in standard position at the 
origin (Fig. 9). Our objective is to find |u| and |v]. 


Step 2 Write each force vector in terms of i and j unit vectors (see Example 6): 
u = |ul(cos 11.0°)i + |ul(sin 11.0°)j 
v = |v|(—cos 13.0°)i + |v|(sin 13.0°)j 
w= —325j 

Step 3 Set the sum of all force vectors equal to the zero vector, and solve for 


any unknown quantities. For the system to be in static equilibrium, the sum of the 
force vectors must be zero. That is, 


u+v+w=0 


Writing the vectors as in step 2, we have 


[lu] (cos 11.0°) + |v|(—cos 13.0°) Ji + [ul (sin 11.0°) + |v|(sin 13.0°) — 325]j = 01 + Oj 
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Matched Problem 8 


EXAMPLE 9 


Solution 


|w| = 1,250) w 


FIGURE 11 


Now, since two vectors are equal if and only if their corresponding components 
are equal (that is, ai + bj = Oi + Oj if and only if a = 0 and b = 0), we are 
led to the following system of two equations in the two variables lu| and |v|: 
(cos 11.0°)|u| + (—cos 13.0°)|v| = 0 
(sin 11.0°)|u| + (sin 13.0°)|v| — 325 = 0 


Solving this system by standard methods from algebra (details omitted), we find 
that 


lu| = 779 lb and lv| = 784 Ib 


You probably did not guess that the tension in each part of the cable is more 
than the weight hanging from the cable! a 


Repeat Example 8 with 13.0° replaced by 14.5°, 11.0° replaced by 9.5°, and 
325 lb replaced by 435 Ib. a 


Static Equilibrium 


A 1,250 lb weight is hanging by a cable from a hoist as indicated in Figure 10. 
What is the tension in the chain, and what is the compression (force) on the bar? 
(Neglect the weight of the chain and the bar.) 


FIGURE 10 


Step 1 Form a force diagram with all force vectors in standard position at the 
origin (Fig. 11). The 1,250 lb weight (w) is acting straight down; the tension in 
the chain (v) acts directly toward the wall; the force exerted by the bar (uw) acts at 
the angle 6. Then 


10.6 
6 = cos | ——— = 32.0° 
ee 


Our objective is to find the compression lu| and the tension lvl. 
Step 2. Write each force vector in terms of i and j unit vectors: 
u = |ul(cos 32.0°)i + |ul (sin 32.0°)j 
v= —lvii 
w = —1,250j 


Matched Problem 9 


Answers to 
Matched Problems 
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Step 3 Set the sum of all force vectors equal to the zero vector and solve for any 
unknown quantities: 


u+v+w=0 
Writing the vectors as in step 2, we have 
[ul (cos 32.0°) — |v] ]i + [lul(sin 32.0°) — 1,250]j = Oi + Oj 
This leads to the following system of two equations in the variables lu| and |v]: 
(cos 32.0°)|u| — |v| = 0 
(sin 32.0°)|ul — 1,250 = 0 
Solving this system by standard methods, we find that 
lul = 2,3601b and —_|v| = 2,000 Ib a 


A 450 Ib sign is suspended as shown in Figure 12. Find the compression force on 
the 2.0 ft rod and the tension on the 4.0 ft rod. (Neglect the weight of the rods.) 


FIGURE 12 | 


L, (35) 

2 NZ AL 

3. (A) (6, 0) (B) (-8,6) (©) (2,-15)— (D) (16, 2) 
4. {1/V5,-2/-V'5) 

5. (A) -8i — j (B) Oi — 3j = —3j (C) 6i + Oj = 61 
6. 231 + 29j 

7. (A) 6i (B) —4i — 4j (C) 178 + 2j 

8. |u| = 1,040 Ib; |v| = 1,050 Ib 

9. |u| = 260 Ib (compression); |v| = 520 lb (tension) 
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EXERCISE 6.5 


A 1. Explain the difference between (a, b) and (a, b). 


2. Describe a procedure for finding the algebraic represen- 
tation of a vector v = (a,b) when you are given the 
magnitude and direction. 


3. Given any vector, how can you decide if it is a unit 
vector? 


4. What is the significance of the vectors i and j? 


= 

In Problems 5-8, draw the vector AB in a rectangular 
> 

coordinate system. Draw the standard vector OP so that 

=> => 

OP = AB. Indicate the coordinates of P. 


5. A= (2,-3); B= (5,1) 


6. ( 
7 A=(- 
8 ( 


me 
In Problems 9-12, represent each geometric vector AB as an 
algebraic vector (a, b). 


9. A= (-1,-2); B= (3,0) 
10. A = ( 

11. A= (0,2); B= (4,-2) 
12. A= (-4,0); B= (-2,-4) 


In Problems 13-16, find the magnitude of each vector (a, b). 
13. (—3, 4) 14. (4, —-3) 

15. (—5, —2) 16. (3, —5) 

17. When are two geometric vectors equal? 


18. When are two algebraic vectors equal? 


In Problems 19-22, find: 


(A) ut+v (B) u- v 

(C) 2u — 3v (D) 3u — v + 2w 
19. u = (1,4);  v = (3,2); w = (0, 4) 
20. u = (—1,3);. v = (2,—-3);. w= (-2,0) 
21. u = (2,—-3); v = (-1,—-3); w= (-2,0) 
22. u = (-1,-4); v= (3,3); w = (0, —3) 
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In Problems 23-26, form a unit vector u with the same direc- 
tion as Vv. 


23. v = (1,1) 
25. v = (—4,3) 


24. v = (5,-12) 
26. v = (6,1) 


In Problems 27-32, express v in terms of the i and j unit vectors. 
27. v = (—10,7) 28. v = (0,9) 
29. v = (—12, 0) 30. v = (8, —3) 


=> 


31. v= AB; A = (3,8); B= (13, -6) 
32. v= AB; A= (—5,2); B= (4,9) 
In Problems 33-36, use the vectors shown in the figure below. 


Write each listed vector as a linear combination of the unit 
vectors i and j. 


33. Vector u. 34. Vector v. 
35. Vector w. 36. Vector t. 
y 
y ‘h 
u 
v 12 > xX 
78° 
7\ {108° 47° 
41° 14 I 
> X 
i Ww 


Figure for 33 and 34 Figure for 35 and 36 


In Problems 37-42, let u = 2i — 3j,v = 3i + 4j, and 
w = 5j, and perform the indicated operations. 


37. Su+w 38. v — 5w 
39. u-vtw 40. u+v-—w 
41. 2u + 4v — 6w 42. —7Tu — 2v + 10w 


43. An object that is free to move has three nonzero coplanar 
concurrent forces acting on it, and it remains at rest. How 
is any one of these forces related to the other two? 


44. An object that is free to move has two nonzero coplanar 
concurrent forces acting on it, and it remains at rest. How 
are the two force vectors related? 


45. Find a vector of length 5 that has the same direction as 
(3, 2). 


46. Find a vector of length 0.3 that has the same direction as 
(12, 5). 

47. Find a vector of length 2 that has direction opposite to 
(—8, 6). 

48. Find a vector of length 12 that has direction opposite to 


(1,1). 


A vector wu is said to be a linear combination of vectors v and 
w if there exist real numbers c, and cy such that 
u = cv + cow. In Problems 49-52, show that: 


49. (—4, —5) is a linear combination of (1,0) and (3, 1) 

50. (—1, 3) is not a linear combination of (6, 2) and (9, 3) 

1. (1, 2) is not a linear combination of (8, 4) and (10, 5) 
. (0 


awn 


2. (0, 1) is a linear combination of (2, 0) and (7, 1) 

In Problems 53-60, let wu = (a,b),v = (c,d), and 
w = (e, f) be vectors, and let m and n be scalars. Prove each 
of the following vector properties using appropriate proper- 
ties of real numbers. 


53, u+vevtu 


54. u+ (v+w)=(u+v)+w 
55. v+ (-v) =0 

56. v+0=Vv 

57. m(u + v) = mu+t+ mv 

58. (m + n)v = mv +nv 

59. lv=v 

60. (mn)v = m(nv) 


< Applications 


61. Static Equilibrium A tightrope walker weighing 
112 Ib deflects a rope as indicated in the figure. How 
much tension is in each part of the rope? 


4.2° ae 


Figure for 61 
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62. Static Equilibrium Repeat Problem 61 but change the 
left angle to 5.5°, the right angle to 6.2°, and the weight 
of the person to 155 Ib. 


63. Static Equilibrium Two movers lift a piano using a 
thick strap, which runs under the bottom of the piano. It 
extends upward on each side to wrap around the neck of 
each mover, with one mover on each side of the piano. 
The left side of the strap has a tension of 230 Ib and 
makes an angle of 49° with the ground, and the right side 
has a tension of 197 Ib and makes an angle of 40° with 
the ground. 


(A) Show that the piano is not moving horizontally, 
given these forces. 


(B) Assuming that the piano is not moving vertically, 
find the weight of the piano. 


64. Static Equilibrium Repeat Problem 63 for a freezer: 
The left side of the strap has a tension of 127 Ib and 
makes a 52° angle with the ground, and the right side has 
a tension of 150 Ib and makes an angle of 56° with the 
ground. 


65. Static Equilibrium A weight of 5,000 Ib is supported 
as indicated in the figure. What are the magnitudes of the 
forces on the members AB and BC (to two significant 
digits)? 


Figure for 65 


66. Static Equilibrium A weight of 1,000 Ib is supported 
as indicated in the figure. What are the magnitudes of the 
forces on the members AB and BC (to two significant 
digits)? 


| 1,000 Ib 


Figure for 66 
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67. Biomechanics A woman slipped on ice on the side- 
walk and fractured her arm. The severity of the accident 
required her arm to be put in traction as indicated in the 
figure. (The weight of the arm exerts a downward force 
of 6 lb.) Find angle 6 and the tension on the line fastened 
to the overhead bar. Compute each to one decimal place. 10 Ib 6 Ib 


O é \ 
2) © 


Figure for 67 


“6.6 The Dot Product 


The Dot Product of Two Vectors 

Angle Between Two Vectors 

¢ Scalar Component of One Vector on Another 
e Work 


In Section 6.5 we saw that the sum of two vectors is a vector and the scalar mul- 
tiple of a vector is a vector. In this section we will introduce another operation on 
vectors, called the dot product. This product of two vectors, however, is a scalar 
(a real number), not a vector. The dot product is also called the scalar product or 
the inner product. Dot products are used to find angles between vectors, to define 
concepts and solve problems in physics and engineering, and in the solution of 
geometric problems. 


B The Dot Product of Two Vectors 


We define the dot product in the following box. 


The dot product of the two vectors 
u = (a,b) =ai+ bj and v= (c,d) =cit dj 
denoted by u-v, is the scalar given by 


u:v =ac + bd 


* Sections marked with a star may be omitted without loss of continuity. 


i EXAMPLE 1 


Solution 


Matched Problem 1 
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For now, we will deal with the dot product algebraically. In subsequent examples 
we'll consider geometric interpretations. 


Finding Dot Products 


Find each dot product. 


(A) (4,2) + (1, = (B) (61 + 2j)- (i — 4j) 

(C) (5,2) +(2, —5) (D) jri 

(A) (4, 2)+ (1, -3) = 4-1 + 2+(-3) = -2 

(B) (6i + 2j): (i — 4j) = 6-1 + 2-(—-4) = -2 

(C) (5, 2)+(2,-5) = 5+2 + 2+(-5) =0 

(D) j-i = (Oi + 1j)- (i + Of) =0-1+1-0=0 a 


Find each dot product. 
(A) (3, —2) + (4, 1) (B) (Si — 2) (i + 4j) 
(C) (4, —3) + (3, 4) (D) i-j a 


Some important properties of the dot product are listed in the following box. 
All these properties follow directly from the definitions of the vector operations 
involved and the properties of real numbers. 


PROPERTIES OF THE DOT PRODUCT 


For all vectors u, v, and w, and k a real number: 


1. u-u = Jul” 4. (u+v):w=u:wtv-w 
2. u:v=v'u 5. k(u-v) = (ku):v = u: (kv) 
3. u:(v + w) =u'v+u-'w 6. u:0 = 0 


The proofs of the dot product properties are left to Problems 33-38 in 
Exercise 6.6. 


EXPLORE/DISCUSS 1 


Verify each of the dot product properties for u = (—1,2), v = (3,1), 
w = (1,—-1), andk = 2. 
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FIGURE 1 
Angle between two vectors, 
O=<@0<7 


FIGURE 2 


B Angle Between Two Vectors 


Our first geometric application of the dot product will be finding the angle between 
two vectors. If u and v are two nonzero vectors, we can position u and v so that 
their initial points coincide. The angle between the vectors u and y is defined to 
be the angle 6,0 = 0 = 7a, formed by the vectors (see Fig. 1). 


u 


If 0 = 7/2, the vectors u and v are said to be orthogonal, or perpendicu- 
lar. If 6 = 0 or 6 = 7, the vectors are said to be parallel. 

We will now show how the dot product can be used to find the angle between 
two vectors. 


ANGLE BETWEEN TWO VECTORS q 


If u and v are two nonzero vectors and @ is the angle between u and v, then 
ucv 
cos @ = ——_— 
ul |v! 


We will sketch a proof of this result for nonparallel vectors. Given two non- 
zero, nonparallel vectors u and v, we can position u, v, and u — v so that they form 
a triangle where @ is the angle between u and v (see Fig. 2). Applying the law of 
cosines, we obtain 


lu — v\? = lu|? + |v|? — 2|ul|v| cos 6 (1) 


Next, we apply some of the properties of the dot product listed earlier to |u — v|?. 


lu — v|* = (u — v)-(u — v) Property 1 
= (u—- v)'u— (u— y)'v Property 3 
= u:(u — v) — v-(u— vy) Property 2 
=u'u—-u'v—-—v'urtv:yv Property 3 
= |u|? - 2(urv) + |v|? Properties 1 and 2 


Now substitute this last expression in the left side of equation (1): 
Jul? — 2(u-v) + lvl? = Jul? + |vl? — 2|ullvl cos 6 
This equation simplifies to 


2|ul|v| cos @ = 2(u-v) 


EXAMPLE 2 


Solution 


Matched Problem 2 
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Since u and v are nonzero, we can solve for cos 0: 
ucv 


cos 9 = ——— 
lul |v! 


Angle Between Two Vectors 


Find the angle (in decimal degrees, to one decimal place) between each pair of 
vectors. 


(A) u = (2,3); v = (4,1) (B) u = (3,1); v = (-3, -3) 
(C) u=-it+3j, v=4i-j 
ucv 11 
(A) cos @ = = 
lullvl) = -.V/13V/17 
6 = cos! (ts) = 42.3° 
V13V17 ; 
ucv =|) 
(B) cos @ = = 
lullvl) =$-V/10V'18 
0 = cos! (a) = 153.4° 
V10V 18 : 
ucv —7 
(C) cos@ = = 
lullvl =-VW/10V/17 
—7 
6 = cos ! (—,) => | 
= V10V17 


Find the angle (in decimal degrees, to one decimal place) between each pair of 
vectors. 


(A) u = (4,2); v = (3, -2) (B) u = (-3,-1); v = (2,4) 
(C) u= -4i- 2j; v= —-2i+ j = 
EXPLORE/DISCUSS 2 


You will need the formula for the angle between two vectors to answer the fol- 
lowing questions. 


(A) Graph the vectors from parts (C) and (D) of Example | in standard position. 
What do you notice about the relationship between the vectors in each case? 

(B) Given that u and v are orthogonal vectors, what can you say about u: v? 

(C) Given u-v = 0, what can you say about the angle between u and v? 
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Explore/Discuss 2 leads to the following very useful test for orthogonality: 


TEST FOR ORTHOGONAL VECTORS 


Two vectors u and v are orthogonal if and only if 


u-v=0 
Note: The zero vector is orthogonal to every vector. 


ek 


" EXAMPLE 3 Determining Orthogonality 


Determine which of the following pairs of vectors are orthogonal. 


(A) u = (3,-2); v = (4,6) (B) u=2i-jf; v=i-2zj 


> 


Solution (A) u-v = (3, —2): (4,6) = 12 + (—12) =0 
The dot product is zero, so u and v are orthogonal. 
(B) urv = (2i — j): (i — 2) =2+2=440 
The dot product is not zero, so u and v are not orthogonal. a 


Matched Problem 3 Determine which of the following pairs of vectors are orthogonal. 


(A) u = (-2,4); v = (-2,1) (B) u=2i-j; v=it+2j a 


B Scalar Component of One Vector on 
Another 


Our second geometric application of the dot product will be the determination of 
the projection of a vector u onto a vector v. To project a vector u onto an arbitrary 
nonzero vector v, locate u and v so they have the same initial point O; then drop 
a perpendicular line from the terminal point of u to the line that contains v. The 
vector projection of u onto vy is the vector p that lies on the line containing v, as 
shown in Figure 3. The vector p has the same direction as v if 6 is acute and the 
opposite direction as v if 0 is obtuse. The vector p is the zero vector if u and v are 
orthogonal. Problems 39-42 in Exercise 6.6 ask you to compute some projections. 


FIGURE 3 
Projection of u onto v 


EXAMPLE 4 


Solution 


Matched Problem 4 
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The scalar component of u on v, denoted by Compy u, is given by |u| cos 6. 
This quantity is positive if 6 is acute, 0 if 9 = 7/2, and negative if 6 is obtuse. 
Geometrically, Compyu is the length of the projection of u onto v. 

The scalar component of u on v can be expressed in terms of the dot product 
as follows: 


Compyu = |u| cos 6 Multiply numerator and denominator by |v]. 
= lu| lv| cos 6 
Iv 
u-v u'v 
= Since cos 8 = 
lv| lullv| 


Let 0,0 = 6 S 77, be the angle between the two vectors u and v. The scalar 
component of u on v, denoted by Comp, u, is given by 


Compyu = lu| cos 0 
or, in terms of the dot product, by 
ucv 
Comp,yu = ——— 
lv| 


Finding the Scalar Component of u on v 


Find Comp, u for each pair of vectors u and v. Compute answers to three signif- 
icant digits. 


(A) u = (2,3); v = (4,1) (B) u = (3,2); v = (4, —6) 
(C) u=-3i+ 3, v=3i+j 


ucv 11 


(A) Compyu = = = 2.67 
. lvl W417 
u-v 0 
(B) Compyu = = = 0 
. lvl = (52 
ucv —6 
(C) Compyu = = = —1.90 fi 
. lvl = =-V/10 


Find Comp, u for each pair of vectors u and v. Compute answers to three signif- 
icant digits. 

(A) u = (3,3); v = (6,2) (B) u = (—4,2); v = (1,2) 
(C)u=i+ 4j; v= 4i- 4j a 
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FIGURE 4 


B Work 


To close this section, we will look at an application of the scalar component. 

Intuitively, we know work is done when a force causes an object to be moved 
a certain distance. One example is illustrated in Figure 4, where work is done by 
the force that the harness exerts on a dogsled to move the sled a certain distance 
(although the real work is being done by the dogs, not the harness!). 


The concept of work is very important in science studies dealing with ener- 
gy and requires a definition that is quantitative: If the motion of an object takes 
place in a straight line in the direction of a constant force F causing the motion, 
then we define work W done by the force F to be the product of the magnitude of 
the force |F| and the distance d through which the object moves. In symbols, 


W = |Fld 


For example, suppose the dogsled in Figure 4 is moved a distance of 200 ft under 
a constant force of 100 lb. Then the work done by the force is 


W = (100 Ib) (200 ft) = 20,000 ft-Ib* 


Although work is easy to quantify when the force acts in the same direction as the 
motion, it is more common that the motion of an object is caused by a constant 
force acting in a direction different from the line of motion. For example, a per- 
son pushing a lawn mower across a level lawn exerts a force downward along the 
handle (see Fig. 5 on the next page). In this case, only the component of force in 
the direction of motion (the horizontal component) is responsible for the motion. 
Suppose the lawn mower is pushed 52 ft across a level lawn with a constant force 
of 61 lb directed down the handle. If the handle makes a constant angle of 38° rel- 
ative to the horizontal, then the work done by the force is 


are of force in 
W — 


~ \the direction of en WDisplnceiment) 
= (61 cos 38°)(52) 


= 2,500 ft-lb 


* Tn scientific work, the basic unit of force is the newton, the basic unit of linear measure is the meter, 
and the basic unit of work is the newton-meter or joule. In the British engineering system, which we 
will use, the basic unit of work is the foot-pound (ft-lb). 


FIGURE 5 


EXAMPLE 5 


Solution 


Matched Problem 5 


Answers to 
Matched Problems 
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Component of F 
ra in direction of motion 


F (Constant force) 


A vector d is a displacement vector for an object that is moved in a straight 
line if d points in the direction of motion and if |d| is the distance moved. If the 
displacement vector of an object is 0, then no matter how much force is applied, 
no work is done. Also, for an object to move in the direction of the displacement 
vector, the angle between the force vector and the displacement vector must be 
acute. We now give a more general definition of work. 


If the displacement vector is d for an object moved by a force F, then the 
work done, W, is the product of the component of force in the direction of 
motion and the actual displacement. In symbols, 
F-d 
W = (Compg F)|d| = ED |d| = F-d 


Work Done by a Force 


How much work is done by a force F = (6, 4) that moves an object from the ori- 
gin to the point P = (8, 2)? (Force is in pounds and displacement is in feet.) 


W=F-d 

= (6, 4) + (8, 2) d = (8,2) 

= 56 ft-lb Oo 
How much work is done by a force F = —8i + 4j that moves an object from the 
origin to the point P = (—12, —4)? (Force is in pounds and displacement is in 
feet.) | 


1. (A) 10 (B) 7 (C) 0 (D) 0 
2. (A) 60.3° (B) 135.0° (C) 53.1° 
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3. (A) Not orthogonal (B) Orthogonal 
4. (A) 24/V10 = 3.79 (B) 0/V5 =0 (C) —12/V32 = —2.12 
5. 80 ft-lb 
EXERCISE 6.6 
A 1. Explain in your own words how to find the dot product In Problems 19-22, determine which pairs of vectors are 
of two vectors. orthogonal. 
2. How can you tell if two vectors are orthogonal? Parallel? 19. u=2i+j; v=i- 2j 


20. u= Si- 4j; v= —4i - 5j 


In Problems 3-10, find each dot product. 2. =a: ve) 


3. (0,5)+ (6,2) 4. (3, —7)+(—4, 0) 

ee ee § (eheayat a 22. u = (4,—-3); v = (6, —8) 

7. pe, a 8. ae ne In Problems 23-26, determine which pairs of vectors are 
9. (31+ 4j)-(Si+4j) 10. (81 — j)- (10i + j) parallel. 


23. u = (-2,7); = (2,7 
In Problems 11-16, find the angle (in decimal degrees, to one Se Pal Woe 


decimal place) between each pair of vectors. 24. u = (1,—4); v = (—3,12) 

11. u = (0,1); v = (5,5) 25. u = 4i — 3j; v = —20i + 15j 

12. u = (-3, -3);_ v = (1,0) 26. u=i+ 5j; v = 2i — 10j 

13. u = (2,9); v = (2,10) 

14. u = (-5,4); v = (-5,6) In Problems 27-32, find Comp, u, the scalar component of u 


on Vv. Compute answers to three significant digits. 
27. u = (5,12); v = (0,1) 
28. u = (14,9); v = (—1,0) 


15. u=8i+j; v=—8i+j 
16. u=i- 12j, v= 21+ Hj 


In Problems 17 and 18, use the following alternative form for 29. u = (-6,4); v = (2,3) 
i (from the formula for the angle between two 0. ae OHO FE 15 20) 


31. u= —-31+ j; v= Sit 14j 


u-v = lully| cos 32. u=2-j; v= Ti - 3j 


Determine the sign of the dot product for u and v without cal- 


culating it, and explain how you found it. C Given u = (a,b), v = (c,d), w = (e, f), and k a scalar, 
17. y 18. y prove Problems 33-38 using the definitions of the given oper- 
in rn ations and the properties of real numbers. 
¥ Vv 33. ucu = lu? 


34. u-v=v-u 
35. u-(v + w) 
» % > x 36. (ut v)-w=u'wtyv-w 
37. k(u-v) = (ku): v = u- (kv) 
38. u-0 = 0 


ll 


u-v+u:w 


The vector projection of u onto v, denoted by Projy u, is 
given by 


ucv 


; v 
Projyu = (Comp,u)-— 


lv} ovev™ 


In Problems 39-42, find Projy u. 


39. 
40. 
41. 
42. 
43. 


44. 


45. 


46. 


u = (3,4); v = (4,0) 

u = (3,—4); v = (0, —3) 
u = —6i + 3j; v= —3i — 2j 
u = —2i — 3j; v=i— 6j 


Show that u and v have the same direction if 
u-v = fullvl. 


Show that u and v have opposite directions if 
u-v = —|ullvi. 

Show that the angle between u and v is acute if 
O<ur'v< lul|vl. 


Show that the angle between u and v is obtuse if 
—|ullv] <u-v <0. 


In Problems 47-50, determine whether the statement is true or 
false. If true, explain. If false, give a specific counterexample. 


47. 
48. 
49. 


50. 


Ifu:v = 0, thenu = Oorv = 0. 
If u: v = 1, then u and v have the same direction. 


lu : v| s lu| lv| [Note: lu : v| denotes the absolute value 
of the real number u: v.] 


If u-v < 0, then the angle between u and v is obtuse. 


51. 


S Applications 


Work A parent pulls a child in a wagon (see the figure) 
for one block (440 ft). If a constant force of 15 Ib is 
exerted along the handle, how much work is done? 


Figure for 51 
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52. Work Repeat Problem 51 using a constant force of 
12 Ib, a distance of 5,300 ft (approximately a mile), and 
an angle of 35° relative to the horizontal. 


53. Work Refer to Problem 51. If the angle is reduced to 
30°, is more or less work done? How much? 


54. Work Refer to Problem 52. If the angle is increased to 
45°, is more or less work done? How much? 


Work In Problems 55-60, determine how much work is 
done by a force F moving an object from the origin to the 
point P. (Force is in pounds and displacement is in feet.) 


55. F = (10,5); P = (8,1) 

56. F = (5,1); P = (8,5) 

57, F = —2i + 3j, P = (-3,1) 

58. F = 3i — 4j; P = (5,0) 

59. F = 10i + 10j; P= (1,1) 

60. F = 8 — 4j; P = (2,-1) 

61. Geometry Use the accompanying figure with the indi- 


cated vector assignments and appropriate properties of 
the dot product to prove that an angle inscribed in a semi- 


circle is a right angle. [Note: lal = |e] = Radius| 
a O =9 
Figure for 61 


62. Geometry Use the accompanying figure with the indi- 
cated vector assignments and appropriate properties of 
the dot product to prove that the diagonals of a rhombus 
are perpendicular. [Note: |a| = lb] ] 


Figure for 62 
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TABLE 2 

For a Acute and a < b 

D Number of solutions 

ID <= Ws 

D=0 us 

D> ? 
Problem 1 


CHAPTER 6 GROUP ACTIVITY 


The SSA Case and the Law of Cosines 


In Section 6.1 we spent quite a bit of time discussing SSA triangles and their 
solution using the law of sines. Table | is the part of Table 2 in Section 6.1 lim- 
ited to a acute anda < b. 


TABLE 1 

For a Acute anda < b 

a Number of triangles Figure 
DeZING: 

O0<a<h 0 A Os 


heweh 2 yo 


The law of cosines can be used on the SSA cases in Table 1, and it has the 
advantage of automatically sorting out the situations illustrated. The computa- 
tions are more complicated using the law of cosines, but using a calculator helps 
overcome this difficulty. 

Given a, b, and a, with a acute and a < b, we want to find c. Start with 
the law of cosines in the form 


a =)? +c — 2becosa 
and show that c is given by 
2b cos a + V (2b cos a)” — 4(b? — a”) 


c= 5 (1) 


Now, denote the discriminant by 


D = (2bcos a)* — 4(b* — a’) 


and complete Table 2. Explain your reasoning. 
For the indicated values, determine whether the triangle has zero, one, or two 
solutions without computing the solutions. 


(A) a = 5.1, b = 7.6, a = 32.7° 
(B) a = 2.1, b = 8.2, @ = 215° o 


Problem 2 


Problem 3 


Problem 4 
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Use equation (1) to find all values of c for the triangle(s) in Problem 1 that 
have at least one solution. (i) 


If a > band a is obtuse, how many solutions will equation (1) give? Explain 
your reasoning. 


Use equation (1) to find all values of c for a triangle with a = 8.8, b = 6.4, 
anda = 123.4°. | 


CHAPTER 6 REVIEW q 


6.1 
LAW OF SINES 


An oblique triangle is a triangle without a right angle. An oblique triangle is acute 
if all angles are between 0° and 90° and obtuse if one angle is between 90° and 
180°. See Figure 1. 


(a) Acute triangle (b) Obtuse triangle 
FIGURE 1 
Solving a triangle involves finding three of the six quantities indicated in 


Figure | when given the other three. Table | is used to determine the accuracy of 
these computations. 


TABLE 1 
Significant digits 
Angle to nearest for side measure 
1° 2 
10’ or 0.1° 3 
1’ or 0.01° 4 
10” or 0.001° > 


If the given quantities include an angle and the opposite side (ASA, AAS, 
or SSA), the law of sines is used to solve the triangle in Figure 2 on the next 
page. In the case where we are given two angles, we can first find the remain- 
ing angle by subtracting from 180°. 
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FIGURE 2 
6.2 
LAW OF COSINES 

FIGURE 3 


sin @ sin B sin y 


a b Cc 


The SSA case, often called the ambiguous case, has a number of variations 
(see Table 2). It is usually simplest to solve for one angle using the law of sines 
and consider both the acute and obtuse solutions to the resulting sine equations. 


TABLE 2 
SSA Variations 
a Number of 
(h = bsin a) triangles Figure 
b \a 
a acute O<a<h 0 a i (a) 


a 
a obtuse 0<a<b 0 LX 
2 a 
(e) 


> 


a = 1b? + c — 2becosa 
b? = a’ + c* — 2ac cos B 
C=aaet+h- 2ab cos y 
The law of cosines is generally used as the first step in solving the SAS and SSS 


cases for oblique triangles. After a side or angle is found using the law of cosines, 
it is usually easier to use the law of sines to find a second angle. 


*6.3 

AREAS OF TRIANGLES 
FIGURE 4 

6.4 

VECTORS: 

GEOMETRICALLY 

DEFINED 


Terminal point 
B 


A 
Initial point 


FIGURE : 5 
Vector AB = v 
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The area of a triangle (Fig. 4) can be determined from the base and altitude, two 
sides and the included angle, or all three sides (Heron’s formula). 


1 b 
A= 5 bh = 5 sin 6 V's(s a)(s — b)(s — c) 
where s = 5(a + b + c) is the semiperimeter. 


A scalar is a real number. The directed line segment from point A to point B in 
the plane, denoted AB, is the line segment from A to B with the arrowhead placed 
at B to indicate the direction (see Fig. 5). Point A is called the initial point, and 
point B is called the terminal point. 

A geometric vector in a plane, denoted v, is a quantity that possesses both a 
length and a direction and can be represented by a directed line segment as indicat- 
ed in Figure 5. The magnitude of the vector AB, denoted by |AB|, | v|, or lvl, is 
the length of the directed line segment. Two vectors have the same direction if they 
are parallel and point in the same direction. Two vectors have opposite direction if 
they are parallel and point in opposite directions. The zero vector, denoted by 0 or 
0, has a magnitude of zero and an arbitrary direction. Two vectors are equal if they 
have the same magnitude and direction. Thus, a vector may be translated from one 
location to another as long as the magnitude and direction do not change. 

The sum of two vectors u and v can be defined using the tail-to-tip rule. 
The sum of two nonparallel vectors also can be defined using the parallelogram 
rule. Both forms are shown in Figure 6. 


uty 
v 
u 
Tail-to-tip rule for addition Parallelogram rule for addition 
FIGURE 6 


Vector addition 


The sum vector u + v is also called the resultant of the two vectors u and 
v, and u and v are called components of u + v. Vector addition is commutative 
and associative. That is, u + v = v + uandu + (v + w) = (ut v) + w. 

A velocity vector represents the direction and speed of an object in motion. 
The velocity of a boat relative to the water is called the apparent velocity, and 
the velocity relative to the ground is called the resultant or actual velocity. The 
resultant velocity is the vector sum of the apparent velocity and the current veloc- 
ity. Similar statements apply to objects in air subject to winds. 
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6.5 

VECTORS: 
ALGEBRAICALLY 
DEFINED 


1B 


Standard B 
vector 


FIGURE 7 


=> 


OP is the standard vector for 
AB(OP = AB) 


FIGURE 8 


> X 


A force vector represents the direction and magnitude of an applied force. If 
an object is subjected to two forces, then the sum of these two forces, the resul- 
tant force, is a single force acting on the object in the same way as the two orig- 
inal forces taken together. 


A geometric vector AB ina rectangular coordinate system translated so that its 
initial point is at the origin is said to be in standard position. The vector OP 
such that OP = AB is said to be the standard vector for AB. This is shown in 
Figure 7. = 

Note that the vector OP in Figure 7 is the standard vector for infinitely many 
vectors: all vectors with the same magnitude and direction as OP. If the coordi- 
nates of A in Figure 7 are (x,, y,) and the coordinates of B are (xp, y,), then the 
coordinates of P are given by 


(Xp Yp) = (th = Me Pim Vo) 


Every geometric vector in a plane corresponds to an ordered pair of real num- 
bers, and every ordered pair of real numbers corresponds to a geometric vector. 
This leads to the definition of an algebraic vector as an ordered pair of real num- 
bers, denoted by (a, b). The real numbers a and b are scalar components of the 
vector (a, b). 

Two vectors u = (a,b) and v = (c,d) are said to be equal if their com- 
ponents are equal. The zero vector is denoted by 0 = (0, 0) and has arbitrary 
direction. 

The magnitude, or norm, of a vector v = (a, b), denoted by |v|, is given by 


Wl = Vato 


Geometrically, V a’ + b’ is the length of the standard geometric vector OP 
associated with the algebraic vector (a, b). 
Ifu = (a,b), v = (c,d), and kis a scalar, then the sum of u and v is given by 


ut+v=(at+c,b+d) 
and scalar multiplication of u by k is given by 
ku = k(a, b) = (ka, kb) 


If v is a nonzero vector, then 


1 
u— -——v 
lvl 


is a unit vector with the same direction as v. The i and j unit vectors are defined 
as follows (Fig. 8): 


i= (1,0) 
j = (0,1) 
Any vector v can be expressed in terms of i and j: 


v = (a,b) = ait bj 


*6.6 
THE DOT PRODUCT 


Chapter 6 Review 425 


The following algebraic properties of vector addition and scalar multiplication 
enable us to manipulate symbols representing vectors and scalars in much the same 
way we manipulate symbols that represent real numbers in algebra. 


(A) The following addition properties are satisfied for all vectors u, v, and w: 


lut+v=avt+ 


i 


Commutative property 
2,u+ (v+w) =(u+v)+w = Associative property 
3u+0=0+u=Uu Additive identity 
4.u + (-u) = (-u) +u=0 Additive inverse 


(B) The following scalar multiplication properties are satisfied for all vectors 
u and v and all scalars m and n: 
1. m(nu) = (mn)u Associative property 
2. m(u + v) = mu+ mv Distributive property 
3. (m+ n)u= mut nu Distributive property 
4. lu=u Multiplication identity 


Algebraic vectors can be used to solve static equilibrium problems. An object 
at rest is said to be in static equilibrium. An object subject only to coplanar 
concurrent forces is in static equilibrium if and only if the sum of all these forces 
is zero. 


The dot product of the two vectors 

u = (a,b) = ait+ bj and v= (c,d) =cit dj 
denoted by uv, is the scalar given by 

uv = ac + bd 


For all vectors u, v, and w, and k a real number: 


1. u-u = ful? 4. (u+v):w=u'wt+v-w 
2,.u'v=v'u 5. k(u:v) = (ku)-v = u> (kv) 
3. u-(v + w) =u'v+u'w 6. u:0=0 


The angle between the vectors u and v is the angle 6,0 = 0 = 7, formed 
by positioning the vectors so that their initial points coincide (Fig. 9). The vectors 


FIGURE 9 
Angle between two vectors 
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u and vy are orthogonal, or perpendicular, if 9 = 7/2, and parallel if @ = 0 or 
6 = wv. If u and v are nonzero, then 


u’v 


cos 6 = 
lul |v| 


Two vectors u and v are orthogonal if and only if 
u'v=0 


[Note: The zero vector is orthogonal to every vector. ] 

To project a vector u onto an arbitrary nonzero vector v, locate u and v so 
that they have the same initial point O and drop a perpendicular from the termi- 
nal point of u to the line that contains v. The vector projection of u onto v is the 
vector p that lies on the line containing v, as shown in Figure 10. 


Projection of u onto v 


FIGURE 10 
Projection of u onto v 


The scalar component of u on v is given by 
Compyu = lu| cos 0 
or, in terms of the dot product, by 


u:v 


Compyu = 
lv| 


A vector d is a displacement vector for an object that is moved in a straight 
line if d points in the direction of motion and if \d| is the distance moved. If the 
displacement vector is d for an object moved by a force F, then the work done, 
W, is the product of the component of force in the direction of motion and the actu- 
al displacement. In symbols, 


F-d 
W = (CompgF)|d| = ——|d| = F-d 
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CHAPTER 6 REVIEW EXERCISE a 


Work through all the problems in this chapter review and check the x axis) and magnitude of u + v if |u| = 8.0 and 
the answers. Answers to all review problems appear in the back of lv| = 5.0. 

the book; following each answer is an italic number that indicates 
the section in which that type of problem is discussed. Where 


: : ies y 
weaknesses show up, review the appropriate sections in the text. 
Review problems flagged with a star (+) are from optional section. 
v 
Where applicable, quantities in the problems refer to a trian- _» x 
gle labeled as in the figure. O - 


Figure for 11 


12. Find the magnitude of the horizontal and vertical compo- 
nents of the vector v located in a coordinate system as 
indicated in the figure, then write v in terms of the unit 
vectors i and j. 


AX 1. If two sides and the included angle are given for a trian- 
gle, explain why the law of sines cannot be used to find 
another side or angle. 


2. If two forces acting on a point have equal magnitudes 
and the resultant is 0, what can you say about the two 
forces? 


3. If two forces acting on a point have equal magnitudes 
and the magnitude of the resultant is the sum of the mag- Figure for 12 
nitudes of the individual forces, what can you say about 
the two forces? 


4. Without solving each triangle, determine whether the 13. Given A=(—3, 2) and B=(—1, —3) represent the 
given information allows you to construct zero, one, or geometric vector AB as an algebraic vector (a, b). 
two triangles. Explain your reasoning. 14. Find the magnitude of the vector (—5, 12). 
(A) a=4cm, b=8cm, a = 30° 415, (2, -1)-(-3,2) =? 


(B)a=5m, b=7m, a@ = 30° 


16. (21+ j)- Gi — 2j) =? 
(C)a=3in, b=8in, a = 30° ( i°( i) 


“17, Find the angle (in decimal degrees, to one decimal place) 


In Problems 5-8, solve each triangle given the indicated mea- betwee tis (Syoy end w= (9,0): 
sures of angles and sides. “18. Find the angle (in decimal degrees, to one decimal place) 


wot p= sy ba Aen between u = Si + jandv = —2i + 2j. 


6 ate, B=), Hi 19. For each pair of vectors, are they orthogonal, parallel, or 


neither? 
7. a= 49°, b=22in, c= 27in. (A) (4, -3) and (8, 6) 
8. a= 62°, a=14cm, b= 12cm 5 
x» 9, Find the area of the triangle in Problem 7. (B) (3 > +) and (—10, 2) 
*10. Find the area of the triangle in Problem 8. (C) (10, —6) and (3, 5) 


11. Two vectors u and y are located in a coordinate system, B 20. In the process of solving an SSA triangle, it is found that 
as indicated in the figure. Find the direction (relative to sin B > 1. How many triangles are possible? Explain. 
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In Problems 21-24, solve each triangle given the indicated (7 37. 


measures of angles and sides. 


21. 
22. 
23. 
24. 
“25, 
* 26. 
27. 


28. 


29. 


a= 65.0°, b=103m, c= 72.4m 

a = 35°20'", a= 13.2in, b= 15.7in., £6 acute 
a = 35°20’, a= 13.2in.,, b= 15.7in., £6 obtuse 
a=43mm, b= 48mm, c= 53mm 

Find the area of the triangle in Problem 21. 

Find the area of the triangle in Problem 24. 

There are two vectors u and v such that |u| = |v| and 


u # v. Explain how this can happen. 


Under what conditions are the two algebraic vectors 
(a, b) and (c, d) equal? 


Given the vector diagram, find lu + v| and 0. 


Figure for 29 


In Problems 30 and 31, find: 


(A) ut+yv (B) u- v 
(C) 3u — 2v (D) 2u — 3v + w 
30. u = (4,0); v = (-2,-3); w= (1,1) 
31. u= 3i- j; v= 2i - 3j; w= —-2j 
32. Find a unit vector u with the same direction as 
v = (-8, 15). 
33. Express v in terms of i and j unit vectors. 
(A) v = (5,7) (B) v = (0, —3) 
(©) v= AB; A= (4,-2); B= (0,-3) 
34, Determine which vector pairs are orthogonal using prop- 
erties of the dot product. 
(A) u = (-12,3); v = (2,8) 
(B) u 4i+j; v i+ 4j 
* 35. Find Comp, u, the scalar component of u on v. Compute 
answers to three significant digits. 
(A)u = (4,5); v = (3,1) 
(B)u = -i+ 4j; v= 3i-j 
36. An object that is free to move has three nonzero coplanar 


concurrent forces acting on it, and it remains at rest. How 
is any one of the three forces related to the other two? 
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38. 


An oblique triangle is solved, with the following results: 
a = 45.1° a = 842cm 
B = 75.8° b= 11.5cm 
y = 59.1° c = 10.2cm 


Allowing for rounding, use Mollweide’s equation 
(below) to check these results. 


_ af 
c sin 
2 
Given an oblique triangle with a = 52.3° and b = 12.7 
cm, determine a value k so that if 0 < a < k, there is no 
solution; if a =k, there is one solution; and if 
k <a < b, there are two solutions. 


ll 


Y 
b 
(a ) cos ¥ 


In Problems 39-44, let u= (a,b), v = (c,d), and 
w = (e, f) be vectors, and let m and n be scalars. Prove each 
property using the definitions of the operations involved and 
properties of real numbers. (Although some of these problems 
appeared in Exercises 6.5 and 6.6, it is useful to consider 
them again as part of this review.) 


39. 
~ 40. 
41. 
* 42, 
~ 43. 
44, 


utv=vtu 
u-v=v-u 


(mn)v = m(nv) 


45. 


46. 


A Applications 


Geometry Find the lengths of the sides of a parallelo- 
gram with diagonals 20.0 cm and 16.0 cm long intersect- 
ing at 36.4°. 


Geometry Find / to three significant digits in the 
triangle: 


a é 
2 Zz 
oo / 
27\31°20' (\49°40' 
200 m 
Figure for 46 


47. 


48. 


* 49, 
50. 


51. 


Geometry A chord of length 34 cm subtends a central 
angle of 85° in a circle of radius 7 Find the radius of the 
circle. 


Surveying A plot of land has been surveyed, with the 
resulting information shown in the figure. Find the length 
of CD. 


A 450 ft B 


Figure for 48 
Surveying Refer to Problem 48. Find the area of the plot. 


Engineering A tunnel for a highway is to be construct- 
ed through a mountain, as indicated in the figure. How 
long is the tunnel? 


Figure for 50 


Space Science A satellite S, in circular orbit around the 
earth, is sighted by a tracking station T (see the figure). 


Figure for 51 


52. 


53. 


54. 


oo 


429 


Chapter 6 Review Exercise 


The distance TS determined by radar is 1,147 mi, and the 
angle of elevation above the horizon is 28.6°. How high 
is the satellite above the earth at the time of the sighting? 
The radius of the earth is r = 3,964 mi. 


Space Science When a satellite is directly over 
tracking station B (see the figure), tracking station A 
measures the angle of elevation 6 of the satellite (from 
the horizon line) to be 21.7°. If the tracking stations are 
632 mi apart (that is, the arc AB is 632 mi long) and the 
radius of the earth is 3,964 mi, how high is the satellite 
above B? [Hint: Find all angles for the triangle ACS 
first. ] 


_¢ Horizon line at 
3 tracking station A 


Earth 


Figure for 52 


Navigation An airplane flies with a speed of 
230 km/hr and a compass heading of 68°. If a 55 km/hr 
wind is blowing in the direction of 5°, what is the 
plane’s actual direction (relative to north) and ground 
speed? 

Navigation A pilot in a small plane is flying from New 
Orleans to Houston, a distance of 302 mi. After flying 
1 hr at an average of 125 mi/hr, he finds that he is 17° off 
course. If he corrects his course and maintains that speed 
for the remainder of the trip, how much longer will it 
take? 


Resultant Force Two forces act on an object as indi- 
cated in the figure: 


F, 


s |F;| = 352 Ib 
42.3° = 
F, |F,| = 168 Ib 


Find the magnitude of the resultant force and its direc- 
tion relative to the horizontal force F). 
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* 56. 


Dis 


58. 


#59, 
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Work Refer to Problem 55. How much work is done 
by the resultant force if the object is moved 22 ft in the 
direction of the resultant force? 


Engineering A 260 Ib sign is hung as shown in the 
figure. Determine the compression force on AB and the 
tension on CB. 


Figure for 57 


Space Science To simulate a reduced-gravity environ- 
ment such as that found on the surface of the moon, 
NASA constructed an inclined plane and a harness sus- 
pended on a cable fastened to a movable track, as indi- 
cated in the figure. A person suspended in the harness 
walks at a right angle to the inclined plane. 

(A) Using the accompanying force diagram, find |ul, 
the force on the astronaut’s feet, in terms of |w| and 
0. Also find lv| , the tension on the cable, in terms of 
|w| and 6. 

(B) What is the force against the feet of a woman astro- 
naut weighing 130 Ib (|wl = 130 1b) if 6 = 72°? 
What is the tension on the cable? Compute answers 
to the nearest pound. 

(C) Find 9, to the nearest degree, so that the force on an 
astronaut’s feet will be the same as the force on the 
moon (about one-sixth of that on earth). 


Engineering: Physics Determine how much work is 
done by the force F = (—5,8) moving an object from 
the origin to the point P = (—8, 2). (Force is in pounds 
and displacement is in feet.) 


Figure for 58 


60. Biomechanics A person with a broken leg has it in a 
cast and must keep the leg elevated, as shown in the fig- 
ure. (The weight of the leg with cast exerts a downward 
force of 12 lb.) Find angle @ and the tension on the line 
fastened to the overhead bar. Compute each to one 
decimal place. 


Figure for 60 


Polar Coordinates; 


Complex Numbers 


Polar and Rectangular 
Coordinates 


Sketching Polar Equations 
The Complex Plane 


De Moivre’s Theorem 
and the nth-Root Theorem 


\) Chapter 7 Group Activity: 
“= Orbits of Planets 


Chapter 7 Review 


Cumulative Review Exercise, 
Chapters 1-7 
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Pole Polar axis 


O 
eP =(r, 0) 
a 
Je. 
O 
FIGURE 1 


Polar coordinate system 


Fol 


e specify the position of an object—a ship, a robotic hand, the eye of 

a hurricane—by giving it coordinates with respect to some coordinate 

system. In previous chapters we used the rectangular coordinate 
system. In this chapter we will introduce the polar coordinate system. We will 
graph polar equations and use polar coordinates to represent complex numbers. 
Representing complex numbers in polar form gives geometric insight into their 
multiplication and division. With this insight we will obtain formulas for the nth 
power and nth roots of a complex number, for n a positive integer. 


Polar and Rectangular Coordinates 


e Polar Coordinate System 
e From Polar Form to Rectangular Form and Vice Versa 


In previous chapters we used the rectangular coordinate system to associate ordered 
pairs of numbers with points in a plane. The polar coordinate system is an alter- 
native to the rectangular coordinate system. When distance from a central loca- 
tion is of primary concern—for example, the distance from a city to a storm front, 
or the distance from a control tower to an airplane—then polar coordinates have 
advantages over rectangular coordinates. 


B Polar Coordinate System 


To form a polar coordinate system in a plane (see Fig. 1), we start with a fixed 
point O and call it the pole, or origin. From this point we draw a half-line (usually 
horizontal and to the right), and we call this line the polar axis. 

If P is an arbitrary point in a plane, then we associate polar coordinates (r, 0) 
with it as follows: Starting with the polar axis as the initial side of an angle, we 
rotate the terminal side until it, or the extension of it through the pole, passes 
through the point. The @ coordinate in (7, 0) is this angle, in degree or radian mea- 
sure. The angle @ is positive if the rotation is counterclockwise and negative if the 
rotation is clockwise. The r coordinate in (7, @) is the directed distance from the 
pole to the point P which is positive if measured from the pole along the termi- 
nal side of @ and negative if measured along the terminal side extended through 
the pole. Figure 2 on the next page illustrates how one point in a polar coordinate 
system can have many—in fact, an unlimited number of—polar coordinates. 

We can now see a major difference between the rectangular coordinate sys- 
tem and the polar coordinate system. In the former, each point has exactly one set 
of rectangular coordinates; in the latter, a point may have infinitely many polar 
coordinates. 

The pole itself has polar coordinates of the form (0, 6), where @ is arbitrary. 
For example, (0, 37°) and (0, —7/4) are both polar coordinates of the pole, and 
there are infinitely many others. 
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FIGURE 2 P = (3, 30°) P = (—3, 210°) P=(-3, =) 


Just as graph paper can be used for work related to rectangular coordinate sys- 
tems, polar graph paper can be used for work related to polar coordinates. The 
following examples illustrate its use. 


EXAMPLE 1 Plotting Points in a Polar Coordinate System 
Plot the following points in a polar coordinate system: 
(A) A = (4, 45°); B= (-6, 45°); C = (7,240°); D = (3, -75°) 
(B) A = (8,7 /6); B= (5, —37/4); C = (-7, 27/3); D = (—9, -7/6) 


Solution 
(A) ve (B) a 
T 
120° 60° 22 3 
o oO Pid T 
150 30 z . 
A *D Ae 
e 
3 1 1 jo ! ! 
180 4 ip 8 7 4 ig 9 
°D 
Be Be 
° ¢ ie 
210° *E 330 va 3g ca 
240° 300° an Sa 
270° ° 3z : 
2 


Matched Problem 1 Plot the following points in a polar coordinate system: 
(A) A = (7, 30°); B= (-6, 165°); C = (—9, —90°) 
(B) A = (10, 7/3); B= (8,—-77/6); C = (—5, —57/4) 
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Solution 


EXPLORE/DISCUSS 1 


A point in a polar coordinate system has coordinates (8, 60°). Find the other 
polar coordinates of the point for @ restricted to —360° = 0 = 360°, and 
explain how they are found. 


B From Polar Form to Rectangular Form 
and Vice Versa 


It is often convenient to be able to transform coordinates or equations in rectan- 
gular form into polar form, or vice versa. The following polar—rectangular rela- 
tionships are useful in this regard. 


POLAR-RECTANGULAR RELATIONSHIPS ; 


P= x+y? 


sing = — y=rsneg 
iG 
XxX 

cos 9 = — x =rcosé 
Te 

moe = 
Xx 


[Note: The signs of x and y determine the quadrant for 6. The angle @ is 
usually chosen so that —7 < 6 = 7 or —180° < @ = 180°.] 


Polar Coordinates to Rectangular Coordinates 


Change A = (5, 7/6), B = (—3, 37/4), and C = (—2, —5z/6) to exact rec- 
tangular coordinates. 


Use x = rcos @and y = rsin@. 


For A (see Fig. 3): 


x = 5cos 


7 
6 2 
T 1 5 
= 5s) =5 = 
y sin (4) 
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Polar: (5, Z) 


Rectangular: exe 


FIGURE 3 


Matched Problem 2 


\ EXAMPLE 3 


Solution 


. 5V3 5 
Rectangular coordinates: err ae 
Ze" 2D 
For B: 
397 =V2 a2 
= -3 = (=3 = 
x cos ( ( 5 ) 5 
V2\_ -3V2 
==3sn—_— = (-3 = 
y sin ( ( . ) ; 
: 32. =3V2 
Rectangular coordinates: —— a 
2 2 
For C: 
=) 3 
x= 2 cos( =) = (- (4) = V3 


y= 2 sin( 2") (-2)(S}) = 1 


(V3, 1) 


Rectangular coordinates: 


Change A = (8, 77/3), B= (—6,57/4), and C = (—4,—77/6) to exact 


rectangular coordinates. 


Rectangular Coordinates to Polar Coordinates 


Change A = (1, V3) and B = (—¥V3, —1) into exact polar form with r = 0 and 


—7<@0S7. 


Use r? = x? + y* and tan @ = y/x. 


For A: 
P=HaPr(viy =4 
r=2 
3 
tan @ = —— 
an i 
T 
0= es Since A is in the first quadrant 


Polar coordinates: (2, =) 
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For B: 
> = (-V3? + (-17 =4 
r=2 
acd —1 1 
an @ = —s> = —-> 
-V3 V3 
Sar 
g=- — Since B is in the third quadrant 
: Sa 
Polar coordinates: 23> — | 


Matched Problem 3 Change A = (V3,1) and B = (1,—V3) to polar form with r = 0 and 
—7 <6 = 27. a 


Many calculators can automatically convert rectangular coordinates to polar 
form and vice versa; read the manual for your particular calculator. Example 4 
illustrates conversions using the method shown in Examples 2 and 3 followed by 
the conversions on a graphing calculator with a built-in conversion routine. 


EXAMPLE 4 Calculator Conversion 


Perform the conversions following the methods illustrated in Examples 2 and 3; 
then use a calculator with a built-in conversion routine (if you have one). 


(A) Convert the rectangular coordinates (—6.434, 4.023) to polar coordi- 
nates (to three decimal places), with @ in degree measure, 
—180° < 6 = 180°, andr = 0. 


(B) Convert the polar coordinates (8.677, —1.385) to rectangular coordi- 
nates (to three decimal places). 


Solution (A) Use a calculator set in degree mode. 
(x,y) = (—6.434, 4.023) 
r= Vx + y = V(-6.434)? + 4.0237 = 7.588 
4.02 
tan@ = = a 
x — 6.434 


The angle 6 is in the second quadrant, and it is to be chosen so that 
—180° < 0 = 180°. Therefore, 


4.023 
— 6.434 


Polar coordinates: (7.588, 147.983°) 


6 = 180° + tan! ( ) = 147.983° 


Figure 4 shows the same conversion done on a graphing calculator with a built- 
FIGURE 4 in conversion routine. 


FIGURE 5 


Matched Problem 4 


EXAMPLE 5 


Solution 


Matched Problem 5 


EXAMPLE 6 


Solution 
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(B) Use a calculator set in radian mode. 
(r, 0) = (8.677, —1.385) 
x = rcos 0 = 8.677 cos(—1.385) = 1.603 
y =rsin@ = 8.677 sin(—1.385) = —8.528 


Rectangular coordinates: (1.603, —8.528) 


Figure 5 shows the same conversion done on a graphing calculator with a built-in 
conversion routine. | 


Perform the conversions following the methods illustrated in Examples 2 and 3; 
then use a calculator with a built-in conversion routine (if you have one). 


(A) Convert the rectangular coordinates (—4.305, —5.117) to polar coordi- 
nates (to three decimal places), with @ in radian measure, —7 < 60 S 7, 


andr = 0. 
(B) Convert the polar coordinates (—10.314, —37.232°) to rectangular 
coordinates (to three decimal places). | 


From Rectangular to Polar Form 


Change x7 + y* — 2x = 0 to polar form. 


Use r? = x? + y* and x = rcos 0: 


x + y —2x=0 Replace x* + y* by r?, and x by r cos 0. 

r’ — 2rcos@ = 0 Factor. 

r(r — 2cos@)=0 ~~ Ifab=0,thena=Oorb=0O. 
r=0 or r—2cos8=0 


The graph of r = 0 is the pole, and since the pole is included as a solution of 
r — 2cos@ = 0 (let 6 = 7/2), we can discard r = 0 and keep only 


r—2cosé=0 
or 

r = 2cosé a 
Change x* + y* — 2y = 0 to polar form. a 


From Polar to Rectangular Form 
Change r + 3 sin 6 = 0 to rectangular form. 
The conversion of this equation, as it stands, to rectangular form gets messy. 


A simple trick, however, makes the conversion easy: We multiply both sides by 7 
which simply adds the pole to the graph. In this case, the pole is already included 
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Matched Problem 6 


EXAMPLE 7 


Solution 


Matched Problem 7 


Answers to 
Matched Problems 
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as a solution of r + 3 sin@ = 0 (let @ = 0), so we have not actually changed any- 
thing by doing this. Therefore, 


r+ 3sin@ = 0 Multiply both sides by r. 
r> + 3rsin@d = 0 f=+y¥, y=reind 
x+y + 3y=0 | 


Change r = —8 cos @ to rectangular form. a 


From Polar to Rectangular Form 


Change r? cos 20 = 9 to rectangular form. 


We first use a trigonometric identity to write cos 20 in terms of cos 6 and sin 0. 
r cos 20 = 9 
r* (cos @ — sin’ 0) = 9 


r? cos’ 6 — r? sin? @ = 9 


Use a double-angle identity. 


Use the distributive law. 


Substitute x = rcos@,y = rainé. 


x va =9 [i] 
Change r” sin 20 = 8 to rectangular form. a 
1. (A) 90° 
120° 60° 
Ts 
150° 30° 
A. 
ead gui ehig = 
B 
210° 330° 
240° 300° 


270° 


1. 


— = ee 
Yer S 


cCandnanbwn 
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(B) z 
2 cL 
oe 3 
A*® 
5a T 
6 6 
*B 
: srr pie 
4 
Ta Ua 
6 6 
4a 5a 
3 3m 3" 
2 
2. A= (4,4-V3), B = (3V2,3V2), C = (2V3, —2) 
3. A = (2, 7/6), B = (2, -—7/3) 
4, (A) (r, 0) = (6.687, —2.270) — (B) (x,y) = (—8.212, 6.240) 
5.r=2sn0 6x+y'+8x=0 7%. xy=4 


EXERCISE 7.1 
A In Problems 1-14, plot in a polar coordinate system. 
= (8, 0°); B = (5, 90°); C = (6, 30°) 
= (4, 0°); B = (7, 180°); C = (9, 45°) 
= (—8, 0°); B = (—5, 90°); C = (—6, 30°) 
A = (-4, 0°); B = (-7, 180°); C = (—9, 45°) 
A = (5, —30°); B = (4, —45°); C = (9, —90°) 
A = (8, —45°); B = (6, —60°); C = (4, —30°) 
A = (—5, —30°); B = (—4, —45°); C = (—9, —90°) 
A = (-8, —45°); B = (—6, —60°); C = (—4, —30°) 
A = (6, 77/6); B = (5, 7/2); C = (8, 7/4) 
A = (8, 7/3); B = (4, 7/4); C = (10, 0) 
A = (—6, 7/6); B = (—5, 7/2); C = (-8, 7/4) 
A = (8, 7/3); B = (—4, 7/4); C = (—10, 0) 
A = (6, -77/6); B = (5, -7/2); C = (8, -7/4) 
A = (8, -7/3); B = (4, -7/4); C = (10, —7/6) 


— ml 
as 


= 
n 


. Is it possible for a point in the plane to have two differ- 


ent ordered pairs of polar coordinates? Explain. 


. Is it possible for one ordered pair of polar coordinates to 


correspond to two different points in the plane? Explain. 


17. Explain how the polar coordinates of a point P in the 
plane can be obtained from the rectangular coordinates 
(x, y) of P. 

18. Explain how the rectangular coordinates of a point P in the 
plane can be obtained from the polar coordinates (r, @) of P. 


In Problems 19-24, change to exact rectangular coordinates. 


19. (2, -7/2) 20. (5, 77/2) 
21. (10, 7/3) 22. (6, 7/4) 
23. (—3V2, 37/4) 24. (4, —S7/6) 


In Problems 25-30, change to exact polar coordinates with 
r=0and-7<057. 


25. (0, 6) 26. (—3,0) 

27. (-4,4) 28. (2, -2V3) 

29. (—V3, -3) 30. (—V5, -V5) 

31. A point in a polar coordinate system has coordinates 


(6, —30°). Find all other polar coordinates for the point, 
—360° < 6 = 360°, and verbally describe how the 
coordinates are associated with the point. 
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32. A point in a polar coordinate system has coordinates 
(—5, 37/4). Find all other polar coordinates for the 
point, —27 < 6 S 27, and verbally describe how the 
coordinates are associated with the point. 


In Problems 33-38, convert the rectangular coordinates to 
polar coordinates (to three decimal places), with r = 0 and 
—180° < @ = 180°. 


33. (1.625, 3.545) 34. (8.721, 2.067) 


69. r=4 70. r=—5 
71. 6 = 30° 72. 0= 7/4 
C 73. Change r = 3/(sin @ — 2) into rectangular form. 


74. 
73s 


Change (y — 3)? = 4(x? + y’) into polar form. 


For which points P in the plane are the rectangular coor- 
dinates (x, y) of P identical to the polar coordinates (r, 0) 
of P (assume @ is measured in radians)? Explain. 


35. (9.984, —1.102) 36. (—4.033, —4.614) 76. Is it possible for every point in the plane to be described 
by polar coordinates (r, 0), where r and @ are real num- 

372. (=3.217, 8.397) 38. (—2.175, 5.005) bers with 0 = 6 < a? Explain. 

In Problems 39-44, convert the polar coordinates to rectan- 

gular coordinates (to three decimal places). 9S : ; 

39. (2.718, -31.635°) 40. (1.824, 98.484°) Ay pleats 

41. (—4.256, 3.085) 42. (6.518, —0.016) 77. Precalculus: Analytic Geometry A distance d (see the 

43. (0.903, 1.514) 44, (—5.999, —2.450) figure) between two points in a polar coordinate system 
is given by a formula that follows directly from the law 

In Problems 45-58, change to polar form. of cosines: 

a ae De i SO 
45. 6x — x y 46. y Sy = x goa re a r2 — 2ryry cos(O2 — 01) 
47. 2x + 3y =5 48. 3x — 5y = -2 
A 4 5 d= Vr? I ry _ 2r rz Cos(O> _ 01) 

49, x+y =9 50. y= x 

51. 2xy = 52. y = Ax Find the distance between the two points P; = (2, 30°) 

5; 4? = 5d. gt 4 oyh and Po = (3, 60°). Compute your answer to four signif- 
icant digits. 

55. x = 56. y= 

57. y= -7 58. x = —10 Po= (ta; 2) 

In Problems 59-72, change to rectangular form. 

59. r(2cos@ + sin@) = 4 

60. r(3cos@ — 4sin@) = —-1 - ee 

61. r = 8cos 0 62. r = —2siné sociated 

63. r=2cosO+3sin0 64. r= Ssin@ — 4cos6 78. Precalculus: Analytic Geometry Refer to Problem 77 

2 io a = and find the distance between the two _ points 
ORs FnOs 20 = 4 Oe se = P, = (4,7/4) and P2 = (1,7/2). Compute your 
67. r> = 3cos 20 68. 7 = 5sin 20 answer to four significant digits. 
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e Point-by-Point Sketching 


Rapid Sketching 

Graphing Polar Equations on a Graphing Calculator 
A Table of Standard Polar Curves 

Application 


EXAMPLE 1 


Solution 
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In rectangular coordinate systems we sketch graphs of equations involving the 
variables x and y. In polar coordinate systems we sketch graphs of equations involv- 
ing the variables r and 6. We will see that certain curves have simpler represen- 
tations in polar coordinates and other curves have simpler representations 
in rectangular coordinates. Likewise, some applications have simpler solutions in 
polar coordinates while other applications have simpler solutions in rectangular 
coordinates. In this section you will gain experience in recognizing and sketching 
some standard polar graphs. 


B Point-by-Point Sketching 


To graph a polar equation such as r = 26 or r = 4 sin 26 in a polar coordinate 
system, we locate all points with coordinates that satisfy the equation. A sketch 
of a graph can be obtained (just as in rectangular coordinates) by making a table 
of values that satisfy the equation, plotting these points, and then joining them with 
a smooth curve. A calculator can be used to generate the table. 

The graph of the polar equation 


r=ad a>0O 


is called Archimedes’ spiral. Example 1 illustrates how to obtain a particular spi- 
ral by point-by-point plotting. 


Spiral 


Graph r = 20,0 = 6 = 57/3, ina polar coordinate system using point-by-point 
plotting (6 in radians). 


We form a table using multiples of 7/6; then we plot the points and join them 
with a smooth curve (see Fig. 1). 


LE 
2m 5 
g of 2 Spiral: r = 20 
3a a 
6 6 
7 0 
5 10 
Ta Ua 
6 6 
An Sa 
: 3a = 
2 


FIGURE 1 a 
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Matched Problem 1 


EXAMPLE 2 


Solution 


Matched Problem 2 


FIGURE 3 


Graph r = 30,0 < @ S 777/6, ina polar coordinate system using point-by-point 
plotting (6 in radians). o 


Circle 
Graph r = 4 cos @ (6 in radians). 
We start with multiples of 7/6 and continue until the graph begins to repeat 


(see Fig. 2). (In intervals of uncertainty, add more points.) The graph is a circle 
with radius 2 and center at (2, 0). 


x 
Qn 7 z 
: Circle: r= 4 cos 0 
37 a 
0 4.00 8 6 
77/6 3.46 
7/3 2.00 
a2 0.00 a = 5 io 9 
27/3 | —2.00 
57/6 | —3.46 
a  |—4.00 In ld 
Tmi6 | —3.46 6 : 
Graph is repeating. 4a Sr 
3 30 3" 
2 | 
FIGURE 2 
Graph r = 4 sin @ (6 in radians). | 


If the equation in Example 2 is graphed using degrees instead of radians, we 
get the same graph except that degrees are marked around the polar coordinate 
system instead of radians (see Fig. 3). 


90° 
120° 60° 
Circle: r= 4 cos @ 
r) r 
150° me 
0° 4.00 

30° 3.46 

60° 2.00 

90° 0.00 180° 5 10 ie 
120° | —2.00 
150° | —3.46 
180° | —4.00 © 330° 
210° | —3.46 a 
raph is repeating. 240° 300° 


270° 
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B Rapid Sketching 


Tf all that is desired is a rough sketch of a polar equation involving sin 0 or cos 0, 
you can speed up the point-by-point process by taking advantage of the uniform 
variation of sin @ and cos 6 as 8 moves around a unit circle. We refer to this process 
as rapid polar sketching. It is useful to visualize the unit circle definition of sine 
and cosine in Figure 4 in the process. 


FIGURE 4 z 
(0, 1) 

(cos 8, sin 0) 

0 
a > 
(1,0) (1,0) 27 
(0, -1) 

3a 
2 


EXAMPLE 3 


Rapid Polar Sketching 
Sketch r = 5 + 5 cos 6 (6 in radians). 


Solution We set up Table 1, which shows how r varies as 6 varies through each set of quad- 
rant values in Figure 4. 

Notice that as 6 increases from 0 to 7/2, cos 6 decreases from | to 0, 5 cos 6 
decreases from 5 to 0, and r = 5 + 5cos 6 decreases from 10 to 5, and so on. 
Sketching the values in Table 1, we obtain the heart-shaped graph, called a cardioid, 


in Figure 5 on page 444. 


TABLE 1 
0 cos 0 5 cos 0 r=5+5 cos 0 
varies from varies from varies from varies from 
0 to 7/2 1 to0 5 to0 10 to 5 
1/2 to 7 Oto —-1 0 to —5 5 to0 
7 to 37/2 —1toOd —5to0 Oto 5 
32/2 to 2a 0 to 1 0 to 5 5 to 10 
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cL 
Qn r z 
¢ Cardioid: r= 5 + 5 cos @ 
Sa a 
6 6 
7 
Gg" 
is Ua 
“6. 6 
4a 5a 
3 anf = 
2 
FIGURE 5 a 
Cardioid 
Matched Problem 3 Sketchr = 4 + 4 sin @ (6 in radians). Oo 


EXAMPLE 4 


Rapid Polar Sketching 


Sketch r = 6 sin 26 (6 in radians). 
Solution We start by letting 20 (instead of 0) range through each set of quadrant values. 
That is, we start with values of 20 in the second column of Table 2, fill in the table 
to the right, and then fill in the first column for 0. 


TABLE 2 
0 20 sin 20 r= 6sin 20 
varies from varies from ~—varies from _varies from 
0 to 7/4 0 to 7/2 0 to 1 0 to6 
a/4 to 7/2 1/2 tow 1to0 6 to 0 
7/2 to 37/4 Tw to 37/2 Oto —1 0 to —6 
32/4 to a 32/2 to 2a —1tod —6to0 
a to 57/4 27 to Sa/2 0 to 1 0 to6 
57/4 to 37/2 52/2 to 37 1to0 6 to 0 
32/2 to 77/4 3 to 77/2 Oto —1 0 to —6 
71/4 to 2a 71/2 to 4a —1tod —6 to0 


Using the information in Table 2, we complete the graph shown in Figure 6 


on the next page, which is called a four-leaved rose. 
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FIGURE 6 a Four-leaved rose: r = 6 sin 20 
Four-leaved rose . a - 
- = 
3" 3 
Plus 
6 6 
7 1 1 
5 ig 
Ta Ua 
“6. 6 
Am Sa 
3 3a as 
2 | 
Matched Problem 4_ Sketchr = 4 cos 36 (6 in radians). | 


In a rectangular coordinate system the simplest equations to graph are found 
by setting the variables x and y equal to constants: 


x=a and y=b 


The graphs are straight lines: x = a is a vertical line and y = 5 is a horizontal 
line. A look ahead to Table 3 (page 447) will show you that horizontal and verti- 
cal lines do not have such simple expressions in polar coordinates. 

The simplest equations to graph in a polar coordinate system are found by 
setting the polar variables r and @ equal to constants: 


r=a and 6=b 


Figure 7 illustrates two particular cases. Notice that a circle centered at the origin 
has a simpler expression in polar coordinates than in rectangular coordinates. 


FIGURE 7 Circle of radius 7 


Line through 
origin 


(a) 0=% (b) r=7 


on a Graphing Calculator 


We now turn to the graphing of polar equations on a graphing calculator. Note that 
many graphing calculators, including the one used here, do not show a polar grid. 
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\ EXAMPLE 5 


Solution 


FIGURE 8 


Matched Problem 5 


Also, when using [TRACE], many graphing calculators offer a choice between polar 
coordinates and rectangular coordinates for points on the polar curve. 


Graphing on a Graphing Calculator 


Graph each polar equation on a graphing calculator. (These are the same equa- 
tions we sketched by hand in Examples 1-4.) 


(A) r = 20,0 = 6 S$ 52/3 (B) r = 4cos 6, @ in radians 
(C) r= 5 + 5cos 8, @ in radians (D) r = 6sin 26, @ in radians 


Refer to the manual for your graphing calculator as necessary. In particular: 


Set the graphing calculator in polar mode and select polar coordinates and radi- 
an measure. 

Adjust window dimensions to accommodate the whole graph (a little trial and 
error may be necessary). 

To show the true shape of a curve, choose window dimensions so that unit dis- 
tances on the x and y axes have the same length (by using aJZOOM SQUARE| 
command, for example). 


Figure 8 shows the graphs in square graphing calculator viewing windows. 


10 5 
- - - mo 7 
—10 =5 
(A) r= 20,0 S$ 6S577/3 (B) r=4cos 6 
10 BS) 
—15.2 15:2 —7.6 co 7.6 
—10 —5 
(C) r=5+5cos@ (D) r= 6sin 20 | | 


Graph each polar equation on a graphing calculator. (These are the same equations 
you sketched by hand in Matched Problems 1-4.) Use a square viewing window. 


(A) r = 30,0 = 0 S 77/6 (B) r = 4sin 9, 6 in radians 
(C) r= 4+ 4sin 6, @ in radians (D) r = 4cos 36, 0 in radians i] 
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EXPLORE/DISCUSS 1 


(A) Graph r; = 8 cos 6 and rz = 8 sin @ in the same viewing window. Use 
= TRACE |on 7; and estimate the polar coordinates where the two graphs 
intersect. Repeat for rp. 


(B) Which intersection point appears to have the same polar coordinates on 
each curve and consequently represents a simultaneous solution to both 
equations? Which intersection point appears to have different polar coor- 
dinates on each curve and consequently does not represent a simultaneous 
solution? 


(C) Solve the system of equations above for r and 9. Conclusions? 


(D) Could the situation illustrated in parts (A)-(C) happen with rectangular 
equations in two variables in a rectangular coordinate system? Discuss. 


HB A Table of Standard Polar Curves 


Table 3 presents a few standard polar curves. Graphing polar equations is often 
made easier if you have an idea of what the shape of the curve will be. 


TABLE 3 
Some Standard Polar Curves 


| a 
= = = = 


(a) Vertical line: (b) Horizontal line: (c) Radial line: (d) Circle: 
4 2 po! d=a r=a 
cos 0 sin 0 
> a > 
(e) Circle: (f) Circle: (g) Cardioid: (h) Cardioid: 
r=acos @ r=asin@ r=at+acos@ r=at+asin@g 


(Continued) 


448 7 POLAR COORDINATES; COMPLEX NUMBERS 


TABLE 3 (Continued) 


> al > > 
(i) Three-leaved Gj) Four-leaved (k) Lemniscate: (1) Archimedes’ 
rose: rose: r? = a’ cos 20 spiral: r = a0 
r= acos 30 r=acos 260 


B Application 


Polar coordinate systems are useful in many types of applications. Exercise 7.2 includes 
applications from sailboat racing and astronomy; Figure 9, which was supplied by the 
U.S. Coast and Geodetic Survey, illustrates an application from oceanography. In 
Figure 9 each arrow represents the direction and magnitude of the tide at a particular 
time of the day at the San Francisco Light Station (a navigational light platform in the 
Pacific Ocean about 12 nautical miles west of the Golden Gate Bridge). 


FIGURE 9 

Tidal current curve, San Francisco 
Light Station [Note: LL + 3° 
means 3 hr after low low tide, 

HL — 1° means 1 hr before high 
low tide, and so on.] 


0.1 0 0.1 0.2 0.3 0.4 
Scale in knots 


Answers to 
Matched Problems 


1. 
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rT 
20 1 5 
3 Spiral: r = 30 
6 F 57 T 
0 0.00 é : 
77/6 1.57 
a3 | 3.14 
a2 | 4.71 7 5 ic 
2/3 | 6.28 
Sal6 | 7.85 
r 9.42 Tn ie 
Tml6 | 11.00 6 
4a 5a 
3 3a 3 
2 
rT 
2 
22 z Circle: r = 4 sin 0 
6 a 57 T 
0 0.00 6 ? 
ml6 | 2.00 
a3 | 3.46 
n 1 
mi2 | 4.00 7 5 io 
2/3 | 3.46 
57/6 | 2.00 
7 0.00 I Lig 
7/6 | —2.00 : 
Graph is repeating. 4a Sa 
3 3a 3 
2 
T 
2m 1 5 
3 Cardioid: r= 4+ 4sin 0 
Sa cm 
6 6 
7 10 > 0 
V1 Lia 
6. 6 
4m Sa 
3 307 3 
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4. 
27 
3. 
4a 
3) 
5. (A) r = 30 


15.2 


vis 


—10 


(C)r=4+ 4sin6é 


—15.2 


wg 


Three-leaved rose: r = 4 cos 30 


EXERCISE 7.2 


A In Problems 1-6, use a calculator as an aid to point-by-point 
plotting. 

1. Graph r = 10 cos @ by assigning 6 the values 0, 7/6, 
w/4, 7/3, 7/2, 27/3, 37/4, 57/6, and 7. Then join 
the resulting points with a smooth curve. 

2. Repeat Problem | for r = 8 sin 0, using the same set of 
values for 6. 


Sa 
3 
(B) r = 4sin@ 
5) 
15.2 —7.6 7.6 
=5 
(D) r = 4cos 30 
5 
15.2 —7.6 7.6 
—5 


. Graph r = 3 + 3cos 0,0° = 6 = 360°, using multi- 


ples of 30° starting at 0. 


. Graphr = 8 + 8sin6,0° = 6 = 360°, using multiples 


of 30° starting at 0. 


. Graphr = 6,0 < @ S 27, using multiples of 7/6 for 6 


starting at 0 = 0. 


6. 


11. 


13. 


Graph r = 0/2, 0 S$ @ S 27, using multiples of 7/2 
for 6 starting at 0 = 0. 


Verify the graphs for Problems 1-6 on a graphing calculator. 


In Problems 7-14, graph each polar equation. 
7. 


r=5 8. r =8 9. 0= 7/4 10. 0 = 7/3 
eae 2. = 7 

9 16 
r= 16 14. r°=9 


B im Problems 15-28, sketch each polar equation using rapid 
sketching techniques. 


15. 
17. 
19. 
21. 
23. 


25. 


30. 


31. 


r = 4cos0 16. r = 4sin0 
r = 8cos 20 18. r = 10 sin 20 
r = 6sin 30 20. r = 5cos 30 
r=3+ 3cos@ 22. r=2+2sin0 
r=2+ 4cos0 24. r=2+ 4sin0 

7 6 
r= 26. r=— 

cos @ sin 0 

=) —4 
r=—7 28. r= 

sin 0 cos 8 


Verify the graphs for Problems 15-28 on a graphing calculator. 


Problems 29-36 are exploratory problems that require the use 
of a graphing calculator. 


29. 


Graph each polar equation in its own viewing window: 

(A) r=5 + S5cos@ 

(B) r = 5 + 4cos 0 

(C) r=4+4 5cosé 

(D) Verbally describe the effect of the relative size of a 
and b on the graph of r = a + bcos 0,a,b > 0. 


Graph each polar equation in its own viewing window: 

(A) r=5 + 5sin6 

(B) r=5+ 4sin0@ 

(C)r=4+ 5sin0 

(D) Verbally describe the effect of the relative size of a 
and b on the graph of r = a + bsin@,a,b > 0. 


(A) Graph each polar equation in its own viewing win- 
dow: r = 9cos 0,r = 9 cos 30,r = 9 cos 50. 

(B) What would you guess to be the number of leaves 
for the graph of r = 9 cos 76? 

(C) What would you guess to be the number of leaves 
for the graph of r = acos n@, a > 0 and n odd? 


32. 


33. 


34. 


35. 


36. 
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(A) Graph each polar equation in its own viewing win- 
dow: r = 9sin 6, r = 9 sin 30, r = 9 sin 50. 

(B) What would you guess to be the number of leaves 
for the graph of r = 9 sin 70? 

(C) What would you guess to be the number of leaves 
for the graph of r = a sin n@, a > 0 and n odd? 


(A) Graph each polar equation in its own viewing win- 
dow: r = 9cos 20, r = 9 cos 40, r = 9 cos 60. 

(B) What would you guess to be the number of leaves 
for the graph of r = 9 cos 80? 

(C) What would you guess to be the number of leaves 
for the graph of r = acos nO, a > 0 and n even? 


(A) Graph each polar equation in its own viewing win- 
dow: r = 9sin 20, r = 9 sin 40, r = 9 sin 60. 

(B) What would you guess to be the number of leaves 
for the graph of r = 9 sin 80? 

(C) What would you guess to be the number of leaves 
for the graph of r = a sin n@, a > 0 and n even? 


Graph each polar equation in its own viewing window: 

(A) r = 9cos(0/2),0 = 0 = 47 

(B) r = 9cos(0/4),0 = 6 = 87 

(C) What would you guess to be the maximum number 
of times a ray from the origin intersects the graph of 
r = 9cos(@/n), 0 = 6 S 2an,n even? 

Graph each polar equation in its own viewing window: 

(A) r = 9sin(@/2),0 = 6 = 47 

(B) r = 9sin(@/4),0 = @ = 87 

(C) What would you guess to be the maximum number 


of times a ray from the origin intersects the graph of 
r = 9sin(@/n), 0 < 6 S 2an,n even? 


C in Problems 37 and 38, sketch each polar equation using 
rapid sketching techniques. 


37. 


40. 


r? = 64 cos 20 38. r? = 64 sin 20 


Problems 39 and 40 are exploratory problems that require the 
use of a graphing calculator. 


39. 


Graph r = 1 + 2 cos né@ for various values of n, n a nat- 
ural number. Describe how n is related to the number of 
large petals and the number of small petals on the graph 
and how the large and small petals are related to each 
other relative to n. 


Graph r = 1 + 2 sin n@ for various values of n, n a nat- 
ural number. Describe how n is related to the number of 
large petals and the number of small petals on the graph 
and how the large and small petals are related to each 
other relative to n. 
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Precalculus In Problems 41-44, graph and solve each 
system of equations in the same polar coordinate system. 
[Note: Any solution (11,0) to the system must satisfy each 
equation in the system and thus identifies a point of intersec- 
tion of the two graphs. However, there may be other points 
of intersection of the two graphs that do not have any 
coordinates that satisfy both equations. This represents a 
major difference between the rectangular coordinate system 
and the polar coordinate system. ] 


41. r=2cos0 42. r=4cos0 
r=2sin@ r = —4sin0 
0Osd0s57 0OsS057 

43. r= 8sind 44. r=6cos0 
r = 8cos 20 r = 6sin 20 
0° = 6 = 360° 0° = 6 S 360° 


In Problems 45-48, refer to Table 3 on pages 447 and 448. A 
curve is said to be symmetric with respect to the x axis if, when 
the plane is folded in half along the x axis, the part of the curve 
in the lower-half plane coincides with the part of the curve in 
the upper-half plane. Similarly, a curve is said to be symmetric 
with respect to the y axis if, when the plane is folded in half 
along the y axis, the part of the curve in the left-half plane coin- 
cides with the part of the curve in the right-half plane. 

45. Which of the polar curves in Table 3 are symmetric with 
respect to the x axis? 

46. Which of the polar curves in Table 3 are symmetric with 
respect to the y axis? 

47. To test a polar curve for symmetry with respect to the x 
axis, substitute —6 for 6 in its equation and simplify. If 
the same equation is obtained, the curve is symmetric 
with respect to the x axis. 

(A) Use this test to confirm your answers to Problem 45. 
(B) Explain why the test works. 

48. To test a polar curve for symmetry with respect to the y 
axis, substitute —r for r and —@ for @ in its equation and 
simplify. If the same equation is obtained, the curve is 
symmetric with respect to the y axis. 

(A) Use this test to confirm your answers to Problem 46. 
(B) Explain why the test works. 


<i Applications 


Sailboat Racing Polar diagrams are used extensively by 
serious sailboat racers. The polar diagram in the figure shows 
the theoretical speeds that boats in the America’s Cup com- 
petition (1991) and the older 12 m boats should have been 


able to achieve at different points of sail relative to a 16 knot 
wind. Problems 49 and 50 refer to this polar diagram. 


16 knot wind 
30° 
60° 
Ws America s Cup 
Knots 5 15 > 90 
4 12m 
120° 


150° 


Figure for 49 and 50 


49. Refer to the figure. How fast, to the nearest half knot, 
should the 1991 America’s Cup boats have been able to 
sail going in the following directions relative to the 
wind? 

(A) 30° (B) 60° (C) 90° (D) 120° 

50. Refer to the figure. How fast, to the nearest half knot, 
should the older 12 m boats have been able to sail going 
in the following directions relative to the wind? 

(A) 30° (B) 60° (C) 90° (D) 120° 
51. Conic Sections Using a graphing calculator, graph the 
equation 
8 
p= ——=__. 
1 — ecos@é 
for the following values of e, and identify each curve as 
a hyperbola, ellipse, or parabola. 
(A) e = 05 (B) e=1 (C) e=2 
. Conic Sections Using a graphing calculator, graph the 
equation 
4 
P= oreo 

1 — ecosé 
for the following values of e, and identify each curve as 
a hyperbola, ellipse, or parabola. 
(A)e=0.7  (B)e=1 

53. Astronomy 

(A) The planet Mercury travels around the sun in an 
elliptical orbit given approximately by 


(C) e = 13 


3.44 x 107 
1 — 0.206 cos 0 


where r is in miles. Graph the orbit with the sun at the 
pole. Find the distance from Mercury to the sun at aphe- 
lion (greatest distance from the sun) and at perihelion 
(shortest distance from the sun). 


(B) Johannes Kepler (1571-1630) showed that a line joining 
a planet to the sun swept out equal areas in space in equal 
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intervals in time (see the figure). Use this information to 
determine whether a planet travels faster or slower at 
aphelion than at perihelion. 


ee 
c—e » 

bg Sun ae = 
Figure for 53. 
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The Complex Plane 


e Complex Numbers in Rectangular and Polar Form 
e Products and Quotients in Polar Form 
¢ Historical Note 


A brief review of Appendix A.2 on complex numbers should prove helpful before 
we proceed further. Making use of the polar concepts studied in Sections 7.1 and 
7.2, we will show how complex numbers can be written in polar form. The polar 
form is very useful in many applications, including the process of finding all nth 
roots of any number, real or complex. 


B Complex Numbers in Rectangular and 
Polar Form 

A complex number is any number z that can be written in the form 
Z=xtyi 


where x and y are real numbers and / is the imaginary unit (see Appendix A.2, where 
addition and multiplication of complex numbers are defined); the real part of 
x + yiis x, and the imaginary part of x + yi is yi. Any complex number can be 
associated with a unique ordered pair of real numbers and vice versa. For example, 


2 + 2V3i corresponds to (2, 2V3) 


With this correspondence, the set of all complex numbers forms a plane called 
the complex plane. The x axis is called the real axis and the y axis is called the 


We can specify any point in the plane using either rectangular coordinates 


‘ In general, 
A Imaginary axis x + yi corresponds to (x, y) 
aaa ea 
i > x imaginary axis (see Fig. 1). 
Real axis 
FIGURE 1 


Complex plane 


(x, y) or polar coordinates (7, 0). The complex number z associated with the point 
(x,y) is written z= x + yi;x + yi is called the rectangular form of z. 
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FIGURE 2 : 
2 + 2V3i = Aelln/3) 


Remark on Notation 


EXAMPLE 1 


0. 


The complex number z associated with (r, 0) is written z = re”; re’ is called the 


polar form of z. 


Rectangular form Polar form 
Points (x, y) (r, 0) 
Complex numbers x + yi rel 


The point with rectangular coordinates (2, 2V3) has polar coordinates (4, 7/3) 
(why?). The complex number 2 + 2V3i, therefore, has polar form 4e(7/3), so 


2 + 2V3i = 4eil7/3) 


In other words, the left-hand side and right-hand side of the preceding equation 
represent the same complex number (see Fig. 2). 


Lp 2 K2V3 i = 4elm) 


In this book, re’ is used only as a convenient and advantageous notation for the 
complex number with polar coordinates (7, 0). Just as with polar coordinates, 6 
may be given in either radians or degrees. (In advanced mathematics, el? repre- 
sents an element in the range of a generalized version of the natural exponential 
function f(x) = e* with base e © 2.718, but our use of re’ does not depend on 
that interpretation.) Here is one advantage of complex number notation over 
ordered pair notation: Given the ordered pair (3, 7), you must specify whether 
the coordinates are rectangular or polar; on the other hand, 3 + zi and 3e’” deter- 
mine complex numbers without ambiguity (the first lies in quadrant I, the second 
on the negative real axis). 


Plotting Complex Numbers 


Plot each complex number in the complex plane. 
(A3+4 (B)5lG7/4) (-2 (WD) 4el7/) 


Solution 


Matched Problem 1 
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y 
A 
ke | A) 3 + 43 
(B) ss ie ae e 
1 i i ry I i 1 i i i 
= (C2 ris 
+ (D) 4207”) 
5 = 
= 


Plot each number in a complex plane. 
(A) 4e-7/) —(B) -4- 35 «= ©) Sel") 4 = 


If k is any integer, the ordered pairs (r, 0) and (r, 0 + 2k7r) describe the same 
point in polar coordinates. Therefore, 


pel” = pele? 2h) k any integer 
If 6 is given in degrees, then 


7 ape) k any integer 
Unless otherwise specified, we will choose r= 0 and -7 <60=7 (or 


—180° < 6 = 180°) when we write the polar form of a complex number. 


EXPLORE/DISCUSS 1 


There is a one-to-one correspondence between the set of real numbers and the 
set of points on a real number line (see Appendix A.1). Each real number is 
associated with exactly one point on the line, and each point on the line is asso- 
ciated with exactly one real number. Does a one-to-one correspondence exist 
between the set of complex numbers and the set of points in a plane? If so, 
explain how it can be established. 


For some purposes (addition and subtraction, for example) it is best to work 
with complex numbers in rectangular form. For others (multiplication and division, 
for example) polar form gives greater insight. So it is good to become adept at 
moving from rectangular form to polar form and vice versa. The polar—rectangular 
relationships of Section 7.1 imply the following connections between the 
rectangular and polar forms of a complex number. 
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POLAR-RECTANGULAR EQUATIONS FOR COMPLEX NUMBERS 


> 


x + yi = re’ 


| 
I 
| 
| 
ey 
I 
| 
\ 


> X 


A Caution 


ram 


i EXAMPLE 2 


If x + yi = re’, then 
x =rcosé r= Ve Fy 


y=rsin6é = ee 0 
a 


If z = x + yi = re’, the number ris called the modulus, or absolute value, of 

z and is denoted by |z|. The modulus of z is the distance from z to the origin. The 

number 6 is called the argument, or angle, of z, denoted arg z. The argument of 

z is the angle that the line joining z to the origin makes with the positive real axis 

(we usually choose the argument 6 so that -77 < 6 = zor —180° < @ = 180°). 
Note that if z = x + yi = re! is a complex number, then 


z=xtyi Use polar-rectangular equations. 


(rcos@) + (rsin@)i — Factor out the real number r. 
= r(cos@ + isin @) 


Therefore, any complex number z can be expressed in the trigonometric 
form z= r(cos@ + isin@). (As with the polar form, we usually choose 
r=0O and -7 <60=7 or —180° < 6 = 180°.) The trigonometric form 
z = r(cos 6 + isin @) makes it easy to see that the real part of z is r cos 0, and 
the imaginary part of z is (r sin 0) i. The notation 7 cis 6 is sometimes used as an 
abbreviation for r(cos @ + i sin @). 


To simplify notation or to avoid confusion, we sometimes prefer to write x + iy 
instead of x + yi; you should keep in mind that both represent the same complex 
number. For example, the parentheses in cos 8 + (sin 6)i can be safely eliminated 
by writing cos @ + isin @. Similarly, we prefer to write 2 + iV3 rather than 
2 + V3i, so that i will not be mistakenly included under the radical. 


From Rectangular to Polar Form 


Write the following in polar form (6 in radians, —77 < @ S 7r). Compute the mod- 
ulus and arguments for (A) and (B) exactly. Compute the modulus and argument 
for (C) to two decimal places. 


(A) z= -lt+i (B) 2 =1+4+iV3 (C) 3= —-3- Ti 


Solution 
> xX 
FIGURE 3 
y 
A 
=3 
T > X 
| 
_7| [ye 
ie aa 
I 
=3 = ]k 
FIGURE 5 
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First, locate the complex number in a complex plane. If x and y are associated 
with special reference triangles, r and 0 can be determined by inspection. 


(A) A sketch (Fig. 3) shows that z is associated with a special 45°—45°—90° refer- 
ence triangle in the second quadrant. So modz =r = V2, 
arg z} = 0 = 32/4, and the polar form for z, is 


oy = V2e"/4) 
(B) A sketch (Fig. 4) shows that z> is associated with a special 30° —60° —90° ref- 
erence triangle. So mod z) = r = 2, arg z) = @ = 7/3, and the polar form 


for Zp 1s 


zy = 2el*/3) 


> X 


FIGURE 4 


(C) A sketch (Fig. 5) shows that z3 is not associated with a special reference tri- 
angle. Consequently, we proceed as follows: 


mod 73 = r = V(—3)* + (-7)? = 7.62 To two decimal places 


arg 73 = 9 = -T7 + tan! = —1.98 To two decimal places 
Therefore, the polar form for z3 is 
ze = 7.622. 8) 


Figure 6 shows the same conversion done by a graphing calculator with a built- 
in conversion routine. O 


FIGURE 6 
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Matched Problem 2 


EXAMPLE 3 


Solution 


-3.16-5.67% 


FIGURE 7 


Matched Problem 3 


A Caution 


Write the following in polar form (6 in radians, —7 < 6 S 77). Compute the 
modulus and arguments for (A) and (B) exactly. Compute the modulus and 
argument for (C) to two decimal places. 


(A)ya=1l-i Bn=-V34+i (Oxwu=-5-2i | 


From Polar to Rectangular Form 


Write the following in rectangular form. Compute the exact values in parts (A) and 
(B). For part (C), compute a and b for a + bi to two decimal places. 


(A) 7 = V2e7/49! (BY zy = Be (0) z3 = 6.49e-2-8)i 
(A) x + iy = V2eC7/4)i 
= V2[cos(—7/4) + isin(—7/4)] 


1 cat ae 
- vil J+ i) 


=1-i 


(B) x + iy = 3el!20°)i 
3(cos 120° + i sin 120°) 


-1 V3. 
= 3{ — + i 
2 2 
a. Bs. 
=-—+ 1 
2 2 


(C) x + iy = 6.49e(-2-8) 
6.49[cos(—2.08) + i sin(—2.08) ] 
—3.16 — 5.67i 


Figure 7 shows the same conversion done by a graphing calculator with a built- 
in conversion routine. Oo 


Write the following in rectangular form. Compute the exact values in parts (A) 
and (B). For part (C), compute a and b for a + bi two decimal places. 


(A) gq = 2e/! Bye = sO Cy = 7.1087 BF a 


For complex numbers in polar form, some calculators require @ to be in radian 
mode. Check your user’s manual. Oo 
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EXPLORE/DISCUSS 2 


Let z} = 1 + iandz = —-1 +i. 

(A) Find z,z2 and z;/z2 using the rectangular forms of z, and zp. 

(B) Find z,z2 and z;/z using the polar forms of z; and zp, 6 in degrees. 
(Assume the product and quotient exponent laws hold for e’”.) 

(C) Convert the results from part (B) back to rectangular form and com- 
pare with the results in part (A). 


B@ Products and Quotients in Polar Form 


We will now see an advantage of representing complex numbers in polar form: 
Multiplication and division of complex numbers become very easy. Theorem | 
provides the reason: The polar form of a complex number obeys the product and 
quotient rules for exponents: bb” = b'™*” and b”/b" = b™—", 


Theorem 1 PRODUCTS AND QUOTIENTS IN POLAR FORM 


If z) = rye and z) = rei, then: 


1. zz = rer, = ryrpet(41+ 4) 
iO; 
2 Za = rye = 1 | i(0\—-02) 
5 0 e 
LG) roe? rg 


We establish the multiplication property and leave the quotient property to 
Problem 40 in Exercise 7.3. 


ZZ. = ryt roel 


= [r,(cos 6, + isin 0;)|[r2(cos 62 + i sin 62) ] 

= riro(cos 6; + i sin 0,)(cos 6 + isin A>) 

= r\r2(cos 0; cos 62 + i cos 0; sin 62 + isin 6; cos 8) — sin 6; sin 02) 
= r1ro| (cos 6; cos 82 — sin 6 sin 82) + i(cos 6; sin Oy + sin 6; cos 4) | 
= ryro[cos (0; + 6) + isin(O; + 62) | Sum identities. 


= rprpet(a1t 6) 
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EXAMPLE 4 


Solution 


Matched Problem 4 


In other words, to multiply two complex numbers in polar form, multiply r; and 
ry, and add 6; and 6. To divide the complex number z, by Z2, divide r; by rz, and 
subtract 62 from 6;. The process is illustrated in Example 4. 


Products and Quotients 


If z] = 8e(0°)! and 24 4e(30") find: 
(A) 2z2 (B) 21 /z2 


(A) zZ9 = 8el50°)E « 4e(30°)i 
= (8 ° Age) = 32¢(80°)i 


8 (50°)i 
(B) = a5 
Z2 de ! 

Ee = (sr) — 96(20°)i - 


If z= 21¢(140°)' and = 3e(105°)! find: 


(A) 222 (B) 2/22 al 


B Historical Note 


There is hardly an area in mathematics that does not have some imprint of 
the famous Swiss mathematician Leonhard Euler (1707-1783), who spent 
most of his productive life in the New St. Petersburg Academy in Russia and the 
Prussian Academy in Berlin. One of the most prolific writers in the history 
of mathematics, he is credited with making the following familiar notations 
standard: 


SQ) Function notation 
e Natural logarithmic base 
i Imaginary unit 


Of immediate interest, he is also responsible for the remarkable relationship 


e” = cos0 + isind 


If 9 = 7, then an equation results that relates five of the most important numbers 
in the history of mathematics: 


e7=+1=0 


Answers to Matched 1. 


7.3 The Complex Plane 


y 
Problems A : 
54(C) 5el(w2) 
l (D) 4 
= 1 i 1 i i 1 1 - 5 — x 
‘ ir (A) Aei(— 7/6) 
(By =4/—3i 
—5+ 
2. (A) a = V2er/Mi 
(B) z = 2057/6) 
(C3 = 5508 
3. 3V3 
3. (A) -V3 +i (B) a i (C) —3.81 — 6.09: 
4. (A) ZZ) = 63eP45°" —(B) zy /zy = Te3H 
or 63e(!!9°)i 
EXERCISE 7.3 
A Plot each set of complex numbers in a complex plane. (B) 1 cos( - ) + i sin( - ) 
1 A=4+ 5i;B = —-3 + 41;C = —3i 
ue anes 2 a (C) V40(cos 0.83 + i sin 0.83) 
° = Ll; = LS =I 
3. A=4+i;B=—2 + 31;C = —4 12. (A) 25( cos = + isin) 
4,.A=-3-i1;B=5-43,C=4 
5. A = 8el7/49i. B = 6e(7/2)i, C = 3e(7/9)i (B) 20 cos( =) isio( =) | 
6 A= 5e(57/6)i, B= 3e37/2)i, C= 4e(T7/4)i _ 
7. A = 5e2M B= ge(O¥. C = goll50% (C) V15(cos 2.17 + i sin 2.17) 


8. A= 3e(310" i. B= 4e(180°)i. C= 5e(210°)i 


B Change Problems 9-16 to polar form. For Problems 9-12, 
choose @ in radians, —7 <0 = 7; for Problems 13-16, 
choose @ in degrees, —180° < 6 = 180°. Compute the 
modulus and arguments for (A) and (B) exactly; compute 
the modulus and argument for (C) to two decimal places. 

9. (A) V3 -i (B) —2 + 2i (C) 6-5 
10. (A) -iV3 (BY. Wa =" (Cj 848 


T _ 0 
11. (A) 21( cos + isin =) 
4 4 


13. 
14. 
15. 


16. 


(A) -1+iV3 (B) -3i = (C) -7 - 4 
(A) V3 +i (B) -1-i (C) 5—- 61 
(A) 5(cos 30° + i sin 30°) 


(B) 4[cos(—45°) + i sin(—45°)] 
(C) V8 (cos 54° + isin 54°) 
(A) 10(cos 135° + i sin 135°) 
(B) 9(cos 60° + i sin 60°) 

(C) V3 (cos 7° + isin 7°) 
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Change Problems 17-20 to rectangular form. Compute the 
exact values for (A) and (B); for (C) compute a and b in 
a + bi to two decimal places. 


17. (A) 2630") (B) V2e 
18. (A) 2e(7/3)! (B) V2e 
19. (A) V3e-7/2)) (B) V2e 
20. (A) 6e7/%)! (B) V7e 
In Problems 21-28, find zz. and z,/Z2. Leave answers in 
polar form. 

21. z= 4el25°)i, Q= 8e(!2°)i 

22, zy = 3eOP IH zy = SelB") 

23. 7 = 6e( 108"). 22 = Dee") 

24. zy 12e(-55°), 22 = seer 

25. 2 = 4.3627": zy = 1.69099!" 

%. mL OR p= ade 

27. = 4 gy = Se 

98.2 = 15! gg = 20¢l7/o! 


30 /4)i (C) 5.71e(0-48)i 
—45°)i (C) 3.08e2:44 

135°)i (C) 6.83¢(—108.82°)i 
—90°)i (C) 4.09e(!22.88°)i 


ll 


In Problems 29-34, find each product or power directly and 
by using polar forms. Write answers in rectangular and polar 
forms with 6 in degrees. 


29. (1 + V3i)(V3 + i) 30. (-1 + i)(1 + 3) 
31. (1 + i)? S26 (=i? 
33. (1 +i)? 34. (1 — i)? 


35. If z = re, show that z7 = re, 

36. Ifz = reo, show that 22 = re, 

37. Show that r!/e!9/? is a square root of re”, 
38. Show that r!/3¢'8/3 is a cube root of re. 


39. Based on Problems 35 and 36, what do you think z” will 
be for 1 a natural number? 
i0 
Zz rye"! ro 
40. Prove: es — = als ei(81—6) 
£2 rel i) 


In Problems 41-46, recall that the conjugate of a complex 
number z= x + yi is denoted by z and is defined by 
Z=xX-— yi. 

41. Show that z + z lies on the real axis. 

42. Show that z — z lies on the imaginary axis. 

43. Show that z and z have the same modulus. 

44, Show that zz is the square of the modulus of z. 

45. If the polar form of z is re”, find the polar form of Z. 


46. If z lies on the circle of radius 1 with center the origin, 


1 
show that tas Z 


93 Applications 


47. Resultant Force An object is located at the pole, and two 
forces F, and F> act upon the object. Let the forces be vec- 
tors going from the pole to the complex 
numbers 8(cos 0° + i sin 0°) and 6(cos 30° + i sin 30°) 
respectively. (Force F; has a magnitude of 8 Ib at a direc- 
tion of 0°, and force F, has a magnitude of 6 Ib at a 
direction of 30°.) 

(A) Convert the polar forms of these complex numbers to 
rectangular form and add. 


(B) Convert the sum from part (A) back to polar form (to 
three significant digits). 

(C) The vector going from the pole to the complex number in 
part (B) is the resultant of the two original forces. What 
is its magnitude and direction? 

48. Resultant Force Repeat Problem 47 with forces F, 
and F) associated with the complex numbers 


20(cos 0° + i sin 0°) and 10(cos 60° + i sin 60°) 


7.4 De Moivre’s Theorem 
and the nth-Root Theorem 


e De Moivre’s Theorem 


© The nth-Root Theorem 


Abraham De Moivre (1667-1754), of French birth, spent most of his life in London 
doing private tutoring, writing, and publishing mathematics. He became a close 
friend of Isaac Newton and belonged to many prestigious professional societies 
in England, France, and Germany. 


Solution 
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De Moivre’s theorem enables us to find any power of a complex number in 
polar form very easily. More important, the theorem is the basis for the nth-root 
theorem, which enables us to find all nth roots of any complex number. How many 
roots does the equation x? = 1 have? You may think that | is the only root. The 
equation actually has three roots that are complex numbers, only one of which is 
real (see Example 3). 

B De Moivre’s Theorem 


We start with Explore/Discuss 1 and encourage you to generalize from this 
exploration. 


EXPLORE/DISCUSS 1 


Establish the following by repeated use of the product formula for the polar 
form discussed in Section 7.3: 


(ANGE aie = ee — ae (B) (& + iy)? = (re)? = re™ 
(OG aye") re 


For n a natural number, what do you think the polar form of (x + iy)” 
would be? 


If you guessed (x + iy)” = re", you have discovered De Moivre’s famous 


theorem, which we now state without proof. (A general proof of De Moivre’s the- 
orem requires a technique called mathematical induction, which is discussed in 
more advanced courses.) 


DE MOIVRE’S THEOREM 


lig = or hy = re! and n is a natural number, then 


Zt = te ae iy)” = (re’?)" = phendi 


Finding a Power of a Complex Number 


Find (V3 + a and write the answer in exact polar and rectangular forms. 


First we convert V3 + i to polar form by noting that its modulus is 2 and its 
argument is 30°. Therefore, 


(V3 + i)? = (ery Use De Moivre’s theorem. 


= 2!%e(1830)1 Simply 
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Matched Problem 1 


= 8 1o2e"" 390° = 30° + 360° 
= 8.192080" +360")! eis periodic with period 360”. 
= 8,192¢(30°)4 Write in trigonometric form. 


= 8,192(cos 30° + isin 30°) cos 30° = = and sin 30° = 3 
= 3192 + =) Write in rectangular form. 


= 4,096V/3 + 4,096i a 


Instead of using the method of Example 1, try to evaluate (V3 + i)? by 
repeated multiplication of rectangular forms. You will develop a healthy 
appreciation for the power of De Moivre’s theorem! 


Find (—1 + ‘ye and write the answer in exact polar and rectangular forms. 


B The nth-Root Theorem 


Now let us take a look at roots of complex numbers. We say w is an mth root of z, 
where n is a natural number, if 


w" =z 


For example, if w= z, then w is a square root of z; if w= z, then w is a cube 
root of z; and so on. 


EXPLORE/DISCUSS 2 


For z = re show that r!/2e(9/2)! is a square root of z and r'/3¢(9/3)! is a cube 
root of z. (Use De Moivre’s theorem.) 


Proceeding in the same way as in Explore/Discuss 2, it is easy to show that 
for na natural number, r!/“e(?/”)! is an nth root of re: 
(ri/ne(8/n)iyn = (ri/myngn(O/n)i 
= re? 
However, we can do better than this. The mth-root theorem shows how to find all 
the nth roots of a complex number. The proof of the theorem is left to Problems 
37 and 38 in Exercise 7.4. 


Remark 


Solution 


Ww) 
> XxX 


Wa 


Ws 


FIGURE 1 


Matched Problem 2 


\q EXAMPLE 3 


Solution 
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nTH ROOT THEOREM 


For na positive integer greater than | and @ in degrees, 


7.4 De Moivre’s Theorem and the nth-Root theorem 


pi/ne(O/n + k 360° /n)i b= 0, 1,5.. 


s2-— Il 


are the n distinct nth roots of re, and there are no others. 


If 0 is given in radians, then, converting 360° to 27 radians, the n distinct roots 
of re’ are given by 


pi/n o(0/n+k 2a/n)i k= Olen 


Roots of a Complex Number 


Find the six distinct sixth roots of z = 1 + iV3. 


First, write 1 + V3 in polar form: 
1 + iV3 = 26660 

From the nth-root theorem, all six roots are given by 
71/64 (60° /6 + k360° /6)i k = 0,1,2,3,4,5 


Thus, 
w= 71/6,(10°+0°60°)i _ 1/6, (10°)i 
W) = 71/6,(10°+1°60°)i _ 71/6,(70°)i 
w3 = 71/6,(10°+2°60°)i _ 71/6,(130°)i 
w4= 71/6g(10°+3°60°)i — 91/6 4(190°)i 
Ws = 71/6,(10°+4°60°)i _ 91/6,(250°)i 
we = 71/6,(10°+5°60°)i _ 91/6, (310°)i 


The six roots are easily graphed in the complex plane after the first root is located. 
The roots are equally spaced around a circle with radius 2!/6 at an angular incre- 
ment of 60° from one root to the next, as shown in Figure 1. | 


Find the three distinct cube roots of | + i, and leave the answers in polar form. 
Plot the roots in a complex plane. | 
Solving a Quadratic Equation 
Solve x? + 25i = 0. Write final answers in rectangular form. 
x + 251 = 0 

x = 25% 
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Matched Problem 3 


EXAMPLE 4 


Solution 


> xX 


FIGURE 2 


Matched Problem 4 


Any solution x is therefore a square root of —25i. We write —25i in polar form 
and then use the nth-root theorem: 


~25i = 25¢{270°)i 


The two square roots of —25i are given by 


251/29 (270° /2 + k360° /2)i p= i 
Therefore, 

w= Se = 5(cos 135° + isin 135°) = a. te a i 

V2 «V2 
w = 5e3!°)! = 5(cos 315° + isin 315°) = = = 
: V2 V2 

Note that the solutions w, and w, are exactly opposite points on the circle of radius 
5, with center the origin. |_| 
Solve x? — 36i = 0. Write final answers in rectangular form. | 


Solving a Cubic Equation 


Solve x° — 1 = 0. Write the final answers in rectangular form and plot them in 
a complex plane. 


x%-1=0 


eS 


Therefore, x is a cube root of 1, and there are three cube roots. First, we write 1 
in polar form and then use the nth-root theorem: 


ite? 
All three cube roots of | are given by 
11/3, (0°/3 + k360°/3) k= 0, 1,2 
So, 


WwW, = e() = cos 0° + isin0° = 1 


ee 1 V3 
Wo = e(!20°)! = cos 120° + i sin 120° = — 


or 1 V3 
240°)! = cos 240° + i sin 240° = = i 


w3 = ef 


The three roots are graphed in Figure 2. a 


Solve x° + 1 = 0. Write the final answers in rectangular form and plot them in 
a complex plane. a 


7.4 De Moivre’s Theorem and the nth-Root theorem 467 


We have only touched on a subject that has far-reaching consequences. The 
theory of functions of a complex variable provides a powerful tool for engineers, 
scientists, and mathematicians. 


Answers to Matched 1. 8e( 9°). gi 


Problems 
2. w= 21/6e(15°)i, WwW) = 2!/6e(135°)i, W3= 71/6 ,(255°)i 


y 


i V3 i, ya. 
2 2 


4, Wi > 


> XxX 


EXERCISE 7.4 


A In Problems 1-8, find the value of each expression using De B (-+ _ V3 ') 14 (-+ Z V3 ‘) 


Moivre’s theorem. Leave your answer in polar form. 2. 2 2 
(15°)iy3 (30°)i8 
1. (3e ) 2. (2e ) In Problems 15-20, find all nth roots of z for n and z as given. 
3. (Vay he OE Leave answers in polar form. 
5. (2a"/2\4 6. (10e(7/3)")? 5. ¢=4e° nso 16. c= 16 = 2 
a Geery 8. (er? 17. 2=8EM}%Rn=3 18. c= 27eM en = 3 
B sin Problems 9-14, find the value of each expression using De ET! Ae BA te a 

Moivre’s theorem, and write the result in exact rectangular form. In Problems 21-26, find all nth roots of z for n and z as given. 

9. (-1 + i)* 10. (—V3 — i)* Write answers in polar form and plot in a complex plane. 


11. (-vV3 + i) 12. (1 -i)8 21. ,=—-8n =3 22. z= —-lo;n=4 
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23. z=1;n=4 24. 72=8n=3 
25. 2= -ijsn=5 26. z=i3n=6 


27. (A) Show that —\V/2 + iV2 is a root of x4 + 16 = 0. 
How many other roots does the equation have? 


(B) The root N/a. + iV2 is located on a circle of 
radius 2 in the complex plane, as shown in the fig- 
ure. Without using the nth-root theorem, locate all 
other roots on the figure, and explain geometrically 
how you found their locations. 


ee Nee, 


> X 


(C) Verify that each complex number found in part (B) 
is a root of x* + 16 = 0. Show your steps. 


28. (A) Show that 2 is a root of x7 — 8 = 0. How many 
other roots does the equation have? 


(B) The root 2 is located on a circle of radius 2 in the 
complex plane, as shown in the figure. Without 
using the nth-root theorem, locate all other roots on 
the figure and explain geometrically how you found 
their locations. 


y 
A 


> xX 


(C) Verify that each complex number found in part (B) 
is a root of x* — 8 = 0. Show your steps. 


In Problems 29-36, solve each equation for all roots. Write 
the final answers in exact rectangular form. 


29. x7 -i=0 30. x +i1=0 
31. °° + 45=0 32. x° — 161 =0 
33. x +27=0 34. 8 — 27=0 


35. xe — 64=0 36. 2° + 64=0 


C 37. Show that 


pi/ne(o/n + k360°/n)i 
is the same number for k = 0 andk = n. 
38. Show that 
(ri/nel(8/n a = rel 
for any natural number n and any integer k. 


In Problems 39-42, solve each equation for all roots. Write 
final answers in rectangular form, a + bi, where a and b are 
computed to three decimal places. 
39. 2% -1=0 40. x4 +1=0 
41. 8 +5=0 42. ° -6=0 
43. Let z = ef O°), 
(A) Show that z* is a sixth root of 1 for k an integer, 
1l=k=6. 
(B) Which of the 6 sixth roots of 1 from part (A) are 
square roots of 1? 


(C) Which of the 6 sixth roots of 1 from part (A) are 
cube roots of 1? 
44. Let z = et, 
(A) Show that z* is an eighth root of | for k an integer, 
1sks8. 
(B) Which of the 8 eighth roots of 1 from part (A) are 
square roots of 1? 
(C) Which of the 8 eighth roots of 1 from part (A) are 
fourth roots of 1? 
45. Let z = eG0)i, 
(A) Show that zé is a tenth root of 1 for k an integer, 
1<=k=10. 
(B) Which of the 10 tenth roots of 1 from part (A) are 
square roots of 1? 
(C) Which of the 10 tenth roots of 1 from part (A) are 
fifth roots of 1? 
46. Let z = ei 
(A) Show that z* is a twelfth root of 1 for k an integer, 
1sk 212. 
(B) Which of the 12 twelfth roots of 1 from part (A) are 
square roots of 1? 


(C) Which of the 12 twelfth roots of 1 from part (A) are 
cube roots of 1? 


(D) Which of the 12 twelfth roots of 1 from part (A) are 
fourth roots of 1? 


(E) Which of the 12 twelfth roots of 1 from part (A) are 
sixth roots of 1? 
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CHAPTER 7 GROUP ACTIVITY 


Orbits of Planets 


lL. CONICS AND ECCENTRICITY 

Plane curves formed by intersecting a plane with a right circular cone of two 
nappes (visualize an hour glass) are called conic sections, or conics. Circles, 
ellipses, parabolas, and hyperbolas are conics. Conics can also be defined in 
terms of eccentricity e, an approach that is of great use in space science. We 
start with a fixed point F, called the focus, and a fixed line not containing the 
focus, called the directrix (Fig. 1). For e > 0, a conic is defined as the set of 
points P having the property that the distance from P to the focus F divided 
by the distance from P to the directrix d, is the constant e. An ellipse, a parabo- 


Planet la, or a hyperbola will result by choosing the constant e appropriately. 
Directrix 
d 
Point on 
a conic 
Or--XP=(r, 8 
\ Polar axis 
> 
" Focus 
pe FIGURE 1 
Conic 


Problem 1 Polar Equation of a Conic 
Using the eccentricity definition of a conic above, show that the polar equa- 
tion of a conic is given by 
ep 
= ieee 1 

o> fs e cos 8 ” 
where p is the distance between the focus F and the directrix d, the pole of the 
polar axis is at F, and the polar axis is perpendicular to d and is pointing away 
from d (see Fig. 1). a 


Problem 2 Exploration with a Graphing Calculator 
Explore and discuss the effect of varying the positive values of the eccentrici- 
ty e and the distance p on the type and shape of conic produced. Based on your 
exploration, complete Table 1. (eonnnied) 


470 


7 


POLAR COORDINATES; COMPLEX NUMBERS 


Problem 3 


Problem 4 


TABLE 1 


Eccentricity e Type of conic 


He a= il 


e=1 


2= il 


Maximum and Minimum Distances from Focus 
Show that if 0 < e < 1, then the points on the conic of equation (1) for which 
0 = 0 and@ = 7 are farthest from and closest to the focus, respectively. Ml 


Eccentricity 
Suppose that (/, 0) and (m, 77) are the polar coordinates of two points on the 
conic of equation (1). Show that 


M-m 2Mm 
= i SS = 
m 


ll. PLANETARY ORBITS 

All the planets in our solar system have elliptical orbits around the sun. If we 
place the sun at the pole in a polar coordinate system, we will be able to get 
polar equations for the orbits of the planets, which can then be graphed on a 
graphing calculator. The data in Table 2 are taken from the World Almanac and 
rounded to three significant digits. Table 2 gives us enough information to find 
the polar equation for any planet’s orbit. 


TABLE 2 
The Planets 

Maximum distance Minimum distance 

from sun from sun 

Planet (million miles) (million miles) 
Mercury 43.4 28.6 
Venus 67.7 66.8 
Earth 94.6 91.4 
Mars 155 22) 
Jupiter 507 461 
Saturn 938 838 
Uranus 1,860 1,670 
Neptune 2,820 2,760 


Problem 5 


Problem 6 


Problem 7 
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Polar Equation for Venus’s Orbit 


Show that Venus’s orbit is given approximately by 


672 x io? 
1 — 0.00669 cos 6 
Graph the equation on a graphing calculator. | 


Polar Equation for Earth’s Orbit 
Show that the orbit of the earth is given approximately by 
9.29 x 107 
1 — 0.0172 cos 6 
Graph the equation on a graphing calculator. | 


Polar Equation for Saturn’s Orbit 
Show that Saturn’s orbit is given approximately by 


8.85 X 108 
1 — 0.0563 cos 6 


Graph the equation on a graphing calculator. a 
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7A 

POLAR AND 
RECTANGULAR 
COORDINATES 


FIGURE 1 
Polar-rectangular 
relationships 


AZ 
SKETCHING POLAR 
EQUATIONS 


Figure | illustrates a polar coordinate system superimposed on a rectangular coor- 
dinate system. The fixed point O is called the pole, or origin, and the horizontal 
half-line is the polar axis. The polar—rectangular relationships are used to trans- 
form coordinates and equations from one system to the other. 


r=x+y 


sin = > y=rsiné 
Tr 
x 

cos 8 = — x =rcos@é 
r 

meas 
x 


[Note: The signs of x and y determine the quadrant for 0. The angle 6 is usually 
chosen so that —180° < 6 S 180° or -7 < 6S 7.) 


Polar graphs can be obtained by point-by-point plotting of points on the graph, 
which are usually computed with a calculator. Rapid polar sketching 
techniques use the uniform variation of sin 6 and cos 6 to quickly produce rough 
sketches of a polar graph. Table | illustrates some standard polar curves. 
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13 
THE COMPLEX PLANE 


TABLE 1 Some Standard Polar Curves 


| a 
> > > > 


(a) Vertical line: (b) Horizontal line: — (c) Radial line: (d) Circle: 
wae o premis d=a r=a 
cos 6 sin 0 
> = > 
(e) Circle: (f) Circle: (g) Cardioid: (h) Cardioid: 
r=acos 0 r=asin@ r=atacos@ r=at+asin@ 
> > > 
(i) Three-leaved (j) Four-leaved (k) Lemniscate: (1) Archimedes’ 
rose: rose: r? = a’ cos 20 spiral: r = a0 
r=acos 30 r=acos20 


If x and y are real numbers and / is the imaginary unit, then the complex number 
x + yi is associated with the ordered pair (x, y). The plane is called the complex 
plane, the x axis is the real axis, the y axis is the imaginary axis, and x + yi is 
the rectangular form of the number, as illustrated in Figure 2 on the next page. 
Complex numbers can also be written in polar form, or trigonometric form, as 
shown in Figure 3 on the next page. 

From Figure 3 we have the following polar—rectangular equations for com- 
plex numbers: 


x =rcosé r= x? + y? 


=rsing tand =—,x#0 


“ 
| 


7A 

DE MOIVRE’S 
THEOREM AND THE 
ntTH-ROOT THEOREM 
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y ; 
A x+iy=re' 6 
= r(cos 6+ isin 0) 
y 
A Imaginary axis 
gpeeesess ey) 
xy 
| > xX 
~~ Real axis x 
FIGURE 2 FIGURE 3 
Complex plane Rectangular, polar, and trigonometric forms 


The number r is called the modulus, or absolute value, of z and is denoted 
by mod z or |z|. The modulus of z is the distance from z to the origin. The 
number @ is called the argument or angle, of z, denoted arg z. The argument 
of z is the angle that the line joining z to the origin makes with the positive 
real axis (we usually choose the argument @ so that -7 <@=7 or 
—180° < 6 = 180°). 

Products and quotients of complex numbers in polar form are found as 
follows: If 


Zi = rye and z= rei 
then 
Le 2122 = ryelirgel = ryrpel(%*4) 
2. Zp rien! 7 il.) 
22 rei ro 


De Moivre’s theorem and the related nth-root theorem make the process of find- 
ing natural number powers and all the nth roots of a complex number relatively 
easy. De Moivre’s theorem is stated as follows: If z = x + iy = re andnisa 
natural number, then 


From De Moivre’s theorem, we can derive the nth-root theorem: For n a pos- 
itive integer greater than | and @ in degrees, 


pi/ne(O/n + k360° /n)i k= 0, 1,. wnat 1 


are the n distinct nth roots of re, and there are no others. 


474 Zz 


CHAPTER 7 REVIEW EXERCISE q 


POLAR COORDINATES; COMPLEX NUMBERS 


Work through all the problems in this chapter review and 
check the answers. Answers to all review problems appear in 
the back of the book; following each answer is an italic num- 
ber that indicates the section in which that type of problem is 
discussed. Where weaknesses show up, review the appropriate 
sections in the text. 


A In Problems 1-4, plot in a polar coordinate system. 


1. 
2. 
4. 


A = (5, 210°); B = (—7, 180°); C = (—5, —45°) 
r= 5sin0 3. r=4+ 4cos0 
r=8 


Verify the graphs of Problems 2-4 on a graphing calculator. 
5. Change (2V2, 7/4) to rectangular coordinates. 


Change (—V3,1) to polar coordinates (r = 0, 
0=60< 27). 


Graph —3 — 2i in a rectangular coordinate system. 


8. Plot z = 5(cos 60° + isin 60°) = Se")! in a polar 


12. 


coordinate system. 


A point in a polar coordinate system has coordinates 
(—8, 30°). Find all other polar coordinates for the point, 
—360° < 6 = 360°, and verbally describe how the 
coordinates are associated with the point. 


. Find z,z2 and z,/z2 for zj = 9e(42°)' and 2 = 3037) 


Leave answers in polar form. 


. Find [2e!°)}4 using De Moivre’s theorem. Leave 


answer in polar form. 


Find a polar equation for the horizontal line y = 7. 


B Plot Problems 13-16 in a polar coordinate system. 


13. 
14. 
15. 
16. 


Verify the graphs of Problems 14 and 15 on a graphing 


A = (—5, 7/4); B = (5, -7/3); C = (8, 47/3) 
r = 8 sin 30 

r = 4sin 20 

0= 7/6 


=F4 calculator. 


17. 
18. 
19. 


Change 8x — y? = x’ to polar form. 
Change r(3 cos @ — 2 sin@) = —2 to rectangular form. 


Change r = —3 cos @ to rectangular form. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
34. 


. Convert 


. Graph r = 5cos(@/5) on a graphing calculator for 


050852. 

. Graph r = 5cos(@/7) on a graphing calculator for 
0O=627t. 

. Find zz. and z/z. for z = 32e07/4)' and 


2= 8e(7/2)', Leave answers in polar form. 


. Find (6e°7/%)3 using De Moivre’s theorem. Leave 


answer in polar form. 
-V3-i to 
—180° < @ = 180°). 


polar form (r= 0, 


. Convert 3V/2e(37/4)! to exact rectangular form. 
. Convert the factors in (2 + 2iV3)(—V2 + iV2) to 


polar form and evaluate. Leave answer in polar form. 


Find (—V2 + iV2)/(2 + 2iV3) by first converting 
the numerator and denominator to polar form. Leave 
answer in polar form. 


Find (—1 — i)* using De Moivre’s theorem and write 
the result in exact rectangular form. 


Solve x? + 9i = 0. Write answers in exact rectangular 
form. 


Solve x° — 64 = 0. Write answers in exact rectangular 
form and plot them in the complex plane. 

Find all cube roots of —4V3 — 4i. Write answers in 
polar form using degrees. 

Find all cube roots of i. Write answers in exact polar 
form using radians. 

Show that 2e2°")' is a square root of 2 + 2iV3. 

(A) A cube root of a complex number is shown in the 


figure. Geometrically locate all other cube roots of 
the number and explain how you located them. 


y 
A 


> xX 


(B) Determine geometrically (without using the nth-root 
theorem) the two cube roots you graphed in part (A). 
Give answers in exact rectangular form. 


(C) Cube each cube root from part (B). 


. Graph r = 5(sin 0)°" in a different viewing window for 
n = 1,2, and 3. How many leaves do you expect the 
graph will have for arbitrary n? 

. Graph r = 2/(1 — esin@) in separate viewing win- 
dows for the following values of e. Identify each curve as 
a hyperbola, ellipse, or parabola. 


(A) e = 1.6 (B) e=1 (C) e = 0.4 
37. Change r(sin@ — 2) = 3 to rectangular form. 


38. Find all solutions of x° — 12 = 0. Write answers in rec- 
tangular form a + bi, where a and b are computed to 
three decimal places. 
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C 39. Show that 


[r}/3e(8/3+4120°)i93 =re® fork = 0,1,2 
40. (A) Graph r = 10sin@ and r = —10cos 8, 
0 =6=7, in the same viewing window. Use 
TRACE}to determine which intersection point has 
coordinates that satisfy both equations simultaneously. 


(B) Solve the equations simultaneously to verify the 
results in part (B). 

(C) Explain why the pole is not a simultaneous solution, 
even though the two curves intersect at the pole. 


41. Describe the location in the complex plane of all solu- 
tions of x*°° — 1 = 0. How many solutions are there? 
How many are real? 


CUMULATIVE REVIEW EXERCISE CHAPTERS 1-7 E 


Work through all the problems in this cumulative review and 
check the answers. Answers to all review problems appear in 
the back of the book; following each answer is an italic num- 
ber that indicates the section in which that type of problem is 
discussed. Where weaknesses show up, review the appropriate 
sections in the text. Review problems flagged with a star *: are 
from optional sections. 


Where applicable, quantities in the problems refer to a trian- 
gle labeled as shown in the figure. 


A 1. Which angle has the larger measure: a@ = 27/7 or 


B = 51°25'40"? Explain how you got your answer. 

2. The sides of a right triangle are 1.27 cm and 4.65 cm. 
Find the hypotenuse and the acute angles in degree 
measure. 


3. Find the values of sec @ and tan @ if the terminal side of 
6 contains (7, —24). 


4. Verify the following identities. Try not to look at a table 
of identities. 


(A) cot x sec x sinx = | 
(B)tan 0 + cot 6 = sec @ csc 8 


Evaluate Problems 5-8 exactly as real numbers. 


11 = 
5. sin ui 6. tan ail 
6 3 
7. cos '(—0.5) 8. csc! V2 


Evaluate Problems 9-12 as real numbers to four significant 
digits using a calculator. 


2 
9. sin 43°22’ 10. cot ee 


1. sin! 0.8 12. sec! 4.5 
*13. Write sin 3t + sin t as a product. 


14. Explain what is meant by an angle of radian measure 2.5. 


In Problems 15-17 solve each triangle, given the indicated 
measures of angles and sides. 


15. 6 = 110°, y = 42°, b= 68m 
16. B = 34°, a= 16in, c = 24in. 
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17. 
~18. 
19. 


20. 


21. 


22. 


* 23. 
24. 


25. 
26. 
27. 
28. 
29. 
30. 


31. 
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a= 18ft, b= 23ft, c = 32ft 
Find the area of the triangle in Problem 16. 


A point in a polar coordinate system has coordinates 
(—7, 30°). Find all other polar coordinates for the point, 
—180° < @ = 180°, and verbally describe how the coor- 
dinates are associated with the point. 


Find the magnitudes of the horizontal and vertical com- 
ponents of the vector v located in a coordinate system as 
indicated in the figure. 


Figure for 20 


Two vectors u and v are located in a coordinate system 
as indicated in the figure. Find the magnitude and the 
direction (relative to the x axis) of u + vif |u| = 6.4 and 
\v| = 3.9. 


0 Le Figure for 21 


Given A = (4,—2) and B = (3,7), represent the 
geometric vector AB as an algebraic vector and find its 
magnitude. 


Find the angle (in decimal degrees, to one decimal place) 
between u = 2i — 7j and v = 3i + 8j. 

Plot in a polar coordinate system: A = (6, 240°); 
B = (—4, 225°); C = (9, —45°); D = (—7, —60°). 
Plot in a polar coordinate system: r = 5 + Ssin 0. 
Change (3V2, 3a /4) to exact rectangular coordinates. 
Change (-2V3, 2) to exact polar coordinates. 

Change z = 2 — 2i to exact polar form using radians. 
Change z = 3e37/2)! to exact rectangular form. 

Find zz) and z,/z» for z, = 3e")! and z, = Se) 
Leave answers in polar form. 


Find (3e>))4 using De Moivre’s theorem. Leave 
answer in polar form. 


B 32. 


Find an equation of the form y = k + Acos Bx that 
produces the graph shown in the following graphing cal- 
culator display: 


=2 


33. Find the exact values of csc 6 and cos @ if cot 9 = 4 and 
sin@ < 0. 


34. Graph y= 1+ 2sin(2x + 7) for -7t= x S 27. 
State the amplitude, period, frequency, and phase shift. 


Verify the identities in Problems 35—37. 


35. a = + = as = 2sec x 
1 — sinx 1 + sin x 
6 1 
36. tan 


2 esc0 + cotd 


cos x — sin x 
37. - = sec 2x 
cos x + sin x 


tan 2x 


38. Find the exact values of tan(x/2) and sin 2x, given 
cos x = = and sin x > 0. 


39. Use a graphing calculator to test whether each equation is 
an identity. If the equation appears to be an identity, ver- 
ify it. If the equation does not appear to be an identity, 
find a value of x for which both sides are defined but are 


not equal. 
cos” x 1+ cos x 
(A) Ze 
(cos x — 1) 1 — cos x 
ee) 
sin“ x 1 + cos x 
(B) 


(cos x _— 1)? 1 — cos x 


40. Find the exact value of sec(sin™! 3), 


41. (A) A cube root of a complex number is shown in the 
figure on the next page. Geometrically locate all 
other cube roots of the number and explain how you 
located them. 

(B) Determine geometrically (without using the nth-root 
theorem) the two cube roots you graphed in part (A). 
Give answers in exact rectangular form. 

(C) Cube each cube root from part (B). 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


~ 49, 


50. 
51. 
52. 
53. 


y 54. 
A 
55. 
W, = —2 
> X 56. 
Figure for 41 Bee 


Find exactly all real solutions for 
sin 2x + sinx = 0 

Find all real solutions (to four significant digits) for 
2 cos 2x = S5sinx — 4 


Solve the triangle with b = 17.4cm and a = 49°30’ for 
each of the following values of a: 


(A) a = 11.5cm (B) a = 14.7cm 
(C) a = 21.1cm 


Given the vector diagram below, find |u + y| and 6. 


Find 3u — 4v for 

(A) u = (1, -2);¥ = 
(B) u = 2i + 3j;v = -i + Sj 

Find a unit vector u with the same direction as 
v = (7, —24). 

Express v in terms of i and j unit vectors if v = AB , with 
A = (—3,2) and B = (—1,5). 

Determine which vector pairs are orthogonal using prop- 
erties of the dot product. 

(A) u = (4,0); v = (0, —5) 


(B) u = (3,2); v = (—3, 4) 
(C) u=i- 2j;v = 6i + 3j 66. 
Plot r = 8 cos 20 in a polar coordinate system. 


Change x? = 6y to polar form. 
Change r = 4 sin @ to rectangular form. 
Convert the factors in (3 + 3i)(—1 + iV3) to polar 


form using degrees and evaluate. Leave answer in polar 
form. 


57. 
58. 
59. 


. Graph r 


67. 
68. 


69. 
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Convert the numerator and denominator in 
(—1 + iV3)/(3 + 3i) to polar form using degrees and 
evaluate. Leave answer in polar form. 

Use De Moivre’s theorem to evaluate (1 — i)®, and write 
the result in exact rectangular form. 

Find all cube roots of 87. Write answers in exact rectan- 
gular form and plot them in a complex plane. 


In Problems 57-59, graph each function in a graphing calcu- 
lator over the indicated interval. 


y= —2cos (2x -1),05x<1 
y = 2sin!2x,-}< x <5 


y = tan (2x + 5), -5 Sx <0 


In Problems 60-62, use a graphing calculator to approximate 
all solutions over the indicated intervals. Compute solutions 
to three decimal places. 


60. 
61. 
62. 
63. 


tanx=5,-TSx57 
cos x = Wx, all real x 
3sin2x cos3x = 2,0 x S27 


Graph 
0=0 


r = 5sin(@/4) in a graphing calculator for 
= 80. 

2/[1 — esin(@ + 0.6)] for the indicated 
values of e, each in a different viewing window. Identify 
each curve as a hyperbola, ellipse, or parabola. 


(A) e = 0.7 (B) e=1 (C) e =15 


. In the circle shown, find the exact radian measure of 0 


and the coordinates of B to four significant digits if the 
arc length s is 8 units. 


Figure for 65 and 66 


Refer to the figure. Find 6 and s to four significant digits 

if (a,b) = (-1.6, -1.2). 

Graph y = 2 sec(awx + 7/4) for -1 S x = 3. 

Express sec (2 tan”! x) as an algebraic expression in x 

free of trigonometric and inverse trigonometric functions. 
3 — tan? x 


Verify the identity: tan 3x = —————__. 
cot x — 3 tan x 
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70. Change r(cos @ + 


71. (A) Graph r = —8 sin 6 andr = —8 cos 6, 
0 = 0 & 7, in the same viewing window. 


1) = 1 to rectangular form. 


(B) Explain why the pole is not a simultaneous solution, 
even though the two curves intersect at the pole. 


72. Find all roots of x? — 4 = 0. Write answers in the form 
a + bi, where a and b are computed to three decimal 
places. 


73. De Moivre’s theorem can be used to derive multiple 
angle identities. For example, consider 


cos 20 + isin 20 = (cos@ + isin 0)? 


= cos’ 6 


sin? 0 + 2i sin 6 cos 0 

Equating the real and imaginary parts of the left side 

with the real and imaginary parts of the right side yields 

two familiar identities: 

sin 20 = 2 sin @ cos 8 

(A) Apply De Moivre’s theorem to (cos 6 + i sin 0) to 
derive identities for cos 30 and sin 30. 


cos 20 = cos” 6 — sin? 6 


(B) Use identities from Chapter 4 to verify the identities 
obtained in part (A). 


In Problems 74-76, graph f(x) in a graphing calculator. 
“From the graph, find a _ function of the form 
g(x) = K + A-t(Bx), where t(x) is one of the six trigono- 
metric functions, that produces the same graph. Then verify 
the identity f(x) = g(x). 
74. f(x) = 2 cos” x — 4 sin? x 


a) _2 
75. f(x) = 6 sin* x 


2cos?x — 1 
sinx + cosx — 1 


76. f(x) = 


1 — cos x 


3 Applications 


77. Surveying To determine the length CB of the lake in 
the figure, a surveyor makes the following measure- 
ments: AC = 520 ft, ZBCA = 52°,and ZCAB = 77°. 
Find the approximate length of the lake. 


78. Surveying Refer to Problem 77. Find the approximate 
length of a similar lake using the following measure- 
ments: AC = 430 ft, AB = 580 ft, ZCAB = 64°. 

79. Tree Height A tree casts a 35 ft shadow when the 
angle of elevation of the sun is 54°. 


80. 


81. 


(A) Find the height of the tree if its shadow is cast on 
level ground. 


(B) Find the height of the tree if its shadow is cast 
straight down a hillside that slopes 11° relative to 
the horizontal. 


Figure for 77 and 78 


Navigation Two tracking stations located 4 mi apart on 
a straight coastline sight a ship (see the figure). How far 
is the ship from each station? 


Figure for 80 


Electrical Circuits The voltage E in an electrical cir- 

cuit is given by an equation of the form E = 110 cos Bt. 

(A) If the frequency is 70 Hz, what is the period? What 
is the value of B? 

(B) If the period is 0.0125 sec, what is the frequency? 
What is the value of B? 

(C) If B = 10077, what is the period? What is the 
frequency? 
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*~ 82. Water Waves A wave with an amplitude of exactly 2 ft figure. An analysis of the amount of solar energy 
and a period of exactly 4 sec has an equation of the form absorbed by the collecting disk requires certain equa- 
y = Asin Bt at a fixed position. How high is the wave tions relating the quantities shown in part (b) of the fig- 
from trough to crest? What is its wavelength (in feet)? ure. Find an equation that expresses: 
How fast is it traveling (in feet per second)? Compute (A) R in terms of h, H, anda 


answers to the nearest foot. : 
(B) Bin terms of h, H, 7 and R 


Precalculus Problems 83-86 refer to the region OCBA 88. Navigation An airplane can cruise at 265 mph in still 
inside the first-quadrant portion of a unit circle centered at air. If a steady wind of 81.5 mph is blowing from the 
the origin, as shown in the figure. * east, what compass heading should the pilot fly in order 
A for the true course of the plane to be north (0°)? Compute 

C the ground speed for this course. 


89. Static Equilibrium A weight suspended from a cable 
deflects the cable relative to the horizontal as indicated in 
the figure. 


(A) If w is the weight of the object, Ty is the tension in 
the left side of the cable, and Tp is the tension in the 
right side, show that 


O Fe A w cos @ w cos B 


TL = TSS 
. sin(a + B) aad. Te sin(a + B) 
Figure for 83-86 


(B) If a = B, show that T, = Tp = iw csc a. 


83. Express the area of OCBA in terms of 0. 
. Express the area of OCBA in terms of x. 
. If the area of OCBA = 0.5, use the result of Problem 83 


and a graphing calculator to find @ to three decimal 
places. 


. Ifthe area of OCBA = 0.4, use the result of Problem 84 
and a graphing calculator to find x to three decimal 
places. 


. Solar Energy’ A truncated conical solar collector is 
aimed directly at the sun, as shown in part (a) of the Figure for 89 


Peravehsolanaye 90. Railroad Construction North American railroads do 


not express specifications for circular track in terms of 
the radius. The common practice is to define the degree 
of a track curve as the degree measure of the central 
Truncated H angle 0 subtended by a 100 ft chord of the circular arc of 

reflecting track (see the figure on the next page). 
ai h (A) Find the radius of a 10° track curve to the nearest 

Clizehan dik foot. 
ollecting dis. 
e (B) If the radius of a track curve is 2,000 ft, find the 
(a) (b) degree of the track curve to the nearest 0.1°. 
Figure for 87 

* See “On the Derivatives of Trigonometric Functions” by M. R. * Based on the article “The Solar Concentrating Properties of a Conical 


Speigle in the American Mathematical Monthly, Vol. 63 (1956). Reflector” by Don Leake in The UMAP Journal, Vol. 8, No. 4 (1987). 
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Figure for 90 


91. Railroad Construction Actually using a compass to 
lay out circular arcs for railroad track is impractical. 
Instead, track layers work with the distance that curved 
track is offset from straight track. 


(A) Suppose a 50 ft length of rail is bent into a circular arc, 
resulting in a horizontal offset of 1 ft (see the figure). 
Show that the radius r of this track curve satisfies the 
equation 


“(2 _ +) 
r COS = 50 
r 


and approximate r to the nearest foot. 


(B) Find the degree of the track curve in part (A) to the near- 
est 0.1°. (See Problem 90 for the definition of the degree 
of a track curve.) 


Horizontal offset 
1 ft 


92. Engineering A circular log of radius r is cut lengthwise 


into three pieces by two parallel cuts equidistant from the 
center of the log (see the figure). Express the cross- 
sectional area of the center piece in terms of r and 6. 


have the same cross-sectional area, approximate @ to four 
decimal places. 


94. Modeling Twilight Duration Periods of twilight 
occur just before sunrise and just after sunset. The length 


of these periods varies with the time of year and latitudi- 
nal position. At the equator, twilight lasts about an hour 
all year long. Near the poles, there will be times during 
the year when twilight lasts for 24 hours and other times 
when it does not occur at all. Table 1 gives the duration 
of twilight on the 11th day of each month for | year at 
20°N latitude. 


(A) Convert the data in Table 1 from hours and minutes 
to two-place decimal hours. Enter the data for a 
2 year period in your graphing calculator and 
produce a scatter plot in the following viewing 
window: 1=x=24,ls y5S. 

(B) A function of the form y = k + A sin(Bx + C) can 
be used to model the data. Use the converted data 
from Table 1 to determine k and A (to two decimal 
places), and B (exact value). Use the graph in part (A) 
to visually estimate C (to one decimal place). 


Figure for 91 (C) Plot the data from part (A) and the equation from 
part (B) in the same viewing window. If necessary, 
adjust your value of C to produce a better fit. 

TABLE 1 
x (months) 1 2 3 5 6 7 8 9 10 1 12 


y (twilight duration, hr:min) 1:37. 1:49 2:21 2:59 3:33 4:07 4:03 3:30 2:48 2:13 1:48 1:34 
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A.1 Real Numbers 


e The Real Number System 
e The Real Number Line 
e Basic Real Number Properties 


This appendix provides a brief review of the real number system and some of its 
basic properties. The real number system and its properties are fundamental to the 
study of mathematics. 


@ The Real Number System 


The real number system is the number system you have used most of your life. 
Informally, a real number is any number that has a decimal representation. Table 1 
describes the set of real numbers and some of its important subsets. Figure | illus- 
trates how these various sets of numbers are related to each other. 


TABLE 1 
The Set of Real Numbers 
Name Description Examples 
Natural Counting numbers (also called 152.3, aie 
numbers positive integers) 
Integers Natural numbers, their negatives, avg SOs MO Teds 
and zero 
Rational Numbers that can be —7, 0, 1, 36, , 3.8, 
numbers represented as a/b, where —0.66666,* 6.383838 


a and b are integers, b # 0; 
decimal representations are 
repeating or terminating 


Irrational Numbers that can be represented 4/3. WT, a, 3.27393... 
numbers as nonrepeating and nonterminating 
decimal numbers 


Real numbers Rational numbers and 
irrational numbers 


* The bar over the 6 means that 6 repeats infinitely, —0.666666666. . . . Similarly, 38 
means that 38 is repeated infinitely. 


The set of integers contains all the natural numbers and something else— 
their negatives and zero. The set of rational numbers contains all the integers and 
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Natural 
numbers 


Zero Integers : 
| Rational 
Negatives Noninteger ee i Real 


of natural ratios of Irrational numbers 
numbers integers numbers 
FIGURE 1 


The real number system 


something else—noninteger ratios of integers. And the set of real numbers con- 
tains all the rational numbers and something else—the irrational numbers. 


@ The Real Number Line 


A one-to-one correspondence exists between the set of real numbers and the 
set of points on a line. That is, each real number corresponds to exactly one 
point, and each point corresponds to exactly one real number. A line with a real 
number associated with each point, and vice versa, as in Figure 2, is called a 
real number line, or simply a real line. Each number associated with a point 
is called the coordinate of the point. The point with coordinate 0 is called the 
origin. The arrow on the right end of the real line in Figure 2 indicates a pos- 
itive direction. The coordinates of all points to the right of the origin are called 
positive real numbers, and those to the left of the origin are called negative 
real numbers. 


FIGURE 2 
A real number line 


BH Basic Real Number Properties 


In the box on the next page, we list some basic properties of the real number sys- 
tem that enable us to convert algebraic expressions into equivalent forms. Do not 
let the names of these properties intimidate you. Most of the ideas presented are 
quite simple. In fact, you have been using many of these properties in arithmetic 
for a long time. We summarize these properties here for convenient reference 
because they represent some of the basic rules of the “game of algebra,” and you 
cannot play the game very well unless you know the rules. 
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BASIC PROPERTIES OF THE SET OF REAL NUMBERS q 


Let R be the set of real numbers, and let x, y, and z be arbitrary elements of R. 


Addition properties 
Closure x + y is a unique element in R. 
Associative (Gear jy) =P w= se ae GY cP) 
Commutative xty=ytx 
Identity 0 is the additive identity; that is, for all x in R, 


0 + x = x + 0 = x, and 01s the only element in R 
with this property. 

Inverse For each x in R, —x is its unique additive inverse; that 
is, x + (—x) = (—x) + x = 0, and — x is the only 
element in R relative to x with this property. 


Multiplication properties 


Closure xy is a unique element in R. 

Associative (xy)z = x(yz) 

Commutative xy = yx 

Identity 1 is the multiplicative identity; that is, for all x in R, 


(1)x = x(1) = x, and 1 is the only element in R 
with this property. 

Inverse For each x in R, x # 0, 1/x is its unique multiplicative 
inverse; that is, x(1/x) = (1/x)x = 1, and I/x is the 
only element in R relative to x with this property. 


Combined property 
Distributive x(y + z) = xy + xz 
(x 4 yz = x2 yz 
EXERCISE A.1 
1. Give an example of a negative integer, an integer that is 5. Indicate which of the following are true: 
neither positive nor negative, and a positive integer. (A) All natural numbers are integers. 
2. Give an example of a negative rational number, a ratio- (B) All real numbers are irrational. 


nal number that is neither positive nor negative, and a 


positive tational aumber (C) All rational numbers are real numbers. 


6. Indicate which of the following are true: 


3. Give an example of a rational number that is not an 
integer. (A) All integers are natural numbers. 


4. Give an example of an integer that is not a natural (B) All rational numbers are real numbers. 


number. (C) All natural numbers are rational numbers. 
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In Problems 7 and 8, express each number in decimal form to 16. Commutative property (-): yx = ? 


the capacity of your calculator. Observe the repeating deci- 17 
mal representation of the rational numbers and the apparent 
nonrepeating decimal representation of the irrational num- 


. Associative property (+): 5+ (7+ x)=? 


18. Associative property (+): 9+ (2 +m) =? 


bers. Indicate whether each number is rational or irrational. 19. Identity property (+): 3m+0=? 
7. (A)4 (B) 2 (Cc) V7 (D) 2 20. Identity property (+): 0+ (2x +3) =? 
8. (A)? (B) V23 (C) iz (D) aia 21. Identity property (+): I(u + v) =? 
9. Each of the following real numbers lies between two suc- 22. Identity property (+): I(xy) = ? 
cessive integers on a real number line. Indicate which two. 23. Distributive property: 2x + 3x = ? 


(A) > (B) a (C) —V23 24. Distributive property: 7(x + y) = ? 
10. Each of the following real numbers lies between two suc- 25. Indicate whether each is true or false, and for each false 
cessive integers on a real number line. Indicate which two. statement find real number replacements for a and b to 
(A) B (B) 3 (C) -V8 illustrate that it is false. For all real numbers a and b: 
(A)at+tb=bta (B) a-~b=b-a 
In Problems 11-24, replace each question mark with an (C) ab = ba (D) a/b = b/a 
appropriate expression that will illustrate the use of the indi- 26. Indicate whether each is true or false, and for each false 
cated real number property. statement find real number replacements for a, b, and c to 
11. Commutative property (+): 3+ y=? illustrate that it is false. For all real numbers a, b, and c: 
12. Commutative property (+): u+v=? (A) (a+ b)+c=at(bt+c) 
13. Associative property (+): 3(2x) = ? (B) (a- b)-c=a-—(b-c) 
14. Associative property (+): 7(4z) = ? (C) a(bc) = (ab)c 
15. Commutative property (+): x7 = ? (D) (a/b)/c = a/(b/c) 


Pd 


Complex Numbers 
The Pythagoreans (500-275 Bc) found that the simple equation 
=o dQ) 


had no rational number solutions. (A rational number is any number that can be 
expressed as P/Q, where P and Q are integers and Q # 0.) If equation (1) were 
to have a solution, then a new kind of number had to be invented—the irrational 
number. 

The irrational numbers V2 and — V2 are both solutions to equation (1). The 
invention of these irrational numbers evolved over a period of about 2,000 years, 
and it was not until the 19th century that they were finally put on a rigorous foun- 
dation. The rational numbers and irrational numbers together constitute the real 
number system. 

Is there any need to extend the real number system still further? Yes, if we 
want the simple equation 

v= -1 
to have a solution. Since x” = 0 for any real number x, this equation has no real 
number solutions. Once again we are forced to invent a new kind of number, a 
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number that has the possibility of being negative when it is squared. These new 
numbers are called complex numbers. The complex numbers, like the irrational 
numbers, evolved over a long period of time, dating mainly back to Girolamo 
Cardano (1501-1576). But it was not until the 19th century that they were firm- 
ly established as numbers in their own right. A complex number is defined to be 
a number of the form 


a+ bi 
where a and b are real numbers, and / is called the imaginary unit. Thus, 
54+3 t-e@ V7+h o+@ 440: 0+0i 


are all complex numbers. Particular kinds of complex numbers are given special 
names, as follows: 


a+Qi=a Real number 

0+ bi = bi (Pure) imaginary number 
0+ 0i = 0 Zero 

a= bi Conjugate of a + bi 

a Real part of a + bi 

bi Imaginary part of a + bi 


Just as every integer is a rational number, every real number is a complex 
number. 

To use complex numbers we must know how to add, subtract, multiply, and 
divide them. We start by defining equality, addition, and multiplication. 


Equality: a+bi=c+di ifandonlyif a=candb=d 
Addition: (a GED Ge -Eid))) = (arg) beat 
Multiplication: (a + bi)(c + di) = (ac — bd) + (ad + be)i 


These definitions, particularly the one for multiplication, may seem a little 
strange to you. But it turns out that if we want many of the same basic properties 
that hold for real numbers to hold for complex numbers, and if we also want neg- 
ative real numbers to have square roots, then we must define addition and multi- 
plication as shown. Let us use the definition of multiplication to see what happens 
to i when it is squared: 


i? = (0 + 1i)(0 + li) 
(0-O-1-1)+(0-14+1- 0)i 
=-1+0i 

=-1 
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So 


Fortunately, you do not have to memorize the definitions of addition and mul- 
tiplication. We can show that the complex numbers, under these definitions, are 
closed, associative, and commutative, and multiplication distributes over addition. 
As a consequence, we can manipulate complex numbers as if they were algebraic 
expressions in the variable i, with the exception that i” is to be replaced with 
—1. Example | illustrates the mechanics of carrying out addition, subtraction, mul- 
tiplication, and division. 


EXAMPLE 1 Performing Operations with Complex Numbers 


Write each of the following in the form a + bi: 
(A) (2 + 3i) + (3 — i) (B) (2 + 3i) — (3 — i) 
(C) (2 + 3i)(3 — i) (D) (2 + 3i)/(3 — i) 


Solution We treat these as we would ordinary binomials in elementary algebra, with one 
exception: Whenever i? turns up, we replace it with —1. 


(A) (2+ 3) + B-i=2+31+3-i 
2+3+3i-i 
=5+2i 


(B) (2+31/)-(3-)=24+31-3+4+i 
=2-34+3i+i 
=-1+ 4 


(C) (2 + 3i)(3 — i) =6 + Ti - 37 
=6+ 7i — 3(-1) 

6+ 7i +3 

=9+7i 


(D) To eliminate i from the denominator, we multiply the numerator and denom- 
inator by the complex conjugate of 3 — i, namely, 3 + i. [Recall from ele- 
mentary algebra that (a — b)(a + b) = a? — b?.] 


2+3i 3+i 6+ 111 + 37 


3-i 3+i 9 — 7? 
Gli HS 
9+1 
34 11i 11 
= eee ea ] 
10 10 +10 


Matched Problem 1 Write each of the following in the form a + bi: 
(A) (3 — 2’) + (2 +3) (B) (3 — 2i) — (2 - 4) 
(©) (3-2(2-8) (D) (3 - 2/(2 - i) iB 
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EXAMPLE 2 


Solution 


Matched Problem 2 


Answers to Matched 
Problems 


At this time, your experience with complex numbers has likely been limited 
to solutions of equations, particularly quadratic equations. Recall that if the expres- 
sion b* — 4ac is negative in 


_ bt Vb? — 4ac 


2a 


then the solutions to the quadratic equation ax? + bx + c = 0 are complex num- 
bers that are not real. This is easy to verify, since a square root of a negative num- 
ber can be written in the form 


V-k=iVk fork >0 


To check this last equation, we square iV/k to see if we get —k: 
(iVk)? = ?(Vk)? = -k 


[Note: We write iVk instead of Vk i so that i will not mistakenly be included 
under the radical. ] 


Converting Square Roots of Negative Numbers to 
Complex Form 


Write in the form a + bi: 


(A) V—-4 (B) 4+ V-4 
agaVaT 1 
a © V5 


(A) V=4 = iV4 = 2i 
(B) 44+ V-4=4+4+iV4=4+42i 
(eV a 
2 2 2 2 
©) 1 ee eee ee ee 
1-vV-9 1-3) 1-3) 1+3) 1-97 
1 + 3i 1 3 
= = + 


i ia 
10 10 10 
Write in the form a + bi: 
(A) V-16 (B) 5+ V-16 
-5- V-2 1 
a OY a= 8 . 
1(A)5-i (®B1l-i (C) 4 - 7i (D) $- 43 


2. (A) 4i (B) 5+ 4i (Cc) 3 - (V2/2)i Dye +23 


EXERCISE A.2 


In Problems 1-18, perform the indicated operations and write 
each answer in the standard form a + bi. 


1. (3 —2i) + (4+ 7i) 
4. = 2h = G98 
5. (61)(3i) 
7 
9 


. 2i(3 — 47) 

. (3 — 4i)(1 — 27) 
11. (3 + 5i)(3 — Si) 
13 ! 

“2 2+i 

2-1 
15. - 
34+ 2i 
-1+ 
v7. 1 2i 
4+ 3i 
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In Problems 19-26, convert square roots of negative numbers 


to complex forms, perform the indicated operations, and 
2. (4 + 6i) + (2 — 3i) express answers in the standard form a + bi. 
4. (4 + 6i) — (2 - 3i) 19. (3 + V—4) + (2 — V—16) 
6. (5i)(4i) 20. (2 + V—-9) + (3 — V—25) 
8. 4i(2 — 3i) 21. (5 — V—-1) — (2— V—36) 
10. (5 — i)(2 — 3!) 22. (2 + V—9) — (3 — V~25) 
12. (7 — 3i)(7 + 3i) 23. (-3 — V—1)(—2 + V—49) 
l 24. (3 — V—-9)(-2 — V-1) 
si 3-i 95 5= V1 26 —2+ V-16 
io "2+ V=4 " 3 - V=25 
2-31 In Problems 27-30, evaluate: 
q == Wo =i = ota 
3 — 4i 2 
28. (1 + i) 21+ i) +2 
2 (24 %B 99 (1%) 
2 2 2 2 
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Significant Digits 
° Scientific Notation 

¢ Significant Digits 

¢ Calculation Accuracy 


Many calculations in the real world deal with figures that are only approximate. 
After a series of calculations with approximate measurements, what can be said 
about the accuracy of the final answer? It seems reasonable to assume that a final 
answer cannot be any more accurate than the least accurate figure used in the cal- 
culation. This is an important point, since calculators tend to give the impression 
that greater accuracy is achieved than is warranted. In this section we introduce 
scientific notation and we use this concept in a discussion of significant digits. We 
will then be able to set up conventions for indicating the accuracy of the results 
of certain calculations involving approximate quantities. We will be guided by 
these conventions throughout the text when writing a final answer to a problem. 


BH Scientific Notation 


Work in science and engineering often involves the use of very large numbers. For 
example, the distance that light travels in 1 yr is called a light-year. This distance 
is approximately 


9,440,000,000,000 km 
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EXAMPLE 1 


Matched Problem 1 


Very small numbers are also used. For example, the mass of a water molecule is 
approximately 


0.000 000 000 000 000 000 000 03 g 


It is generally troublesome to write and work with numbers of this type in 
standard decimal form. In fact, these two numbers cannot even be entered into most 
calculators as they are written. Fortunately, it is possible to represent any decimal 
form as the product of a number between | and 10 and an integer power of 10, 
that is, in the form 


aX 10" 1=a< 10,n an integer, a in decimal form 


A number expressed in this form is said to be in scientific notation. 


Using Scientific Notation 


Each number is written in scientific notation. 


4= 4x 10° 0.36 = 3.6 x 10! 
63 = 6.3 X 10 0.0702 = 7.02 « 102 
805 = 8.05 X 10° 0.00532 = 532 x 10° 
3,143 = 3.143 x 10° 0.000 67 = 6.7 X 10+ 
7,320,000 = 7.32 x 10° 0,000 000 54 = 5.4 x 10°” | 


Can you discover a rule that relates the number of decimal places a decimal 
point is moved to the power of 10 used? 


7,320,000 ‘= 7.320 000. x 10° <—| = 7.32 X 106 
' Te 1 


6 places left i 
| 


Positive exponent 


0.000 000 54'= 0.000 000 5.4 X 10-7 <4! = 5.4 x 1077 
a ee 


1 7 places right 
; | 


Negative exponent : 


Write in scientific notation: 
(A) 450 (B) 360,000 (C) 0.0372 (D) 0.000 001 43 | 


Most calculators display very large and small numbers in scientific notation. 
Some common methods for displaying scientific notation on a calculator are shown 
in Table 1. 


_ 11.4 mm ——> 


6.27 mm 


= 


FIGURE 1 
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TABLE 1 
Scientific Notation in Calculators 


Number entered Typical scientific calculator — Typical graphing calculator 


display display 
5.427 493 x 10°17 5.427493 — 17 5.427493E — 17 
2.359 779 x 10!? 2.359779 12 2.359779E12 


Note that the numbers in the first column of Table | can be entered in a sci- 
entific or graphing calculator exactly as they are written (Fig. 1), regardless of the 
manner in which the calculator displays scientific notation. 


a. 427495418" -17 
. 93e 71? 
2.5097 79418" 18 


2.5097 7 9E1S 


FIGURE 1 


B Significant Digits 

Suppose we wish to compute the area of a rectangle with the dimensions shown 
in Figure 1. As often happens with approximations, we have one dimension to one- 
decimal-place accuracy and the other to two-decimal-place accuracy. 


Using a calculator and the formula for the area of a rectangle, A = ab, we 
have 


A = (11.4)(6.27) = 71.478 


How many decimal places are justified in this calculation? We will answer this ques- 
tion later in this section. First, we must introduce the idea of significant digits. 

Whenever we write a measurement such as 11.4 mm, we assume that the 
measurement is accurate to the last digit written. Thus, 11.4 mm indicates that the 
measurement was made to the nearest tenth of a millimeter—that is, the actual 
length is between 11.35 mm and 11.45 mm. In general, the digits in a number that 
indicate the accuracy of the number are called significant digits. If (going from 
left to right) the first digit and the last digit of a number are not 0, then all the dig- 
its are significant. So, the measurements 11.4 and 6.27 in Figure | have three sig- 
nificant digits, the number 100.8 has four significant digits, and the number 10,102 
has five significant digits. 

If the last digit of a number is 0, then the number of significant digits may 
not be clear. Suppose we are given a length of 23.0 cm. Then we assume the 
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EXAMPLE 2 


Solution 


Matched Problem 2 


measurement has been taken to the nearest tenth and say that the number has three 
significant digits. However, suppose we are told that the distance between two cities 
is 3,700 mi. Is the stated distance accurate to the nearest hundred, ten, or unit? 
That is, does the stated distance have two, three, or four significant digits? We can- 
not really tell. In order to resolve this ambiguity, we give a precise definition of 
significant digits using scientific notation. 


If a number x is written in scientific notation as 
x=aX10" 1=a < 10,nan integer 


then the number of significant digits in x is the number of digits in a. 


3.7 X 10° has two significant digits 
3.70 X 10° has three significant digits 
3.700 X 10° has four significant digits 


All three of these measurements have the same decimal representation, 3,700, but 
each represents a different accuracy. 


Determining the Number of Significant Digits 
Indicate the number of significant digits in each of the following numbers: 


(A) 9.1003 x 10-3 (B) 1.080 x 10 
(C) 592 « 107 (D) 7.9000 x 10-8 


In all cases the number of significant digits is the number of digits in the number 
to the left of the multiplication sign (as stated in the definition). 


(A) Five (B) Four (C) Three (D) Five | 
Indicate the number of significant digits in each of the following numbers: 


(A) 4.39 x 10! (B) 1.020 x 107 
(C) 2.3905 x 10°! (D) 3.00 x 10 | 


The definition of significant digits tells us how to write a number so that the 
number of significant digits is clear, but it does not tell us how to interpret the accu- 
racy of a number that is not written in scientific notation. We will use the follow- 
ing convention for numbers that are written as decimal fractions. 


EXAMPLE 3 
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The number of significant digits in a number with no decimal point is 
found by counting the digits from left to right, starting with the first digit 
and ending with the last nonzero digit. 


The number of significant digits in a number containing a decimal point is 
found by counting the digits from left to right, starting with the first nonzero 
digit and ending with the last digit (which may be 0). 


Applying this convention to the number 3,700, we conclude that this number 
(as written) has two significant digits. If we want to indicate that it has three or 
four significant digits, we must use scientific notation. The significant digits in the 
following numbers are underlined. 


34,007 920,000 25.300 0.0063 0.000 430 


B Calculation Accuracy 


When performing calculations, we want an answer that is as accurate as the num- 
bers used in the calculation warrant, but no more. In calculations involving mul- 
tiplication, division, powers, and roots, we adopt the following accuracy 
convention (which is justified in courses in numerical analysis). 


The number of significant digits in a calculation involving multiplication, 
division, powers, and/or roots is the same as the number of significant dig- 
its in the number in the calculation with the smallest number of signifi- 
cant digits. 


Applying this convention to the calculation of the area A of the rectangle in 
Figure 1, we have 


11.4)(6.27) Both numbers have three significant digits. 
T1LAT8 | Calculator computation 
= 71.5 The computed area is accurate only to three 


significant digits. 


Determining the Accuracy of Computed Values 


Perform the indicated operations on the given approximate numbers. Then use 
the accuracy conventions stated above to round each answer to the appropriate 
accuracy. 
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% (204)(34.0) fas (2.50 X 10°)(3.007 x 107) 
120 2.4 x 10° 
(204) (34.0) 
Solution (A) —— 120 has the least number of significant digits (two). 
= 578 | Calculator computation 
= 58 Answer must have the same number of signif- 


icant digits as the number with the least num- 
ber of significant digits (two). 


‘ (2.50 X 10°)(3.007 x 107) 


(B) 7 24 X 10° has the least number of significant 
2.4 x 10 
digits (two). 
i = 3.132 291. 7 . X 10° Calculator computation 
= 31 < 10° Answer must have the same number of signif- 


icant digits as the number with the least num- 
ber of significant digits (two). | 


Matched Problem 3 __ Perform the indicated operations on the given approximate numbers. Then use the 
rounding conventions stated previously to write each answer with the appropriate 
accuracy. 

2.30 @) 1.235 x 108 
(0.0341) (2.674) (3.07 * 10°°)(1.20 x 10*) 


(A) Hi 


We complete this section with two important observations: 


1. Many formulas have constants that represent exact quantities. Such quanti- 
ties are assumed to have infinitely many significant digits. For example, the 
formula for the circumference of a circle, C = 27rr, has two constants that are 
exact, 2 and 7. Consequently, the final answer will have as many significant 
digits as in the measurement r (radius). 

2. How do we round a number if the last nonzero digit is 5? For example, the 
following product should have only two significant digits. Do we change the 
2 to a 3 or leave it alone? 


(1.3)(2.5) = 3.25 Calculator result: Should be rounded to two significant digits. 


We will round to 3.2 following the conventions given in the box. 


(A) If the digit preceding 5 is odd, round up to make it even. 
(B) If the digit preceding 5 is even, do not change it. 


EXAMPLE 4 


A.3 Significant Digits 495 


We have adopted these conventions in order to prevent the accumulation of 
rounding errors with numbers having the last nonzero digit 5. The idea is to round 
up 50% of the time. (There are a number of other ways to accomplish this— 
flipping a coin, for example.) 


Rounding Numbers When Last Nonzero Digit is 5 


Round each number to three significant digits. 


(A) 3.1495 (B) 0.004 135 
(C) 32,450 (D) 4.314 764 09 x 10!” 
Solution (A) 3.15 (B) 0.00414 (C) 32,400 (D) 4.31 x 10!? oO 


Matched Problem 4 


(A) 43.0690 
(C) 48.15 
Anusenes 1 (M49 %107 
Matched Problems 2. (A) Three 
3. (A) 25.2 
4. (A) 43.1 
EXERCISE A.3 
A In Problems 1-12, write in scientific notation. 
1. 640 2. 384 
3. 5,460,000,000 4. 38,400,000 
5. 0.73 6. 0.00493 
7. 0.000 000 32 8. 0.0836 
9. 0.000 049 1 10. 435,640 
11. 67,000,000,000 12. 0.000 000 043 2 


In Problems 13-20, write as a decimal fraction. 


13. 5.6 X 104 14. 
15. 9.7 x 10° 16. 
17. 4.61 x 10!” 18. 
19. 1.08 x 10! 20. 


3.65 X 10° 
6.39 x 10°° 
3.280 X 10° 
3.004 x 10-4 


Round each number to three significant digits. 


(B) 48.05 
(D) 8.017 632 x 10°° a 


(B) 3.6 X 10° (C) 3.72 X 107 (D) 1.43 x 10° 


(B) Four (C) Five (D) Three 
(B) 3.35 x 10° 
(B) 48.0 (C) 48.2 (D) 8.02 x 10° 


In Problems 21-32, indicate the number of significant digits 
in each number. 


21. 12.3 22. 123 
23. 12.300 24. 0.00123 

25. 0.01230 26. 12.30 

27. 6.7 X 10°! 28. 3.56 x 10+ 
29. 6.700 x 10°! 30. 3.560 X 10+ 
31. 7.090 x 10° 32. 6.0050 x 107 


In Problems 33-38, round each to three significant digits. 
33. 635,431 34. 4,089,100 

35. 86.85 36. 7.075 

37. 0.004 652 3 38. 0.000 380 0 
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In Problems 39-44, write in scientific notation, rounding to 
two significant digits. 


39. 734 40. 908 
41. 0.040 42. 700 
43. 0.000 435 44. 635.46813 


In Problems 45-50. indicate how many significant digits 
should be in the final answer. 


45. (32.8)(0.2035) 46. (0.00230)(25.67) 
(7.21) (360) (0.0350)(621) 
1,200 : 8,543 


(5.03 x 1073)(6 x 10) 3.27(1.8 X 107) 
50. 
8.0 2.90 X 10 


In Problems 51-56, use a calculator and express each answer 
with the appropriate accuracy. 


oN 52. (53,100)(0.2467) 
0.5057 
53. (6.14 X 10°)(3.154 x 107!) 
7.151 x 10° 
9.1 x 10°! 
6,730 63,100 
(2.30) (0.0551) = (0.0620) (2,920) 


In Problems 57-62, the indicated constants are exact. 
Compute the answer to an accuracy appropriate for the given 
approximate values of the variables. 

57. Circumference of a Circle C = 2mr;r = 25.31 cm 

58. Area of a Circle A = ar’; r = 2.5in. 

59. Area of a Triangle A = 5bh; b = 22.4 ft,h = 8.6 ft 

60. Area of an Ellipse A = zrab; a = 0.45 cm, 

b = 135cm 

61. Surface Area of aSphere S = 4ar?;r = 1.5mm 

62. Volume ofa Sphere S = Sar; r = 18 in. 

In Problems 63-66, the indicated constants are exact. 

Compute the value of the indicated variable to an accuracy 

appropriate for the given approximate values of the other 

variables in the formula. 

63. Volume of a Rectangular Parallelepiped (a Box) 
V =Iwh; V = 242 cm’, 1 = 3.25cm, w = 4.50cm, 
h=? 

64. Volume of a Right Circular Cylinder V = ar*h; 
V=120i, k= 64h, ¢=72 

65. Volume of a Right Circular Cone V = iarh; 
¥= 1200107, 4-650, r= 7 

66. Volume of a Pyramid V = 5Ah; V = 6,000 m’, 
A=1,100m, h=? 
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B.1 


Functions 


Definition of a Function—Rule Form 


Definition of a Function—Set Form 


Function Notation 
Function Classification 


Seeking correspondences between various types of phenomena is undoubtedly one 
of the most important aspects of science. A physicist attempts to find a corre- 
spondence between the current in an electrical circuit and time; a chemist looks 
for a correspondence between the speed of a chemical reaction and the concen- 
tration of a given substance; an economist tries to determine a correspondence 
between the price of an object and the demand for the object; and so on. The list 
could go on and on. 

Establishing and working with correspondences among various types of phe- 
nomena—whether through tables, graphs, or equations—is so fundamental to pure 
and applied science that it has become necessary to describe this activity in the 
precise language of mathematics. 


HB Definition of a Function—Rule Form 


What do all the examples cited above have in common? Each describes the 
matching of elements from one set with the elements in a second set. 
Consider Charts 1-3, which list values for the cube, square, and square root, 
respectively. 


CHART 1 CHART 2 CHART 3 


Number Number Square Number Square root 


Charts | and 2 define functions, but Chart 3 does not. Why? The definition 
of function, given in the box on the next page, will explain. 


EXAMPLE 1 


Solution 
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A function is a rule that produces a correspondence between two sets of ele- 
ments such that to each element in the first set there corresponds one and 
only one element in the second set. 


The first set is called the domain. The set of all corresponding elements in 
the second set is called the range. 


A variable representing an arbitrary element from the domain is called an 
independent variable. A variable representing an arbitrary element from 
the range is called a dependent variable. 


Charts | and 2 define functions, since to each domain value there corresponds 
exactly one range value. For example, the cube of —2 is —8 and no other num- 
ber. On the other hand, Chart 3 does not specify a function, since to at least one 
domain value there is more than one corresponding range value. For example, to 
the domain value 4 correspond —2 and 2, both square roots of 4. 

Some equations in two variables define functions. If in an equation in two vari- 
ables, say x and y, there corresponds exactly one range value y for each domain 
value x (x is independent and y is dependent), then the correspondence established 
by the equation is a function. 


Determining Whether an Equation Defines 
a Function 


Determine which of the following equations define functions with independent 
variable x and domain all real numbers. 


(A)y-x=1 B) y-x=1 


(A) Solving for the dependent variable y, we have 


y-x=l1 (1) 
y=1+x 

Since | + x is a real number for each real number x, equation (1) assigns 

exactly one value of the dependent variable, y = 1 + x, to each value of the 


independent variable x. So, equation (1) defines a function. 
(B) Solving for the dependent variable y, we have 


2 24 


< 
nN 
II 
= 
+ 
be 
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He 
= 
+ 
& 
i) 
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Since 1 + x? is always a positive real number and since each positive real 
number has two real square roots, each value of the independent variable x 
corresponds to two values of the dependent variable, y = —V/1 + x? and 
y = V1 + x2. So, equation (2) does not define a function. | 


Matched Problem 1 Determine which of the following equations define functions with independent 


variable x and domain all real numbers. 
(A)y=x+3  By=x +3 a 


It is very easy to determine whether an equation defines a function by exam- 
ining the graph of the equation. The two equations considered in Example | are 
graphed in Figure 1. 


(a) y-x=1 (b) y2-x?=1 


FIGURE 1 
Graphs of equations and the 
vertical-line test 


In Figure la, any vertical line intersects the graph in exactly one point, illus- 
trating graphically the fact that each value of the independent variable x corre- 
sponds to exactly one value of the dependent variable y. On the other hand, 
Figure 1b shows that there are vertical lines that intersect this graph in two points. 
This indicates that there are values of the independent variable x that correspond 
to two different values of the dependent variable y. These observations form the 
basis for the vertical-line test stated in the following box. 


An equation defines a function if and only if each vertical line in the rec- 
tangular coordinate system passes through at most one point on the graph 
of the function. 


EXAMPLE 2 


Solution 
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HB Definition of a Function—Set Form 


Since elements in the range of a function are paired with elements in the domain 
by some rule or process, this correspondence (pairing) can be illustrated by 
using ordered pairs of elements, where the first component represents a domain 
element and the second component represents a corresponding range element. 
We can write functions | and 2 specified in Charts | and 2 as sets of pairs as 
follows: 


Function 1: {(—2, —8), (1, -1), (0,0) (1, 1), (2, 8)} 
Function 2: {(—2, 4), (1, 1), (0, 0) (1, 1), (2, 4)}$ 


In both cases, notice that no two ordered pairs have the same first component 
and different second components. On the other hand, if we list the set S of ordered 
pairs determined by Chart 3, we have 


S = {(0, 0), (1,1), (1, -1), (4, 2), (4, 2), (9 3), (9, -3)} 


In this case, there are ordered pairs with the same first component and different 
second components. For example, (1, 1) and (1, —1) both belong to the set S. Once 
again, we see that Chart 3 does not specify a function. 

This discussion suggests an alternative but equivalent way of defining func- 
tions that produces additional insight into this concept. 


A function is a set of ordered pairs with the property that no two ordered 
pairs have the same first component and different second components. The 
set of all first components in a function is called the domain of the func- 
tion and the set of all second components is called the range. 


Functions Defined as Sets of Ordered Pairs 
Given the sets: 


H = {(1,1), (2,1), (3,2), (3, 4)} 
G= {(2, 4), (3, =); (4, 4)} 


(A) Which set specifies a function? 
(B) Give the domain and range of the function. 


(A) Set H does not specify a function, since (3, 2) and (3, 4) both have the same 
first component. The domain value 3 corresponds to more than one range 
value. Set G does specify a function, since each domain value corresponds to 
exactly one range value. 

(B) Domain of G = {2, 3,4}; Range of G = {—1, 4} | 
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Matched Problem 2_ Repeat Example 2 for the following sets: 


EXAMPLE 3 


M = {(3,4), (5,4), (6, -D} 
N = {(-1, 2), (0, 4), (1, 2), (0, 1} a 


B® Function Notation 


If x represents an element in the domain of a function f, then we will often use the 
symbol f(x) in place of y to designate the number in the range of f to which x is 
paired. It is important not to be confused by this new symbol and think of it as a 
product of f and x. The symbol is read “f of x” or “the value of f at x.” The cor- 
rect use of this function symbol should be mastered early. For example, if 


f(x) = 2x + 3 
then 
f(5) = 2(5) +3 = 13 


That is, the function f assigns the range value 13 to the domain value 5. Thus, (5, 13) 
belongs to f. Can you find another ordered pair that belongs to f? 

The correspondence between domain values and range values is usually illus- 
trated in one of the two ways shown in Figure 2. 


Sx) 
A 
15 c 
Le a fS) = 13 ¢----# (5, 13) 
C 
: 10 
Domain values Range values LitiAtiirigiuiril—, x 
=5 E 5 10 
Graph of f(x) = 2x + 3 
(a) Map (b) Graph 


FIGURE 2 
Function notation 


Evaluating Functions 
If f(x) = (x/2) — land g(x) = 1 — 2’, find: 
(A) f(A) (B) g(—3) (C) f(2) — g(0) 


(D) f(2 + h) (E) [f(3 + h) — f(3)]/h (F) f(g) 


Solution 


Matched Problem 3 


EXAMPLE 4 


Solution 


Matched Problem 4 
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4 
Opa, ia tHiai 


Beat (ea lee—s3 


© #02) - (0) = (4-1) = -0) =0-1=-1 
2th | _2+h-2 h 


(D) f(2 + h) = 5 1 5 = 


faa wom! 
f(3 + h) — f(3) 2 3 
(6) h 7 h 
lth 1 
2 a 4 
h 2 

® #(g(3)) = #0 - #) = f(-8) = > - 1 = -5 a 
If f(x) = 2x — 3 and g(x) = x” — 2, find: 
(A) f(3) (B) g(-2) (C) f(0) + gQ) 
D) FB h) (E) [f(2 + A) — f(2)]/h (F) f(g(2)) a 


Finding the Range of a Function 


If the function f defined by f(x) = x” — x has domain X = {—2, 1,0, 1, 2}, 
what is the range Y of f? 


f= y= (26 
f= (lp el) =2 
f= =0= 
fl) = -1= 
fQy=2-2=2 
The range of f is Y = {0, 2, 6}. a 
Repeat Example 4 for g(x) = vr -4X= {—2, -1, 0, 1, 2}. | 


B® Function Classification 


Functions are classified in special categories for more efficient study. You have 
already had some experience with many algebraic functions (defined by means of 
the algebraic operations addition, subtraction, multiplication, division, powers, and 
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roots), exponential functions, and logarithmic functions. In this book, we add 
two more classes of functions to this list, namely, the trigonometric functions 
and the inverse trigonometric functions. These five classes of functions are called 
the elementary functions. They are related to each other as follows: 
ELEMENTARY FUNCTIONS 
| 
Algebraic Transcendental 
functions functions 
Logarithmic Exponential Trigonometric Inverse 
functions functions functions trigonometric 
functions 
Answers to 1. (A) Defines a function (B) Does not define a function 
. is a function omain = {3,5,6}, Range = {—l, 
Matched Problems 9 (A) Misaf ‘ (B) D : 3, 5, 6}, Rang 1.4 
3. (A) 3 (B) 2 (C) —4 (D) 3 + 2h (E) 2 (F) 1 
4. Y = {—4, —3, 0} 
EXERCISE B.1 
In Problems 1-6, for f(x) = 4x — 1, evaluate. In Problems 25-32, does the equation specify a function, 
1. f() 2. f(2) 3. f(-1) given that x is the independent variable? 
4. f(-2) 5. (0) 6. f(5) 25. x7 + y? = 25 26. y= 3x41 
27. 2x — 3y = 6 28. y= x? -2 
In Problems 7-12, for g(x) = x — x, evaluate. ee hh peg" 
7. gQ) 8. (3) 9. 3(5) a1, = 5] 32. |y| = x 
10. 9(4) 11. g(—2) 12. g(-3) 


In Problems 13-24, for f(x) = 1 — 2x and 


33. If the function f, defined by f(x) = x7 — x + 1, has 
domain X = {—2, —1,0, 1, 2}, find the range Y of f. 


g(x) = 4 — x’, evaluate. 34. If the function g, defined by g(x) = 1+ x — x’, has 

13. f(0) + g(0) 14. 2(0) — f(0) domain X = {—2, —1,0, 1, 2}, find the range Y of g. 
f(3) 35. Indicate which set specifies a function and write down its 

15. ao 16. [g(—2)][ f(-1)] domain and range. 

17. 2f(-1) 18 ¢(—3) F = {(—2, 1), (-1, 1), (0, 0)} 

~ 2. —_ 

19. f(2 + h) 20. g(2 + h) i re) ae 
(24h) — 70) g(2 + h) — g(2) 36. Repeat Problem 35 for the following sets: 

as h - h H = {(-1,3),(2,3),(-1.-D} 

23. gif(2)] 24. f[g(2)] L = {(-1,1), (0, 1), (1, 1)} 


< Applications 


Precalculus Problems 37-39 pertain to the following rela- 
tionship: The distance d (in meters) that an object falls in a 
vacuum in t seconds is given by 


37. 
38. 


d = s(t) = 4.8877 
Find s(0), s(1), s(2), and s(3) to two decimal places. 


The expression [s(2 + h) — s(2)]/h represents the 
average speed of the falling object over the time inter- 
val from t= 2 to t=2+h. Use a calculator to 
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39. 
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compute each of the following to four significant dig- 
its. Then guess the speed of a free-falling object at the 
end of 2 sec. 


s(3) — s(2) s(2.1) — s(2) 
(A) — er (B) or. 
(2.01) — s(2) s(2.001) — s(2) 
© 0.01 (0) 0.001 
s(2.0001) — s(2) 
0.0001 


Find [s(2 + h) — s(2)]/h and simplify. What happens 
as h gets closer and closer to 0? Interpret physically. 


Graphs and Transformations 


e Vertical and Horizontal Shifts 


e Reflections 


¢ Stretching and Shrinking 


The functions 


h(x) 


=(¢= 2) 


can be expressed in terms of the function f(x) = x’ as follows: 


g(x) = f(x) — 2 


h(x) = f(x - 2) 


k(x) = -2 f(x) 


The graphs of functions g, h, and k are closely related to the graph of func- 
tion f. Before reviewing relationships like these, we identify some basic functions 
and summarize their properties. 


BH Basic Functions 


Figure | on the next page shows six basic functions that you will encounter fre- 
quently. You should know the definition, domain, and range of each and be able 


to recognize their graphs. 


HB Vertical and Horizontal Shifts 


If performing an operation on a given function forms a new function, then the graph 
of the new function is called a transformation of the graph of the original func- 
tion. For example, graphs of both y = f(x) + k and y = f(x + A) are trans- 
formations of the graph of y = f(x). 
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FIGURE 1 fx) h(x) mies) 
Some basic functions A A 


and their graphs 5 5 5 
NOTE: Letters used to 
designate the func- 
tions in Figure 1 may 

> XxX > xX > XxX 
vary from context to —3 5 —3 2 —5 5 
context; R is the set of 
real numbers. 

=) 


=5 =) 
(A) Identity function (B) Square function (C) Cube function 
fa =x h(x) = x? m(x) = 33 
Domain: R Domain: R Domain: R 
Range: R Range: [0, ) Range: R 
n(x) P(x) g(x) 
A A A 
5 5 5 
> XxX > X > X 
—-S5LLi 117 tt 5 =) 5 —S-_LI 11} ttt 5 
=5 = 5 =) 
(D) Square root function (E) Cube root function (F) Absolute value function 
n(x) =Vx px) =Vx g(x) = Ix 
Domain: [0, °°) Domain: R Domain: R 
Range: [0, °°) Range: R Range: [0, c°) 


RRMRERNUIE eat an tovicomat sts 


(A) Graph f(x) = x7, g(x) = x? + 1, and h(x) = x* — 4 simultaneously in 
the same coordinate system. How are the graphs of g and / related to the 
graph of f? 

(B) Graph f(x) = x”, G(x) = (x — 3)’, and H(x) = (x + 2)? simultaneous- 
ly in the same coordinate system. How are the graphs of G and H related to 
the graph of f? 


Solution (A) The graph of g is the same as the graph of f shifted upward 1 unit, and 
the graph of h is the same as the graph of f shifted downward 4 units 
(see Fig. 2 on the next page). 
(B) The graph of G is the same as the graph of f shifted 3 units to the right, 
and the graph of H is the same as the graph of f shifted 2 units to the left 
(see Fig. 3 on the next page). 
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FIGURE 2 y y FIGURE 3 
Vertical shifts A 5 A Horizontal shifts 
H(x) = (x + 2)? | f@) =x? 
5 5 
ae) 
spot G(x) = (« — 3)? 
Fle) = x? 
> XxX > X 
ix) = x2 — 4 
—5 =5 
|_| 


Matched Problem 1 


FIGURE 4 
Reflections through the coordinate 


axes 


(A) Graph f(x) = |x|, g(x) = |x| — 4, and h(x) = |x| + 2 simultaneously 
in the same coordinate system. How are the graphs of g and h related to the 
graph of f? 

(B) Graph f(x) = |x|,G(x) = |x + 1|, and H(x) = |x — 3] simultaneously 
in the same coordinate system. How are the graphs of G and H related to the 
graph of f? Hi 
Comparing the graphs of y = f(x) + k with the graph of y = f(x) (Fig. 2), 

we see that the graph of y = f(x) + k can be obtained from the graph of 

y = f(x)by vertically shifting (translating) the graph of the latter upward k units 

if k is positive, and downward |k| units if k is negative. Comparing the graphs of 

y = f(x + A) with the graph of y = f(x) (Fig. 3), we see that the graph of 

y = f(x + h) canbe obtained from the graph of y = f(x) by horizontally shift- 

ing (translating) the graph of the latter h units to the left if h is positive, and |h| 

units to the right if / is negative. 


B® Reflections 


A complete definition of reflection through a line requires concepts from Euclidean 
geometry that will not be discussed in this text. Here we are interested in reflect- 
ing the graph of y = f(x) through the x axis or the y axis. Figure 4 illustrates these 
reflections for a single point (a, b). 


y 


A 
Reflection 
through the 
y axis 
(<a, b) #=-- 2p ----4 (a,b) 
t > XxX 
|a 
| 
¢(a, —b) 
Reflection 


through the x axis 
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g.\\ EXAMPLE 2 


Reflecting the Graph of a Function 
Graph f(x) = (x — 1)*, g(x) = —f(x), and h(x) = f(—x) simultaneously in 
the same coordinate system. 

(A) How is the graph of g related to the graph of f? 


(B) How is the graph of h related to the graph of f? 
Solution 


(A) The graph of g is the reflection through the x axis of the graph of f (see Fig. 5). 
(B) We simplify 4 before graphing: 
ha) = f(a) a= TP 
= [(-DG@ + DP 
= (-1)? (x + 1)? 


=(x +1) 
The graph of / is the reflection through the y axis of the graph of f (see Fig. 5). 
FIGURE 5 y 
Reflections A 
2) 
A(x) = (-x -[1 
0 Ce TEN NEE Pio — 
= ‘ > X 
= —(x — 1)? 
a) 

Matched Problem 2 


a 
Graph f(x) = |x + 2|, g(x) = —f(x), and h(x) = f(—x) simultaneously 
in the same coordinate system. 


(A) How is the graph of g related to the graph of f? 
(B) How is the graph of h related to the graph of f? 


a 
reflection through the x axis of the graph of y = f(x) and the graph of 


y = f(—x) is the reflection through the y axis of the graph of y = f(x). 


Examining the graphs in Figure 5, we see that the graph of y = —f(.x) is the 
@ Stretching and Shrinking 


Horizontal shifts, vertical shifts, and reflections are called rigid transformations 
because they do not change the shape of a graph, only its location. Now we con- 
sider some nonrigid transformations that stretch or shrink a graph. 
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Stretching or Shrinking a Graph 


(A) Graph f(x) = x°, g(x) = 2x3, and A(x) = 5x simultaneously in the same 
coordinate system. How are these graphs related? 

(B) Graph f(x) = x°, G(x) = (2x)%, and H(x) = (5.x) simultaneously in the 
same coordinate system. How are these graphs related? 


Solution (A) The graph of g can be obtained from the graph of f by multiplying each y 
value by 2. This stretches the graph of f vertically by a factor of 2 (Fig. 6). 
The graph of h can be obtained from the graph of f by multiplying each y 
value by i. This shrinks the graph of f vertically by a factor of 5 (Fig. 6). 


FIGURE 6 y 
Vertical stretching and shrinking A 


(B) The graph of G can be obtained from the graph of f by multiplying each 
x value by 5. This shrinks the graph of f horizontally by a factor of 5 
(Fig. 7). The graph of H can be obtained from the graph of f by multiply- 
ing each x value by 2. This stretches the graph of f horizontally by a factor 


of 2 (Fig. 7). 
FIGURE 7 y 
Horizontal stretching Nn 
and shrinkin 
= : G(x) = (2x)3 
Fx) = x3 
He) = GaP 


= 3 
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Matched Problem 3 


(A) Graph f(x) = Vx, g(x) = 2Vx, and h(x) = 4 Vx simultaneously in the 
same coordinate system. How are these graphs related? 

(B) Graph f(x) = Vx, G(x) = V2x, and H (x) = Vix simultaneously in 
the same coordinate system. How are these graphs related? a 


Plotting a few points, as we did in Figures 6 and 7, will help you differenti- 
ate between stretches and shrinks. In general, the graph of y= af(x) can be 
obtained from the graph of y = f(x) by multiplying each y value by a. This verti- 
cally stretches the graph of f by a factor of a if a>1 and vertically shrinks the 
graph of f by a factor of a if 0<a<1. The graph of y = f(ax) can be obtained 
from the graph of y = f(x) by multiplying each x value by 1/a. This horizontally 
stretches the graph of f by a factor of 1/a if 0<a< 1 and horizontally shrinks 
the graph of fby a factor of 1/a if a > 1. The terms expansion and compression 
are also used to describe stretching and shrinking, respectively. 

Refer to Example 3. Notice that G(x) = (2x)? = 8x°, so shrinking a graph 
horizontally can be equivalent to stretching it vertically. This happens only for a 
few functions. It does not happen when these transformations are applied to 
trigonometric functions. 

The various transformations considered previously are summarized next for 
easy reference: 


GRAPH TRANSFORMATIONS 


Vertical Shift 


ko Shifts graph of f up k units. 
Y= faye k 
k<0O Shifts graph of f down |k| units. 
Horizontal Shift 
h>0 Shifts graph of f left / units. 
y= f(x +h) 
h<0O Shifts graph of fright |h| units. 
Reflections 
y = —f(x) Reflects graph of f through the x axis. 
yy = i) Reflects graph of f through the y axis. 
Stretches and Shrinks 
@ = Il Stretches graph of f vertically by 
y = af(x) multiplying each y value by a. 
0<a<1_ Shrinks graph of f vertically by 
multiplying each y value by a. 
@ = Il Shrinks graph of f horizontally by 
y = f(ax) multiplying each x value by 1/a. 


0<a<41__ Stretches graph of fhorizontally by 
multiplying each x value by I/a. 


Solution 
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Combining Transformations 


Use a sequence of transformations to describe the relationship between the graph 
of f(x) = x? and the graph of g(x) = 2(x — 1)* — 3. Illustrate the sequence 
graphically, starting with the graph of f and ending with the graph of g. 


Here is one sequence that will describe the relationship between the graph of f 
and the graph of g: 


1. Shift the graph of x? right 1 unit. 
2. Stretch the graph of (x — 1) vertically 2 units. 


3. Shift the graph of 2(x — ty down 3 units. 
This sequence of transformations can be expressed more compactly as 


(1) (2) (3) 
x*—> (x — 1)? > 2(x - 1)? > 2(x - 1)? - 3 


The graphs are shown in Figure 8. 


y 
A 
5 
= x 
—5 
(a) y = x? (b) y =(«— 1? 
y y 
A 
5 5 
> X > XxX 
—s 5 = 
—5 —5 
(c) y = 2x — 1)? (d) y = 2x — 1)?- 3 = g(x) 


FIGURE 8 
A sequence of transformations oO 
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Matched Problem 4 Repeat Example 4 forg(x) = —3(x + 2)? + 4. H 


Refer to Example 4. Sequences of transformations that change one graph into 
another are not always unique. Here is a second sequence that also provides a solu- 
tion to Example 4: 


x? > 2x7 > 2x? — 3-2(x - 1)? -3 


Answers to — 1. (A) The graph of g is the same as the graph of f shifted downward 4 units, 


Matched Problems and the graph of / is the same as the graph of f shifted upward 2 units. 
y 
A nce) = Ixl +2 


5 
NK fx) = Ix 
ee : , 
> xX 
=$ 5 
=5 


(B) The graph of G is the same as the graph of f shifted | unit to the left, and 
the graph of H is the same as the graph of f shifted 3 units to the right. 


y 
A 
G@) = lk + Il 
: F(x) = Ixl 
A(x) = |x — 31 
> xX 
—4 5 
= 5 
2. (A) The graph of g is the reflection through the x axis of the graph of f. 
y. 
A 
f(x) = Ix + 21 5 


A(x) = |x — 2\ 


—5 
0) = —e+ 2 


(B) The graph of h is the reflection through the y axis of the graph of f- 
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. (A) The graph of g can be obtained from the graph of f by multiplying each 
y value by 2. This stretches the graph of f vertically. The graph of h can 
be obtained from the graph of f by multiplying each y value by i. This 
shrinks the graph of f vertically. 


»: 
A 


5 I 


=) 


(B) The graph of G can be obtained from the graph of f by multiplying each 
x value by 7 This shrinks the graph of fhorizontally. The graph of H can 
be obtained from the graph of f by multiplying each x value by 2. This 
stretches the graph of f horizontally. 


y 
A 
5 
G0) = V2x 
fQ) =Vx 
ane =H(x) = px 
x 
—5 


. One sequence of transformations that will transform the graph of f into the 
graph of g is: Shift left 2 units, stretch vertically by a factor of 3, reflect 
through the x axis, and shift up 4 units. 


y y 
A A 


5 5 


yl=lx yi=|@ 4 2) 


> xX > xX 
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¥ y 
A A 
y=3(x + 2)? 
> X > xX 
—$ 5 —§ 4 
=| + 2)? 
=5 
y 
A 
5 
y 3(x| + 2)? + 4 = g(x) 
> X 
—§ 5 
=a 
EXERCISE B.2 
A Graph each of the functions in Problems 1-16 using the 7. y = g(x) +3 8. y = f(x) - 3 
graphs of functions f and g that follow. 9. y = —f(x) 10. y = —g(x) 
fx) g(x) 1. y = f(-x) 12. y = g(-x) 
A 13. y = 0.5 g(x) 14. y= 2 f(x) 
5 15. y = g(0.5x) 16. y= f(2x) 
In Problems 17-24, indicate how the graph of each function 
is related to the graph of one of the six basic functions in 
Figure 1. Sketch a graph of each function. 
~ 17. g(x) = —-|x- 3] 9 18. A(x) = -|x +5] 
19. f(x) =(x+3)?+3 20. m(x) = -(x - 2) - 4 
5 21. f(x) =5-— Vx 9-22, g(x) = 44+ We 
23, h(x) = —W/2x 24, m(x) = -Vix 
y= f(x) —2 ; , 
7 P Each graph in Problems 25-32 is the result of applying a 
y= f(x — 2) sequence of transformations to the graph of one of the six 
5 = g(x + 3) basic functions in Figure 1 on page 506. Identify the basic 


function and describe the transformation verbally. Write an 
equation for the given graph. 
25. 26. 


35. 


36. 


37. 


38. 
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The graph of f(x) =|x| is shrunk vertically by a factor of 5, 
reflected through the x axis, shifted 1 unit to the right, and 
shifted 4 units up. 

The graph of f(x)=|x| is shifted 2 units to the right, 
reflected through the y axis, shrunk vertically by a fac- 
tor of 3, and shifted 3 units down. 

The graph of f(x) = 2° is reflected through the y axis, 
shifted 2 units to the left, and shifted down | unit. 

The graph of f(x) = x? is reflected through the x axis, 
shifted 2 units to the right, reflected through the y axis, 
and shifted 4 units up. 


Each graph in Problems 39-44 is the result of applying a 
sequence of transformations to the graph of one of the six 
basic functions in Figure 1 on page 506. Identify the basic 
function and describe the transformation verbally. Write an 


» y 
A A 
5 5 
> xX > xX 
= 5 = 5 
=5 =) 
27. 28. 
y y 
A A 
5 5 
> xX > xX 
-3 5 = 5 
=5 =5 


29. 


> xX 


31. 


> xX 


30. 


32. 


> x 


> xX 


equation for the given graph. 


In Problems 33-38, the graph of the function g is formed by 
applying the indicated sequence of transformations to the 
given function f. Find an equation for the function g and 
graph g using -5 = x = 5and-5=ys5. 

33. The graph of f(x) = Vx is shifted 3 units to the left, 
stretched vertically by a factor of 2, and shifted 4 units 
down. 

34, The graph of f(x) = |x| is stretched vertically by a fac- 
tor of 3, shifted 2 units to the left, and shifted 5 units down. 


39. j 40. F 
A A 
3 5 
x x 
—§_| 5 = 
a) —5 
41. 42. 
y y 
A A 
3 3: 
> x > x 
—5_| =} - 4 
= —5 
43. 44. 
y y 
A A 
5 5 
> x > x 
—$ 5 = 
=5: =5 
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FUNCTIONS AND INVERSE FUNCTIONS 


B.3 Inverse Functions 


e One-to-One Functions 
e Inverse Functions 
¢ Geometric Relationship 


In this section we develop techniques for determining whether the inverse func- 
tion exists, some general properties of inverse functions, and methods for finding 
the rule of correspondence that defines the inverse function. 

An inverse function is formed by reversing the correspondence in a given func- 
tion. However, the reverse correspondence for a given function may or may not 
specify a function. As we will see, only functions that are one-to-one have inverse 
functions. 

Many important functions are formed as inverses of existing functions. 
Logarithmic functions, for example, are inverses of exponential functions, and 
inverse trigonometric functions are inverses of trigonometric functions with 
restricted domains. 


BM One-to-One Functions 


A one-to-one correspondence exists between two sets if each element of the first 
set corresponds to exactly one element of the second set and each element of the 
second set corresponds to exactly one element of the first set. 


A function f is one-to-one if each element in the range corresponds to 
exactly one element from the domain. (Since f is a function, we already 
know that each element in the domain corresponds to exactly one element 
in the range.) 


Thus, if a function f is one-to-one, then there exists a one-to-one correspon- 
dence between the domain elements and the range elements of f: To illustrate these 
concepts, consider the two functions f and g given in the following charts: 


Function f Function g 

Domain Range Domain Range 
0 ——— 0 0 ———— 0 
1 ———— 1 a ee 4 
2 8 a 


EXAMPLE 1 


Solution 
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Function f is one-to-one, since each range element corresponds to exactly one 
domain element. Function g is not one-to-one, since the range element 4 corre- 
sponds to two domain elements, —2 and 2. 

Geometrically, if a horizontal line intersects the graph of the function in two 
or more points, then the function is not one-to-one (see Fig. 1a). However, if each 
horizontal line intersects the graph of the function in at most one point, then the 
function is one-to-one (see Fig. 1b). 


y y 
A A 
& 
f 
> Xx ss 
(a) Function fis not one-to-one (b) Function g is one-to-one 


FIGURE 1 
Graphs of functions and the 
horizontal-line test 


These observations form the basis for the horizontal-line test. 


HORIZONTAL-LINE TEST 


> 


A function is one-to-one if and only if each horizontal line intersects the 
graph of the function in at most one point. 


Determining Whether a Function Is One-to-One 


Graph each function and determine which is one-to-one by the horizontal- 
line test. 


(A) f(x) = x (B) g(x) = x, x20 


(A) We graph the function f (Fig. 2 on the next page) and note that it fails the hor- 
izontal-line test. Therefore, function f is not one-to-one. 

(B) We graph the function g (which is function f with a restricted domain) and 
find that g passes the horizontal-line test (Fig. 3 on the next page). Therefore, 
function g is one-to-one. 
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Matched Problem 1 


FIGURE 2 FIGURE 3 | 


Example | illustrates an important point: A function may not be one-to-one, 
but by restricting the domain it can be made one-to-one. This is exactly what is 
done to the trigonometric functions to form the inverse trigonometric functions. 


Graph each function and determine which is one-to-one by the horizontal-line 
test. 


(A) f(x) = (x - 1) 8) g(x) == 17, 221 a 


H@ Inverse Functions 


As we mentioned at the beginning of this section, we are interested in forming 
new functions by reversing the correspondence in a given function—that is, by 
reversing all the ordered pairs in the given function. The concept of a one-to-one 
function plays a critical role in this process. If we reverse all the ordered pairs in 
a function that is not one-to-one, the resulting set does not define a function. For 
example, reversing the ordered pairs in the function. 


g = {(-2, 4), (0, 0), (2, 4)} Function g is not one-to-one. 
produces the set 
h = {(4, —2), (0, 0), (4, 2)} Set his not a function. 


which does not define a function. However, reversing all the ordered pairs in a one- 
to-one function f always produces a new function, called the inverse function, and 
denoted by the symbol f~!.* For example, reversing the ordered pairs in the function 


f = {(0, 2), (1, 3), (2, 4)} Function fis one-to-one. 
produces the inverse function 
f° = {(2, 0), (3, 1), (4, 2)} Set f | is a function. 
Furthermore, we see that 
Domain of f = {0, 1,2} = Range of f! 
Range of f = {2,3,4} = Domain of f! 


* Note: fi! is a special symbol used to represent the inverse of the function f. It does not mean 1/f. 


Solution 
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In other words, reversing all the ordered pairs also reverses the domain and range. 
This discussion is summarized in the following definition: 


The inverse of a one-to-one function f, denoted by os is the function 
formed by reversing all the ordered pairs in the function f. Symbolically, 


f | = {(b, a)|(a, b) is an element of f} 
Domain of an = Range of f 
Range of 5 as = Domain of f 


Immediate consequences of the definition of an inverse function are the 
function—inverse function identities: 


FUNCTION-INVERSE FUNCTION IDENTITIES q 


If fis a one-to-one function, then f — exists and 
f | (f(x)) = x for all x in the domain of f 
and 


f(f '(x)) = x for all x in the domain of f! 


These identities are illustrated schematically in Figure 4. 


Domain of f Range of f 


f if the function f is one-to-one and 
if f maps x into y, then f | maps y 
back into x. 
-1 : 
Range of f~! ‘i Domain of f~! 


FIGURE 4 
Function-inverse function identities 


Finding the Inverse of a Function 


For the one-to-one function f(x) = 2x — 3, find f~!(x), and check by showing 
that f(f'(x)) = x and f7'(f(x)) = x. 


For both f and f! we keep x as the independent variable and y as the dependent 
variable. 
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Matched Problem 2 


Step 1 Replace f(x) with y: 
fiy = 2x -3 x is independent. 

Step 2 Interchange the variables x and y to form f!: 
fiitx = 2y -3 x i independent. 

Step 3 Solve the equation for f~! for y in terms of x: 


x=2y —3 
xe 3 
2 


Step 4 Replace y with f!(x): 


x +3 


PAs 


Step 5 Check by showing that f(f~!(x)) = x and f!(f(x)) = x. 


x) +3 
FFMa)) = 2071) — 3 FE) =f) 
x +3 (Qe =3) 453 
= of 2 ine ~ 9 
=x+3-3=x =S =; ‘a 


For the one-to-one function g(x) = 3x + 2, find g !(x), and check by showing 
that g(g-!(x)) = xand g!(g(x)) = x. o 


B Geometric Relationship 


We conclude this discussion of inverse functions by observing an important rela- 
tionship between the graph of a one-to-one function and its inverse. As an exam- 
ple, let f be the one-to-one function 


f(x) =2x-2 (1) 
Its inverse is 
2 
ray=A5 Q) 


Any ordered pair of numbers that satisfies (1), when reversed in order, will satisfy 
(2). For example, (4, 6) satisfies (1) and (6, 4) satisfies (2). (Check this.) The graphs 
of fand f —! are given in Figure 5. 


FIGURE 5 


y 
Symmetry property of the graphs A 
of a function and its inverse 10 
r fiy =2x-—2 
L y y =x 
5f fly =i? 
c (6, 4) : 
poputipyirritisy xy 


b —5 


5 10 
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Notice that we sketched the line y = x in Figure 5 to show that if we fold the 
paper along this line, then the graphs of f and a will match. Actually, we can 
graph f fi by drawing f with wet ink and folding the paper along y = x before the 
ink dries; f will print f | [To prove this, we need to show that the line y = x is 
the perpendicular bisector of the line segment joining (a, b) to (b, a).] 


Knowing that the graphs of f and f ! are symmetric relative to the line 
y = x makes it easy to graph f! if fis known, and vice versa. 


Answers to 


1. (A) fis not one-to-one 


(B) g is one-to-one 


Matched Problems 
y 
& 
=5 5 
EXERCISE B.3 
In Problems 1-12, indicate which functions are one-to-one. 3. 4. 
1. 2. . 
Domain Range Domain Range 


Domain Range Domain Range 
= 2 = 4 =2 
_ 3-3 
=) ——=2 =i 


O—————=_-0 
1———>. 2 


2——— 4 


O-—— 5 
1 ————> 3 
2 i 
3 $= 2 


4 ———> 4 
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y y 
~< x + x 
Te y 8. y 
A 
9. y 10. y 
A A 
are x a x 
11. y 12. y 
A A 


13. Which of the given functions is one-to-one? Write the 
inverse of the function that is one-to-one as a set of 
ordered pairs, and indicate its domain and range. 


f = i=, 0), (1, 1), (2, 0)} 
§ = 12; —8), dL, 1), (2, 8)} 


14. Which of the given functions is one-to-one? Write the 
inverse of the function that is one-to-one as a set of 
ordered pairs, and indicate its domain and range. 


f = {(-2, 4), (0,0), (2, 4)} 
& = {(9, 3), (4,2), CL DF 
15. Given H = {(-1, 0.5), (0,1), (1, 2), (2, 4)}, graph H, 
H™', and y = x in the same coordinate system. 
16. Given F = {(—5,0), (—2, 1), (0, 2), (1, 4), (2, 7)}, 
graph F, F~', and y = x in the same coordinate system. 


In Problems 17-20, find the inverse for each function in the 
form of an equation. 


17. f(x) =2x —7 18. g(x) = = | 


x+3 eee 


19. h(x) = 20. f(x) = 3 


In Problems 21 and 22, graph the indicated function, its 
inverse, and y = x in the same coordinate system. 


21. fand f in Problem 17 
22. gand g! in Problem 18 
23. For f(x) = 2x — 7, find f-!(x) and f7!(3). 
24. For g(x) = (x/2) + 1, find g1(x) and g™!(—3). 
25. For h(x) = (x/3) + 1, find h!(x) and h7!(2). 
26. For m(x) = 3x + 2, find m™!(x) and m™1(5). 
27. Find f(f '(4)) for Problem 23. 
28. Find g!(g(2)) for Problem 24. 
29. Find h”!(h(x)) for Problem 25. 
30. Find m(m !(x)) for Problem 26. 

) 

) 


31. Find h(h!(x)) for Problem 25. 
32. Find m!(m(x)) for Problem 26. 
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The following four sections include a brief list of plane geometry facts that are of 
particular use in studying trigonometry. They are grouped together for convenient 


reference. 


C.1 Lines and Angles 


ho 


Acute angle Right angle 
0°<a< 90° 90° 
Var 


oe 


Straight angle (180°) a+ B= 180° 
aand £ are 
supplementary angles 


A straight angle divided a=B8 
into equal parts forms y=6 
two right angles. at+6 

at+6é 


Obtuse angle 
90° < a < 180° 


a 
B 

a+ B=90° 

aand f are 


complementary angles 


Lo 


If L, || Lo, then a = B= y. 
If a= B= y, then L, || Lo. 
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C.2 Triangles 


Vertex 


Vertex Side Vertex le b | 
Triangle Area: A = tbh 

A 

Right triangle (a) Acute triangle (b) Obtuse triangle 

One right angle All acute angles One obtuse angle 
Oblique triangles 
No right angles 

Hypotenuse 


b a\ di TB Parallel to base 
i ia iON 
at B= 90° 
Eee a+ B+ y= 180° 
Ce=a? +b? The sum of angle measures of 
Pythagorean theorem all angles in a triangle is 180°. 
V2, 


Ane 


Special triangles 
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AA A 


}+— 771 —| 


Isosceles triangle Equilateral triangle l¢ n >| 
At least two equal sides All sides equal 
At least two equal angles All angles equal Ifa = b, then a = Band m = n/2. 


If a = B, then a = bandm = n/2. 


Similar triangles 
Two triangles are similar if two angles of one 
triangle are equal to two angles of the other. 


Euclid’s Theorem 


~~ 


Congruent triangles 
Corresponding parts of congruent triangles are equal. 


If three sides of one triangle are equal to the corresponding 
sides of another triangle, the two triangles are congruent. 


C.3 Quadrilaterals 527 


If two sides and the included angle of one triangle are 
equal to the corresponding parts of another triangle, the 


two triangles are congruent. 


If two angles and the included side of one triangle are 
equal to the corresponding parts of another triangle, the 


two triangles are congruent. 


C.3 Quadrilaterals 


) i 
a 


Rectangle 
A =ab 
P=2a+ 2b 


y 
a a 
LN ay 


Rhombus 


Opposite sides are parallel. 


A=ah 
P=4a 
a+ B= 180° 


Parallelogram 

Opposite sides are parallel. 
A=ah 

P=2a+2b 

a+ B= 180° 
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C.4 Circles 


r = Radius AB = Arc AB 
d = Diameter AB = Chord AB 
d=2r ZO@subtends AB 
A = ar (Area) ZO subtends AB 
C = 2ar = ad (Circumference) AB subtends 2 0 
Cld = 7 AB subtends 2 0 
A A 


B B 
AB _ 0 
C 360° 
(C = Circumference) Sector 
Tangent line 
B 
QO 
: 
A 7 
A radius of a circle If CM | AB, then B=2a 
is | to a tangent line AM = +AB 


at the point of tangency. ' 
a = 5 


SELECTED ANSWERS 


CHAPTER 1 


Exercise 1.1 


1. 
7. 


17. 


67 


oO le} fe} le} 1 5 3 
180°, 60°, 135°, 210° 3. 8° 12° 4 5. Acute 
Right 9. Obtuse 11. None 15. 25.365° 
11.135° 19. 195.469° 21. 15°7'30" 
~ 79°12'4" 25. 159°38'20" 27. 47°33'41" 
.a>B 3l.a=B8 33.a<B 35. 110°18'4" 
» 22°22'31" 39.0 41. 100cm 43. 450 km 
. 250,000 mi 47. 1,440cm 49. 262 cm? 
. 71.0° 53. 5.58mm 55. 11.5mm_ 57. 680 mi 
~ 553 mi 61. 590 nautical mi 63. 480 nautical mi 
. (A) 70 ft 
(B) The arc length of a circular sector is very close to 
the chord length if the central angle of the sector is 
small and the radius of the sector is large, which is 
the case in this problem. The arc length s is easily 


S 0 
found using the f la—— = =. 
ound using the formula Dap 360 


. 0.056° 69. 758,000 miles 71. 87 miles 


Exercise 1.2 


1. 


5. 
11 


The measures of the third angle in each triangle are the 

same, since the sum of the measures of the three angles in 

any triangle is 180°. (Subtract the sum of the measures of 

the two given angles in each triangle 3. 4. 8 from 180°.) 

bo =21 7c¢=90 9% c' = 2.9 

. Two similar triangles can have equal sides only if they 
are congruent, that is, if the two triangles coincide when 
one is moved on top of the other. 

. a= 24in.,c = 56in. 15. b = 50m,c = 55m 

. a= 12 X 10° yd,c = 2.7 X 10° yd 


. a= 3.6 X 10> mm, b = 7.6 X 10>mm 
.c 108 ft 23. 19.5 ft 25. 63ft 27. 28 ft 
. 34ft 31. 1.1km 


33. (A) Triangles PAC, FBC, ACP’, and ABF’ are all right 
triangles. Angles APC and BFC are equal, and 
angles CP’A and BF’A are equal—alternate interior 
angles of parallel lines cut by a transversal are 
equal (see Appendix C.1). Thus, triangles PAC and 
FBC are similar, and triangles ACP’ and ABF’ are 
similar. 

(B) Start with the proportions AC/PA = BC/BF and 
AC/CP' = AB/BF'. 
(C) Add the two equations in part (B) together and 
divide both sides of the result by (A + h’). 
(D) 50.847 mm 
35. 150 ft 37. x = 16, y = 20 


Exercise 1.3 


l. a/c 3. b/a 5. c/a 7. sin@ 9. tan@ 11. cscé 

13. 0.569 15. 0.572 17. 1.350 19. 0.115 21. 0.431 

23. 1.012 25. 60° 27. 54.34° 29. 26°50’ 31. 70°2’ 

33. The triangle is uniquely determined. Angle a can be 
found using tana = a/b; angle B = 90° — a. The 
hypotenuse c can be found using the Pythagorean 
theorem or by using sina = b/c. 

35. The triangle is not uniquely determined. In fact, there are 
infinitely many triangles of different sizes with the same 
acute angles—all are similar to each other. 

37. 90° — 6 = 31°20’, a = 7.80 mm, b = 12.8 mm 

39. 90° — 6 = 6.3°, a = 0.354 km, c = 3.23 km 

41. 90° — 6 = 185°, a = 4.28 in.,c = 13.5in. 

43. 6 = 28°30’, 90° — 6 = 61°30’, a = 118 ft 

45. 6 = 50.7°, 90° — 6 = 39.3°,c = 171 mi 

47. The calculator was accidentally set in radian mode. 
Changing the mode to degree, 

a = 235 sin(14.1) = 57.2 mand 
b = 235 cos(14.1) = 228m. 

53. 90° — 6 = 6°48’, b = 199.8 mi, c = 201.2 mi 

55. 0 = 37°6', 90° — @ = 52°54’, c = 70.27 cm 

57. 6 = 44.11°, 90° — 6 = 45.89°, a = 36.17 cm 


A-2 Selected Answers 


. AD AD 
63. (A) sin@ = —— = —— = AD 
OD 1 
(B) tan @ = ae a DC (ZOED = 6) 
ee Ba ODL 
OE OE 
=-— =-—-oOF 
(C) csc 8 OD 1 O 


65. (A) sin @ approaches | 
(B) tan @ increases without bound 
(C) csc @ approaches 1 

67. (A) cos @ approaches | 
(B) cot @ increases without bound 
(C) sec @ approaches 1 


69. 6V3 ft? 71. 101.4 in 


Exercise 1.4 


2 


1.70m 3. 45ft 5. 25° 7. 23 ft 9. 78m 


11. 33m 13. 211m 15 
17. 29,400 m, or 29.4 km 
21. (A) 5.1 ft (B) 2.6 


23. 134 ft 25. 8.4 ft, 21 ft 


27. (A = 
(A) cos a ek 


(C) 3,960 mi 
29. 8.4 mi 31. 19,600 mi 


33. (A) The lifeguard can run faster than he can swim, so 
he should run along the beach first before entering 
the water. [Parts (D) and (E) suggest how far the 
lifeguard should run before swimming to get to the 


. L.dkm 
19, 22° 
ft 
hcosa 
(B) r= ———— 
1 — cosa 


swimmer in the least time. ] 


d—ccot@é 


ccsc 8 


(B) T = 
(C) T = 119.97 sec 


gg 


(D) T decreases, then increases as 0 goes from 55° 


to 85°; T has a minimum value of 116.66 sec 


when 6 = 70°. 
(E) d = 352m 


35. (A) Since the angle 6 determines the length of pipe to 
be laid on land and in the water, it appears that the 


total cost of the pipeline depends on 6. 


(B) C = 160,000 sec 
(C) $344,200 


(D) As @ increases from 15° to 45°, C decreases and 


@ + 20,000(10 — 4 tan @) 


then increases; C has a minimum value of 


$338,600 when @ 


= 30°. 


(E) 4.62 mi in the water and 7.69 mi on land 


37. 0.97km 39. 120 ft 


41. 386 ft apart; 484 ft high 


43. 
51. 


25 ft 45. g = 32.0 ft/sec? 47. 3.5m 49. 9.8 yd 
5.69cm 53. sin@ -= 55. 7.0 ft 


Chapter 1 Review Exercise 


1. 
4. 
5. 


7,794" [1.1] 2. 45° [1.1] 3. 16,000 [/.2] 
36:33° [LJ] 

An angle of degree measure | is an angle formed by 
rotating the terminal side of the angle a of a complete 
revolution in a counterclockwise direction. [/./| 


. All three are similar because all three have equal 


angles. {/.2] 


. No. Similar triangles have equal angles. [/.2] 
. The sum of all the angles in a triangle is 180°. Two 


obtuse angles would add up to more than 180°. [/.2| 


. 720ft [1.2] 
. (A) b/c (B) c/a (C) b/a (D) c/b (BE) afc 


(F) a/b [1.3] 


. 90° — 6 = 54.8°,a = 16.5cm,b = 11.6cm_ {/.3| 
. 144° [2.7] 13. 4.19 in. [7.7] 

. 27.25° is larger. [J./] 

. (A) 67.709° —_(B) 129°19'1" [7.7] 

. (A) 65°41'52” (B) 327°48'27" [/./)] 
~71.X10°mm [/.2] 

. (A) cos@ (B) tan@ (C) sin@ (D) secé 


(E) csc@ (F) coté [1.3] 


. Two right triangles having an acute angle of one 


equal to an acute angle of the other are similar, and 
corresponding sides of similar triangles are 
proportional. [/.3] 


. 90° — 6 = 27°40’, b = 7.63 X 10 °m, 


c= 861 X10 °m_ [/.3] 


. (A) 68.17° (B) 68°10’ (C) 3°12'16" [7.3] 
. Window (a) is in radian mode; window (b) is in degree 


mode. {/.3| 


. 6 = 40.3°, 90° — 6 = 49.7°,c = 206mm [I.3] 

. 6 = 40°20’, 90° — 6 = 49°40’ [/.3] 

. 8.7 ft [1.2] 26. 940ft [1.7] 27. 107 ft [1.7] 
28. 
. 6 = 60.28°, 90° — 6 = 29.72°,b = 4,241m [1.3] 
. 1.0853 [/.3] 31. 8.8ft [1.2] 32. 6ft [/.2] 

. 5.6ft [1.4] 34 71 ft [1.4] 

. 24.5 ft; 24.1 ft [1.4] 36. 2.3°;0.07 or 7% = [1.4] 
.955mi [/./] 38. 46° [1.4] 39. 830m [1.4] 
.1,240m [/.4] 41. 760mph_ [/.4] 

. (A) B=90°-—a@ (B)r=htana 


6 = 66°17’, a = 93.56km, b = 213.0km = [/.3] 


(C) H-h=(R-r)cota [1.4] 


43. (A) In both cases the ladder must get longer. 
(B) L = 5csc 0 + 4sec 0. 
(C) 


@ | 25° 35° 45° 55° 65° 75° 85° 


L | 16.24 13.60 12.73 13.08 14.98 20.63 50.91 


(D) L decreases and then increases; L has a minimum 
value of 12.73 when 6 = 45°. 
(E) Make up another table for values of @ close to 45° 
and on either side of 45°. [/.4| 
44. AC = 93 ft, BC = 142 ft [/.4] 45. 28,768sqft [/.3] 


CHAPTER 2 
Exercise 2.1 


3. 1/6, 7/3, 7/2, 2277/3, 57/6, 7, 77/6, 47/3, 37/2, 
52/3, 11/6, 277 


Ts A 390° 9. A 585° 
—~ 330° =135° 
ae ae 
— > 
225° 
11. A 285° 13. A 1777/8 rad 
—435° —157/8 rad 


Ln rad 
> > 


—75° 
15. A 8727/5 rad 17. A 87/3 rad 
—127/5 rad —477/3 rad 
27/3 rad 
can 
—277/5 rad 


21. 
25. 
29. 
33. 


35. 


37. 


39. 


41. 


43. 


45. 


47. 
49. 
59. 
65. 
71. 
75. 
81. 
87. 
91. 
95. 


97. 


Selected Answers A-3 


7/60 rad ~ 0.05236 rad 23. 1177/18 rad ~ 1.920 rad 
7/5 rad ~ 0.6283 rad 27. (360/7)° ~ 114.6° 
(108/7r)° = 34.38° 31. (360/7)° ~ 51.43° 

(A) 28.648° (B) 80.214° (C) 355.234° 

(D) —262.988° 

(A) 0.436 rad (B) 2.862 rad (C) 11.310 rad 

(D) —3.869 rad 

(A) 0.4 rad; 22.9° (B) 12 rad; 68.8° 

(C) 2.5 rad; 143.2° (D) 4 rad; 229.2° 

(A) 9.45 m (B) 5.13 m 

(C) 4.57 m (D) 15.27 m 

Yes. Since 0g = (180/7)6,, if 0, is doubled, then 0, 

also must be doubled (multiply both sides of the 

conversion equation by 2). 

Since 0, = s/r, if s is held constant while r (the 

denominator) is doubled, then 6,. will be cut in half. 

(A) 144cm?— (B) 31.4cm?~— (C) 46.8 cm” 

(D) 131.9 cm? 

Since s = r6 (6 in radian measure), s = 1-m = m. 

II 51. Il 53. II 55. Ill 57. Ill 

0.9795 rad 61. 26.5738° 63. 1.530 rad 

488.5714° 67. 1/3 rad 69. 62° 

8.9 km 73. 53cm 

Ta /12 rad © 1.83 rad 77. 12cm 79, 19° 

256cm 83. 1.4 X 10°km _85..: 175 ft 

0.2m;7.9 in. 89. 7/26 rad © 0.12 rad 

6,800 mi 93. 31 ft 

(A) Since one revolution corresponds to 277 radians, n 
revolutions corresponds to 277 radians. 

(B) No. Radian measure is independent of the size of 
the circle used; so, it is independent of the size of 
the wheel used. 

(C) 31.42 rad; 22.62 rad 

6.5 revolutions; 40.8 rad 99, 859° 101. 384 in. 


Exercise 2.2 
5. 8.4 cm/min 7. 240 ft/hr 9. 7.8 rad/hr 


11. 
15. 
21. 
25. 
27. 
29. 
33. 


2.14 rad/min 13. 168 rad/hr 

6.29 rad/min 19. 75 m/sec 

4.65 rad/hr 23. 223.5 rad/sec or 35.6 rps 

7/4,380 rad/hr; 66,700 mph 

(A) 0.634 rad/hr (B) 28,100 mph 

6,900 mph 31. 1.61 hr 

(A) | rps corresponds to an angular velocity of 
27 rad/sec, so that at the end of t sec, 9 = 27. 

(B) Using right triangle trigonometry, 
a = 15tan 0. Then, substituting 6 = 27, 
a = 15 tan 27t. 


A-4 


35. 


Selected Answers 


(C) The speed of the light spot on the wall increases as ¢ 
increases from 0.00 to 0.24. When t = 0.25, 
a = 15 tan(7/2), which is not defined. The light 
has made one-quarter turn, and the spot is no longer 


on the wall. 
t(sec)| 0.00 0.04 0.08 0.12 0.16 0.20 0.24 
a (ft) | 0.00 3.85 8.25 14.09 23.64 46.17 238.42 
36.1 mph 


Exercise 2.3 


1. 


sin x = 4/5, cos x = 3/5, tanx = 4/3, cot x = 3/4, 
sec x = 5/3, csc x = 5/4 


. sinx = 1/V2, cos x = 1/V2, tan x = 1,cotx = 1, 


sec x = V2, csc x = V2 


. sinx = V3/2, cos x = —1/2, tanx = —V3, 


cot x = —1/V3, sec x = —2, ese x = 2/V3 


. sinx = 3/5, cos x = 4/5, tan x = 3/4, cot x = 4/3, 


sec x = 5/4, csc x = 5/3 


. sinx = —24/25, cos x = —7/25, tan x = 24/7, 


ll 


7/24, sec x = —25/7, csc x = —25/24 


cot x 


. sinx = 5/13, cos x = —12/13, tan x = —5/12, 


cot x = —12/5, sec x = —13/12, csc x = 13/5 


. cos 9 = 4/5, tan@ = 3/4, cot = 4/3, sec 6 = 5/4, 


esc 8 = 5/3 


. sind = —12/13, tan@ = —12/5, cot@ = —5/12, 


sec 6 = 13/5, csc 9 = —13/12 


. sinx = —3/V13, cos x = —2/V13, cot x = 2/3, 


sec x = —V13/2, csc x = —V13/3 


. sinx = 2/V5, cos x = 1/V5, tan x = 2, sec x = V5, 


esc x = V5/2 


. sinx = -1/V2,cos x = 1/V2,tanx = —1, 


cotx = —l,csex = —V2 


. sinx = —24/25, cos x = —7/25, tan x = 24/7, 


cot x = 7/24, sec x = —25/7 


. No. For all those values of x for which both are defined, 


cos x = 1/(sec x); so, either both are positive or both 
are negative. 


. 0.8829 29. —0.2910 31. —1.530 
- —0.8829 35. —0.9004 37. 1.100 
. —0.9749 41. 1.851 43. —2.475 


. sinx = 5, COS x = V3/2, tanx = 1/V3, csc x = 2, 


sec x = 2/V3, cotx = V3 


. sinx = —V3/2, cos x = 5, tanx = —V3, 
esc x = —2/V3, sec x = 2, cotx = -1/V3 
. LIV 57. I, Ill 59, LIV 61. Ill, IV 


63. 
67. 


69. 


71. 


73. 


75. 
77. 
83. 


89. 
95. 


97. 


99. 


101. 
103. 


Il, IV 65. Ill, IV 

cos x = —V3/2, tanx = -1/V3,cotx = —V3, 
sec x = —2/V3, csc x = 2 

sin x = —V5/3, cos x = 2/3, tanx = —V5/2, 

cot x = —2/V5, csc x = —3/V5 

sinx = —1/2, cos x = V3/2, tanx = —-1/V3, 

sec x = 2/V3, csc x = —2 

Yes, cos a = cos B, since the terminal sides of these angles 
will coincide and the same point P = (a,b) # (0,0) can 
be chosen on the terminal sides; cos a = a/r = cos B, 


where r = \/a* + b? # 0. 
Use the reciprocal identity cot x = 1/(tan x); 
cot x = 1/(—2.18504) = —0.45766. 
0.03179 79, 2.225 81. —14.82 
=2:372 85. 0.2243 87. —0.08626 
1.212 91. 0.8838 93. —1.587 
Tangent and secant; since tan x = b/a and 


sec x = r/a, neither is defined when the terminal side 
of the angle lies along the positive or negative vertical 
axis, because a will be 0 (division by 0 is not defined). 
(A) x = 1.2 rad 

(B) (a,b) = (5cos 1.2, 5 sin 1.2) = (1.81, 4.66) 

(A) x = 2rad 

(B) (a,b) = (1 cos 2,1 sin2) = (—0.416, 0.909) 
3.22 units 

sinx = — 1/V10, cos x = 3/V10, cot x = —3, 
sec x = V10/3, csc x = —V10 


105. k, 0.94k, 0.77k, 0.50k, 0.17k 


107. 


109. 


113. 
115. 


Summer solstice: E = 0.97k; winter solstice: 
E = 0.45k 
(A) 


n 6 10 100 1,000 10,000 


A, | 2.59808 2.93893 3.13953 3.14157 3.14159 


(B) The area of the circle is A = mr? = 7(1)? = a, 
and A, seems to approach 77, the area of the circle, 
as n increases. 

(C) No. An n-sided polygon is always a polygon, no 
matter the size of n, but the inscribed polygon can 
be made as close to the circle as you like by taking 
n sufficiently large. 

I = 24 amperes 


(A) 2.01; —0.14 (B) y = —0.75x + 3.74 


Exercise 2.4 


9. 
15. 


29.3° 11. 25.1° 13. 24.4° 
The ball will appear higher than the real ball. The light 
path from the eye of a person standing on shore to the 


real ball will bend downward at the water surface 
because of refraction. But the ball will appear to lie on 
the straight continuation of the light path from the eye 
below the water surface. 

17. ng = 1.5 21. 40 km/hr 23. 84° 


25. 2.74 x 10!?cm/sec =—-27. —6°—s 29, 192 in. 


Exercise 2.5 
5. a=0@= 60° 


7. a = |—60°| = 60° 9. a = |-7/3| = 7/3 


13. a = 210°—180° = 30° 


Selected Answers A-5 


15. a = 57 /4—-7 = 7/4 


17.0 1%0 25 23.1 
25. 2/V3, 27. -1 

29. Notdefined 31. —1/V/2 

33. -V3 35. -1/V2. 37. -V3 

39. Notdefined 41. -V3/2 43.1 45. -V2 


47. The tangent function is not defined at 9 = 7/2 and 
6 = 37/2, because tan @ = b/a anda = 0 for any 
point on the vertical axis. 


49. The cosecant function is not defined at 80 = 0,0 = 7, 
and @ = 277, because csc 6 = r/b and b = 0 for any 
point on the horizontal axis. 


51. sin(—45°) = -1/V2 53. tan(—7/3) = —V3 
55. (A) 30° (B) 7/6 57. A) 120° (B) 27/3 
59. (A) 120° (B) 27/3 63. Al 0.9525 
65. (A) Both 1.6 (B) Both —1.5 (C) Both 0.96 
67. (A) Both —0.14 (B) Both0.23 (C) Both 0.99 
69. (A)1.0 (B) 10 (©) 1.0 
7; 73. csc x 13s CSC.X 77. cos x 
79. 240°, 300° = 81. 57/6, 1177/6 =~ 83. 37/4 
85. 77/6 
87. (A) x = 14,y = 7V3 

(B) x = 4/V2,y = 4/vV2 

(C) x = 10/V3, y = 5/V3 
89. s = cos !0.58064516 = 0.951 = sin | 0.81415674 
91. (A) Identity (4) (B) Identity (9) (C) Identity (2) 
93.27 95. 1 


99. 5; = 1, 5) = 1.540302, 53 = 1.570792, s4 = 1.570796, 
85 = 1.570796; 1/2 © 1.570796 


Chapter 2 Review Exercise 

1. (A)7/3 (B) 7/4 (C) a/2 [2.1] 

2. (A) 30° (B) 90° (C) 45° [2./} 

3. Acentral angle of radian measure 2 is an angle subtended 
by an arc of twice the length of the radius. [2./] 


A-6 


14. 
15. 


16. 


17. 


18. 
21. 
22. 
23. 


24. 


25. 


. (A) 0.9171 


Selected Answers 


An angle of radian measure 1.5 is larger, since the 
corresponding degree measure of the angle would be 
approximately 85.94°.  [2./] 
(A) 874.3° (B) —6.793 rad 
185 ft/min [2.2] 7. 80 rad/hr 
sind = 3;tan@ = —3 [2.3] 
No, since csc x = 1 /sin x, when one is positive so 
is the other. [2.3] 
(A) 0.7355 (B) 1.085 
(B) 0.9099 
(A) 0.9394 (B) 5.177 

(A) a = 60° 

A 


[2.7] 
[2.2] 


[2.3] 
[2.3] 
[2.3] 


(A) V3/2 (B) 1/V2, (©) 0 [2.5] 

(A) (1,0) (B) (-1,0) © OD) WM) 0) 
(E) (-1,0) ® (0,-1) [2.3] 

(A)Otol (B) 1to0 (C) 0to-1 (D) -1tod 
(E) Otol (F) 1to0 [2.3] 


—117/6 and 1377/6: When the terminal side of the 
angle is rotated any multiple of a complete revolution 
(27 rad) in either direction, the resulting angle will be 
coterminal with the original. In this case, for the 


restricted interval, this happens for 7/6 + 27. [2./] 
42° [2./] 19.6cm [2.1] 20. 537/45 [2.1] 
15° [2.1] 


(A) -3.72 (B) 264.71° [2.1] 

Yes, since 0; = (180°/z rad)0,, if 0, is tripled, then 0, 
will also be tripled. [2./] 

No. For example, if a = 7/6 and B = 57/6, a and B 
are not coterminal, but sin(z/6) = sin(57/6). [2.3] 
Use the reciprocal identity: 


csc x = 1/sin x = 1/0.8594 = 1.1636. [2.3] 


26. 
27. 
29. 
31. 
33. 
35. 
37. 
39. 
41. 
43. 
44. 
46. 
48. 
50. 


51. 
53. 
54. 
55. 
57. 


58. 
59. 


60. 
63. 


64. 


65. 


66. 
68. 
70. 
71. 
73. 
753 


0; not defined; 0; not defined [2.5] 
(A)I (B) IV. [2.3] 28. —0.992 
—4.34 [2.3] 30. -1.30 [2.3] 
0.683 [2.3] 32. 0.284 [2.3] 
0.864 [2.3] 34. -V3/2 
—1 [2.5] 36. -1 [2.5] 

0 [2.5] 38. V3/2 [2.5] 
—2 [2.5] 40. -1 [2.5] 

Not defined [2.5] 42.5 [2.5] 
tan(—60°) = —V3_ [2.5] 
0.40724 [2.3] 45. —0.33884 
0.64692 [2.3] 47. 0.49639 [2.3] 

cos @ = 2;tand = —% [2.3] 49. 7n/6 [2.5] 
cos 8 = V21/5, sec @ = 5/V2I, csc 0 = -3, 
tan@ = —2/V21, cot@ = —V21/2 [2.3] 

135°, 315° [2.5] 52. 5a/6,77/6 [2.5] 

(A) 20.3cm (B) 4.71cm_ [2./] 

(A) 618 ft? (B) 1,880 ft [2./] 

215.6mi [2./] 56. 0.422 rad/sec [2.2] 

A radial line from the axis of rotation sweeps out an 
angle at the rate of 127 rad/sec. [2.2] 

All 0.754 = [2.3] 
(A) Both —0.871 


[2.3] 


[2.5] 


[2.3] 


(B) Both —1.40 


(C) Both —3.38  [2.3} 
(D) [2.5] 61. cosx [2.5] 62. cosx [2.5] 
Since P = (a, b) is moving clockwise, x = —29.37. 


By the definition of the trigonometric functions, 

P = (cos(—29.37), sin(—29.37)) = (—0.4575, 0.8892). 

P lies in quadrant II, since a is negative and b is 

positive. [2.3] 

The radian measure of a central angle @ subtended by an 

arc of length s is @ = s/r, where r is the radius of the 

circle. In this case, 9 = 1.3/1 = 1.3 rad. [2./] 

Since cot x = 1/(tan x) and csc x = 1/(sin x), and 

sin(k7r) = tan(k7r) = 0 for all integers k, cot x and 

csc x are not defined for these values. [2.3] 

x= 47/3 [2.5] 67. s = 0.8905 unit [2.5] 

57m [2./|) 69. 5.74units [2.3] 

200 rad, 100/7 * 31.8 revolutions [2./] 

7.5 rev, 15 rev [2.1] 72. 62 rad/sec [2.2] 

16,400 mph [2.2| 74. —17.6 amperes [2.3] 

(A) L = 10 csc @ + 2 sec 0 

(B) As @ decreases to 0 rad, L increases without bound; 
as @ increases to 77/2, L increases without bound. 
Between these extremes, there appears to be a value 
of 6 that produces a minimum L. 


(C) 
0 rad 0.70 0.80 0.90 1.00 
L ft 18.14 16.81 15.98 15.59 
0 rad 1.10 1.20 1.30 
Ltt 15.63 16.25 17.85 


Selected Answers A-7 


(D) L = 15.59 ftfor @ = 1.00 rad [2.3] 
76. B = 233° [2.4] 77. a= 411° [2.4] 
78. 11 mph [2.4] 


CHAPTER 3 
Exercise 3.1 
1. 27, 27, 7 
7. (A) lunit (B) Indefinitely far (C) Indefinitely far 
9, —39/2, —7/2, 7/2,37/2 11. —27, —7,0, 7, 27 
13. No x intercepts 
15. (A) None (B) —27, —7, 0, 7, 277 
(C) —32/2, —a/2, 1/2, 37/2 


17. ay 


— 
x 
19. 
= 
x 
21. AY 
| | 
| | 
| | 
| | 
| | 
| | 
0 7 QT x 
| | 
| | 
| | 
| | 
23. re 
I 
| 
I 
| 
| 
| 
ee Ir a7 ~ ; 
i 1 Arvitis > 
PN 7710 T 
aSi* f 
| 
| 
| 
| 
| 


25. (A) 2 
29 Qn 
= 
(B) 2 
29 Qa 
=9 


(C) The mode setting is crucial. Degree mode will 
make the graph totally different. 


27. (A) y=3sinx y=sinx 
y = —2sinx 


=3 


(B) No (C) 2 units; 1 unit; 3 units 
(D) The deviation of the graph from the x axis is changed 
by changing A. The deviation appears to be | Al. 


29. (A) 


y = COs 2x y = COS X 


y = cos 3x 


ee 


(B) 1;2;3 (C)n 


A-8 


Selected Answers 


31. (A) 


33. 


35. 


37. 


39. 


43. 


y = sin(x + 77/2) 
y = sin(x — 7/2) y = sinx 


1.5 


=,5. 


(B) The graph of y = sin x is shifted |C| units to the 
right if C < 0 and |C| units to the leftifC > 0. 

For each case, the number is not in the domain of the 

function and an error message of some type will appear. 

(A) The graphs are almost indistinguishable when x is 
close to the origin. 


(B) 
x | —0.3 —0.2 =0:1 
tan x | —0.309 —0.203 —0.100 
x 0.0 0.1 0.2 0.3 
fan x 0.000 0.100 0.203 0.309 


(C) Itis not valid to replace tan x with x for small x if x 
is in degrees, as is clear from the graph. 

For a given value of 7; the y value on the unit circle and 

the corresponding y value on the sine curve are the 

same. This is a graphing calculator illustration of how 

the sine function is defined as a trigonometric function. 

See Figure 3 in this section. 

37/2 41. 37/2 


Sunrise times 


Months 


AY 
gt a(x) 
6E 
4y Original data 
2 f@) 
1 1 1 1 i 1 
0 10. 15 25 
—2F Transformed data 


Exercise 3.2 


7. Amplitude = 2; period = 27 
AY 


9. Amplitude = 53 period = 27 
¥ 


1 
0 
=i. 


11. Amplitude = 1; period = 1 
AY 


13. 


15. 


17. 


19. 


21. 
23. 
25. 


27. 


Amplitude = 1; period = 87 


Amplitude = 2; period = 7/2 


y 


Amplitude = 3 period = 47 
AY 
1 L 
47 277 
1 1 1 1 — 
—li | 47 x 
—] 


y = 3sin(at/2) or y = —3 sin(at/2) 
y = 9cos(10zr) 


Since P = 27/B, P approaches 0 as B increases 


without bound. 


AY 


29. 


31. 
35. 
39. 


41. 


43. 


45. 


Selected Answers 


y =Ssin2x 33. y = —4 sin(ax/2) 
y = 8cos(x/4) 37. y = —cos(7x/3) 
y = 0.5 sin 2x 


(A) C = Oand -7/2: 


1.5 


7 Py : 
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C = Oand 7/2: (D) Max vol = 0.85 liter; Min vol = 0.05 liter 
1.5 1 


29 2a 0 8 


=15 0 


65. 


(B) If C < 0, then the graph of y = sin x is shifted 
|C| units to the right. If C > 0, then the graph of 
y = sin x is shifted C units to the left. 
217Xx 


47. p=7 49. y = 2cos 


51. 0.05 sec 53. 0.002 sec 
55. Amplitude = 110; period = a sec; frequency = 60 Hz 


67. (A) The data for 6 repeat every 2 sec, so the period 
is P = 2 sec. The angle 0 deviates from 0 by 
25° in each direction, so the amplitude is 


| A| = 25°. 
= (B) 6 = Asin Bt is not suitable because, for example, 
t when ¢t = 0, A sin Bt = 0 no matter what the 
choice of A and B. 0 = Acos Bt appears suitable 
because, for example, if t = 0 and A = —25, then 


we can get the first value in the table—a good start. 
Choose A = —25 and B = 27/P = 7, which 
yields 9 = —25 cos wt. Check that this equation 
produces (or comes close to producing) all the 
values in the table. 


57. E = 12cos80at 59. No; they are 24.7 kg 
61. (A) 2,220 kg 
(B) y = 0.2 sin 2at 


C 
(C) (C) 


63. (A) Max vol = 0.85 liter; Min vol = 0.05 liter; 69. (A 
at. . at . » (A) 
0.40 cos “> is maximum when COS *> is | and is 


minimum when cos 3: is —1. Therefore, 
max vol = 0.45 + 0.40 = 0.85 liter and t(sec) O 3 6 9 12 15 18 21 24 


min vol = 0.45 — 0.40 = 0.05 liter. 
(B) 4.00sec (C) 60/4 = 15 breaths/min A(fi} 28 13 =2 13 28 13 =2 13 28 


Selected Answers A-11 


(B) 33.1 5. Phase shift = —7/2 


26.4 


#Y 


=F 


(C) Period = 12 sec. Because the maximum value of 
h = k + Acos Bt occurs when t = 0 (assuming A 7. Phase shift = 1/4 
is positive), and this corresponds to a maximum 
value in Table 3 when ¢ = 0. 1 

(D) h = 13 + 15 cos(at/6) 

(E) 33.1 


—2.4 26.4 
9. 
=F 
es 
71. t = 23.25 — 3.75 sin( =) 
AY 

30F 
257 
204 aye * 
15- 11. Amplitude = 2; period = 7; phase shift = —7/2 
10+ 
5 J 
OP 2468012 x 


TX 


73. g = 1,339 + 624 sn( 6 ) 


& 
2,000 13. Both have the same graph; thus, cos(x — 7/2) = sin x 
1,500 for all x. 
1,000 4? 
500 
i 1 i 1 > 
0 6 12 18 24 x 


Exercise 3.3 


1. The graph with no phase shift is moved 2 units to 
the left. 


A-12 Selected Answers 


15. 33. Amplitude = 18; period = 0.5; phase shift = —0.137 
20 
0 2 
17. 


35. x intercept: —1.047; y = 2 sin(x + 1.047) 


3 
19. (B): The graph of the equation is a sine curve with a =o a 
period of 2 and a phase shift of 7, which means the sine 
curve is shifted 5 unit to the right. 
=3 


21. (A): The graph of the equation is a cosine curve with a 

period of 7 and a phase shift of —7r/4, which means the 

cosine curve is shifted —7/4 unit to the left. 37. x intercept: 0.785; y = 2 sin(x — 0.785) 
23. y = 5sin(ax/2 — 7/2) 


3 
25. y = —2cos(x/2 + 7/4) 
27. Amplitude = 2; period = 27/3; phase shift = 7/6 
_ 7-7 7 
E 3 =3. 


39. x intercept: —0.644; y = 5 sin(2x + 1.288) 


By 
| , a= 7 
2 2 
a 
4n Sa x 
—5 


3: 3 3. 3 


29. 


i) 
4 

WIA 
q 
i) 
3 


31. Amplitude = 2.3; period = 3; phase shift = 2 41. x intercept: 1.682; y = 3 sin(x/2 — 0.841) 


2.5 


=25 


43. 


45. 


47. 
49. 


Amplitude = 5 m; period = 12 sec; 
phase shift = —3 sec 


Amplitude = 30; period = a; frequency = 60 Hz; 
phase shift = a 


TX 7 


(A) y = 517 — 406 cos( =) 
(A) 


. (A) 


TABLE 1 
Distance d, t Seconds After the Second Hand 
Points to 12 


t(sec) | 0 5 10 15 20 25 30 


d(in.) |0.0 30 52 60 52 3.0 00 


t(sec) | 35 40 45 50 55 60 


d (in.) 3.0 —5.2 -6.0 -—5.2 —3.0 0.0 


TABLE 2 
Distance d, t Seconds After the Second Hand 
Points to 9 


t(sec) |O0 5 10. 45 20: 25 


d(in.) | -6.0 —5.2 -3.0 0.0 30 5.2 


t(sec) | 30 35 40 45 50 55 60 


d(in.) |60 52 3.0 0.0 -3.0 —5.2 —6.0 


(B) From the table values, and reasoning geometrically 
from the clock, we see that relation (2) is 15 sec 
out of phase with relation (1). 


A-13 


Selected Answers 


(C) Both have period P = 60 sec and amplitude 
|A| = 6. 


: Tt \ _ . Tt T 
(D) (1)d=6 sn( 30 ): Q)d=6 sin( 30 5 ) 


t 
(E) d=6 sin( + =), phase shift = —15 sec 
(F) 6 
0 120 
—6 


(B) | A] = (Max y — Min y)/2 = (85 — 50)/2 = 17.5; 
period = 12 months, therefore, B = 277/P = 77/6; 
k = |A| + Min y = 17.5 + 50 = 67.5. From the 
scatter plot it appears that if we use A = 17.5, then 
the phase shift will be about 3.0, which can be 
adjusted for a better visual fit later, if necessary. 
Thus, using Phase shift = —C/B, 

C = —(7/6)(3.0) = —1.6, and 

y = 67.5 + 17.5 sin(at/6 — 1.6). Graphing this 
equation in the same viewing window as the scatter 
plot, we see that adjusting C to —2.1 produces a 
slightly better visual fit. Thus, with this adjustment, 
the equation and graph are 


y = 67.5 + 17.5 sin(at/6 — 2.1) 


90.95 


26.3 


44.05 
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(C) y = 68.7 + 17.1 sin(0.5t — 2.1) (C) Six periods 
90.95 10 


44.05 —10 


(D) The regression equation differs slightly in k, A, and 3. I = 20cos60mt 5. 30 ft; 1,311 ft; 82 ft/sec 
B, but not in C. Both appear to fit the data very well. 7. 
55. y = sin2ax/23 


aa 
x 


9. (A) y=2 sin r (B) T = 393 sec 


11. (A) The equation models the vertical motion of the 
wave at the fixed point r = 1,024 ft from the 
source relative to time in seconds. 

Ay (B) The appropriate choice is period, since period is 


57. y = sin2ax/33 


defined in terms of time and wavelength is defined 
in terms of distance. Period T = 10 sec. 
(C) 25 
coal 
x 
0 20 
a7 AY Physical —25 
\ Emotional 
05 “intellectual 13. Period = 10° sec;A = 3m 
‘ 15. B = 27 x 108 
0 0x 17. Period = 10~° sec; frequency = 10° Hz; no 
0.5 19. (A) Simple harmonic 
1 5 
Exercise 3.4 ; 5 


1. (A) Amplitude = 10 amperes; frequency = 60 Hz; 
phase shift = 1/240 sec 
(B) The maximum current is the amplitude, which is 
10 amperes. =5 


21. 


23. 


(B) Damped harmonic 


3] 


=5 


(A) High: 49 ft after 2.97 sec; low: 24 ft at 0 sec 


(B) Five times 


(C) 32 sec 


Men: m(x) = 36.7 — sin(ax/12) 
Women: w(x) = 35.65 — 2.45 sin(ax/12) 


39 


37¢ 


Men 


Women 


1 i 
4 8 12 16 20 24 


Exercise 3.5 


3. 


> 
x 


Selected Answers 


A-15 


A-16 


21. (A) 


-1 
4 
0 
4 
‘WAP 
0 
4 
0 


Selected Answers 


An 


An 


(B) Sawtooth wave form 


(C) 


3 


Ay 


—4r 0) 


23. V = 0.45 — 0.35 cos(mt/2),0 <1 <8 


27. 


29. 


1 1 1 1 é | 1 1 1 1 1 1 — 
Ol 26 52 78 104130156 ft 


Weeks 
(B) $11.5 million (C) $4 million 
(A) 0.3 
0 0.004 


(B) 
0.0005 }- 0.0015 
0.15 
J 
0 0.011 
—0.15 
0.15 
2 
0 0.011 
—0.15 
0.15 
¥3 
0 0.011 


—0.15 


Selected Answers A-17 


0.15 33. (A) yo = 65sin(400at — 7) 
(B) y2 added to y; produces a sound wave of 0 
amplitude—no noise. 


65 
0.011 


0 0.01 


—0.15 


The period of the combined tone is the same as the period of 
the fundamental tone. 
31. (A) Constructive 


4 
Ag 
-4 


(B) Constructive (B) f(x) = 0.167x + 375 


4 390 
| AAG : 
-4 


(C) Destructive 


4 
| PV : 
-4 


(D) Destructive 


4 
16909} 
—4 


370 


(C) 
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(E) 390 13. Period = 27 


370 


Exercise 3.6 


5. A makes the graph steeper if |A| > 1 and less 


steep if |A] < 1. If A < 0, the graph is turned 15 
upside down. 
‘i 
7 Ay AD 
I I } I 
I I } I 
| | | | | I 
I I I | 
3¢ I | I I 
| | 2 I | | | 
| | Ir | 37 | | Tr | 
| | = = = = 
0 | m | = * a T 2a cares 4ar 57 67 ia 8a x 
ey, I I I I 
= 3 } | | | 
I I I I 
17. Period = 1 
9 Ay 
I 
I 
I 
I 
I 
I 
—1T ee | 
pout path 
PSs _7,|0 ac 
— TF | ss 
| x 
| 
| 
I 
| 
11. Period = 7/2 
Ay 19. 
AY 
1 1 oF 4 1 
0.17 
7 a 0 ju oF L L n — 
2 2 —67 —0.1 67 x 
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Selected Answers 


31. Period = 1; phase shift = 1 
33. Period = 2; phase shift = 5 
AY 

2 \J 
0 2 
(\ p=2 (\ 


29. y = 2csc 2x 
y = sec 2x 


35. 


[= 
N 


= 7/2 
> 
x 
1 
2 
y 
| 
ME 
ii 
| 
| 


} 
I 
} 
} 
} 
I 
I 
| 
T 
2 
I 
I 
I 
I 
} 
I 
I 
1 
1 


Phase shift 


> 


AY 


AY 


a; phase shift = 7/4 


23. Period = 2; phase shift 


21. Period = 7/2; 
25. Period 


[3.7] 

[3.1] 
[3.1] 
[3.1] 


Selected Answers 


37. y = cot 3x 


A-20 


= = 
NS ~ 
ae) * 
— — 


(C) a increases without bound. 


(A) a = 15 tan 27t 


(B) 


=a 
Chapter 3 Review Exercise 


39. 


10. 


11. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 
19. 


20. 


21. 


Selected Answers 


[3.2] 
32 
A 22. 
Ls 
0 1 2x [3.3] 
23. Ay 
—1I- [3.2] 1 
y 
P) 
4 s > 
3 " a) 2 a * 
2 
1 
0 
[3.2] 
All six trigonometric functions are periodic. This is the 24. ; 
key property shared by all. [3./] s 
If B increases, the period decreases; if B decreases, the i 
period increases. [3.2] 
If C increases, the graph is moved to the left; if C i 
decreases, the graph is moved to the right. [3.3] | 
(A) cosecant (B) cotangent (C) sine [3./] =) =4 0 i 5 = 
Period = 2/3; amplitude = 3 [3.2] 
Period = 47; amplitude = 1/4; phase shift = 47 [3.3] 
I I I I 
Period = 3 [3.6] ! ! ! 
Period = 7; phase shift = —7 [3.6] 
Period = 1; phase shift = 2 [3.6] 25. Ay 
Period = 27/5 [3.6] 1 \ J 1 1 
y 3¢ 
: > 
=1 0 1 Dix 


[3.2] 


A-21 


[3.6] 


[3.6] 


[3.6] 
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26. AY 
I 1 I 
yi 
27 
=—— = —— _ > 
—1 0 TT 39 x 
<2 
[3.6] 
27; fe 
E > 
—7 [ 7 Xx 
[3.6] 


28. (A) y is y; with half the period. 
(B) y2 is y reflected across the x axis with twice the 
amplitude. 
(C) yy = sinwx;y. = sin 27x 
(D) y; = cos 7x3 yy = —2cosmx [3.2] 
29. y=3 + 4sin(ax/2) [3.2] 
30. y = 65sin 2007t [3.2] 
31. (2) yo = y; + y3: For each value of x, yz is the sum of 
the ordinate values for yj and y3._ [3.5] 


32. 


2 
0 2 
? [3.5] 
43, ; 
0 re 


—3 [3.5] 


34. y =4+ $c0s 2x 


[3.2] 
35. 
—3r 
[3.5] 
36. (A) y = secx 
BI 
“LALAL 
—5 
(B) y = csc x 
5 
20 27 
ama 
=> 


Selected Answers A-23 


(C) y = cotx 42. x intercept: —0.464; y = 2 sin(2x + 0.928) 
5 
2 
- : . RF 
7 7 
=5 = [3.3] 
D =t 
Casta 43. (A) 2 
By 
—27 27 
=29r 27 
=2 
=> [3.6] 
(B) 2 
37. A horizontal shift of 77/2 to the left and a reflection 
across the x axis [3./] 
38. ) 
4 20 27 
r2 
= 
=I 0 lx (C) 2 
—2 L 
[3.6] —20 20 
39. Ay 
10 C I I I =2 
SF 


(D) As more terms of the series are used, the resulting 
7 approximation of sin x improves over a wider 


z ge interval. [3./| 
44. p=q7 [3.1, 3.2] 
45. y = —4cos l6omt; y = A sin Bt cannot be used to 
model the motion, because when t = 0, y cannot equal 
[3.6] —4 for any values of A and B. [3.2] 


46. P =1 + cos(7n/26),0 = n = 104; 
y = k + Asin Bn will not work, because the curve 
starts at (0, 2) and oscillates | unit above and below 


40. y= 2sin2ax [3.2] the line P = 1; a sine curve would have to start 
41. y = —sin(ax — 7/4) [3.3] at (0,1). [3.2] 


A-24 Selected Answers 


47. (A) 179kg (B) y = 0.6 sin(2.5zr) 


cy gy 


— 0.6 [3.2] 


48. (A) Period = 3 sec; B = 5607 
(B) Frequency = 400 Hz; B = 8007 
(C) Period = a sec; frequency = 350 Hz [3.2] 
49. E = 18cos60mt [3.2] 
50. Amplitude = 6 m; period = 20 sec; phase shift = 5 sec 


AY 
6 


wal 


~6 [3.3] 


51. Wave height = 24 ft; wavelength = 184 ft; 
speed = 31 ft/sec [3.4] 


52. Period = 107) sec; wavelength = 3 X 107m [3.4] 
53. (A) Simple harmonic 


3 


56. 


(B) Resonance 


54. 


55. 


(C) 


(A) 


(B) 


(A) 
(B) 


(C) 


(A) 


(B) 


(C) 


Damped harmonic 


3 
0 2 
=3 [3.4] 
40 
0 24 
0 


It shows that sales have an overall upward trend 
with seasonal variations. [3.5] 


h = 1,000 tan 0 
20,000 
0 a2 
0 
As @ approaches 77/2, h increases without 


bound. [3./] 

The data for 9 repeat every second, so the period is 
P = 1 sec. The angle 6 deviates from 0 by 36° in 
each direction, so the amplitude is |A| = 36°. 

0 = Acos Bt is not suitable, because, for example, 
for t = 0, A cos Bt = A, which would be 36° and 
not 0°. 6 = Asin Bt appears suitable, because, 
for example, if t = 0, then 6 = 0°, a good start. 
Choose A = 36 and B = 27/P = 27, which 
yields 0 = 36 sin 27. 


[3.2] 


57. (A) 20 


16 
(B) y = 18.22 + 1.37 sin( & 17) 
(C) 20 


[3.3] 


Cumulative Review Exercise Chapters 1-3 


1. 43.53° [J] 2. 1.55rad [2.1] 
3. 213rad  [2./] 4. 157.56° = [2./] 
5, —83°5’ [2.1] 
6. sin@ = 24/25; cos@ = 7/25; tan@ = 24/7; 
cot @ = 7/24; sec @ = 25/7; csc @ = 25/24 
7. Third leg = 6.9 in.; acute angles are 58° and 32° 
8. (A) 0.9537 (B) —0.2566 (C) —0.8978 [2.3] 
9. (A) —2.538 (B) 2.328 (C) 1.035 [2.3] 
WW. (A)a=2 By a= 45° 
A 
A 
lla 
“6 
eT 
| 
P 
11. (A) 


[2.3] 
[7.3] 


12. 


14. 


22. 


23. 


24. 


Selected Answers 


Aoi? 


(B) 


—l27 


[3.3] 


(C) 


cel [3.1] 


The central angle of a circle subtended by an 

arc that is 1.5 times the length of the radius of the 
circle. [2.1] 

Yes. For example, for any x such that 7/2 < x < 7, 
cos x is negative and csc x = 1/(sin x) is positive. 
No. The sum of all three angles in any triangle is 
180°. An obtuse angle is one that has a measure 
between 90° and 180°, so a triangle with more than 
one obtuse angle would have two angles whose 
measures add up to more than 180°, contradicting 


[2.3] 


the first statement. [/.3] 
43°30’ {/.3] 16. 20.94 cm [14,21] 
31.4 cm/min [2.2] 18. 8 [i.2] 
47/15 [2.2] 
. (A) Degree mode (B) Radian mode [2.3] 


. Yes. Each is a different measure of the same angle, 


so if one is doubled, the other must be doubled. This 
can be seen from the conversion formula 

6, = (7/180)0g. [2.1] 

Use the identity cot x = 1/(tan x). Thus, 

cot x = 1/0.5453 = 1.8339. [2.5] 
(A) -1/V2 (B) —V3/2 
(D) Not defined [2.5] 

sin = V5/3, tand = —V5/2, sec 0 = 3, 
esc 0 = 3/V5, cot@ = —2/V5_ [2.3] 


(C) V3 


A-26 


25. sin(—7/3) = 
-V3/2. 


26. Period = 7; amplitude = 


Selected Answers 


27. Period = 27; amplitude = 2; phase shift = 7/4 


28. Period = 7/4 
y 


10 


—10 


29. Period = 47 


nly 


oe | 


ey 


—0.8660 is not exact; the exact form is 
[2.5] 


[3.3] 


[3.6] 


[3.6] 


30. 


31. 


32. 
33. 
34. 
35. 
36. 
37. 


38. 


Period = 2 
AY 
ab 
L L j _— 
=2 lt = 1 2x 
[3.6] 
Period = 1; Phase shift = -4 
AY 
y SE 
> 
vl 1 2 3 x 
SP [3.6] 
y = —2sin(27x) [3.2] 
y=1+2cosmx [3.2] 
secx [2.6] 
210°, 330° [2.5] 
44.1 in.; 57.8°; 32.2° [1.3] 
2, 
0 27 
2 [3.5] 
ye 5 = 5 cos 2x 
2 
= 7 
[3.2] 


39. 4 
—27 2a 
—2 
AY 
4e 
FNS , 
—20 -— 7 L 7 27 Xx 
~2r [3.5] 
1 1 
40. sind = 7 , cos 8 = ,cot@ = —, 
l+a@ l+a@ a 


Vita 
csc 0 = “seco= Vita 2.3, 2.5] 
a 


41. 18.37 units [2.3] 

42. Since the point moves clockwise, x is negative, and the 
coordinates of the point are: 
P = (cos(—53.077), sin(—53.077) ) 

= (—0.9460, —0.3241). The quadrant in which P lies 

is determined by the signs of the coordinates. In this 
case, P lies in quadrant II, because both coordinates are 
negative. [2.3] 

43. s = sin | 0.8149 = 0.9526 unit, or 
s = cos ! 0.5796 = 0.9526 unit [2:3] 

44, y = 4sin(ax — 77/3) [3.3] 


45. x intercept: 1.287; y = 3 sin( 3 = 0.6435 


3 
- Aq : 
=3 [3.3] 
46. (A) y= tanx 
5 


47. 
49. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 


58. 


Selected Answers A-27 


5 
Ney . 
(D) 
—5 


773 mi [1.1, 2.1] 48. 45cm? E02] 

41°; 36 ft {/.4] 50. + ft [1.2, 1.4] 

1.7°;5% [1.4] 

Building: 51 m high; street: 17 m wide [/.4] 

(A) L.7mi (B) 1.3mi_ [/.4] 

(A) 942 rad/min (B) 64,088 in./min [2.2] 

27.8° [2.4] 

84° [2.4] 

(C) cos x approaches | as x approaches 0, and (sin x)/x 
is between cos x and 1; therefore, (sin x)/x must 
approach | as x approaches 0. [2./, 2.3} 

(A) 


[3.6] 


| 
a 
= 
i 
—_ 
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(C) cos x approaches | as x approaches 0, and (sin x)/x 64. (A) Damped harmonic motion 
is between cos x and 1; therefore, (sin x)/x must 


4 
approach | as x approaches 0. This can also be 
observed using TRACE}. [2./, 2.3] 
59. y = 3.6 cos 127t; no, because when t = 0, y will be 0 
no matter what values are assigned to A and B. [3.2] 0 4 
60. (A) Amplitude = 12; period = 4 sec; 
frequency = 30 Hz; phase shift = a sec 
(B) = 


12 


4 
~12 [3.2] 0 4 
61. Period = 2X 10sec [3.4] 
62. (A) L = 100 csc @ + 70sec 0,0 <0 < 7/2 
—4 


(C) 


TABLE 1 


0 (rad) 0.50 0.60 0.70 0.80 


4 
L (ft) 288.3 261.9 246.7 239.9 
0 (rad) 0.90 1.00 1.10 
0 4 
L (ft) 240.3 248.4 266.5 
From the table, the shortest walkway is 239.9 ft 
when 6 = 0.80 rad. =a [3.4] 
(D) The minimum L = 239.16 ft when 6 = 0.84 rad. 
65. (A) 60 
| maa , 
[2.3; 3:2] 0 
63. (A) d = 50 tan 0,0 < 0 < 7/2 (B) 6 = 40at (B) The sales trend is up but with the expected seasonal 
(C) d = 50 tan 407t variations. [3.5] 
(D) d increases without bound as ¢ approaches ui min. 66. (A) 15 
800 i 
0 alk 
80 
[2.2] 
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_( mx 55. Yes 57. No 
(B) y = 454 26 sin 6 22 59. (A) 1 (B) 1 
61. 1,1 63. II, I 65. All 
(C) 75 67. LIV 69. acos x 71. asec x 
x y’ 
73. (A) —~ +—~—=1 
(A) 25 16 
(B) Elliptical 
10 
[3.3] 
—10 10 
CHAPTER 4 
Exercise 4.1 = 
1. Reciprocal identities: csc x = 1/(sin x), 
sec x = 1/(cos x), cot x = 1/(tan x). Identities for y x2 
negatives: 73. (A) O25, = 
sin(—x) = —sin x, cos(—x) = cos x, (B) Hyperbolic 
tan(—x) = —tan x 
3. (1) is aconditional equation, and (2) is an identity. (1) is 10 
true for only one value of x and is false for all other 
values of x. (2) is true for all values of x for which both 
sides are defined. 
5. tanx = 2,cotx = 1/2,secx = V5, csc x = V5/2 —10 10 
7. sinx = —3/V10, tan x = —3, nn 
cot x = —1/3, sec x = V10 
9. sinx = —1/4,cosx = —V15/4, —10 
cotx = V15,csc x = —4 : 
11. 1 13. sec x 15. tan x 17. sec 0 Exercise 4.2 
19. cot? B 21. 2 1. sinx 3. cos x 5. sec x 
23. Not necessarily. For example, sin x = 0 for infinitely 7. escx 9, cotx 37. Yes 
many values (x = ka, k any integer), but the equation is 39. No 41. No 43. No 
not an identity. The left side is not equal to the right side 45. No 47. Yes 
for values other than x = kzr, k an integer; for example, 81. (A) No. Use/TRACE|and move from one curve to the 


when x = 7/2,sinx = 140. 


25. cosx = —V21/5, tanx = —2/V21, 
cot x = —V21/2, sec x = —5/V21, 
csc x = 5/2 

27. sinx = 1/V5,cos x = —2/V5, cot x = —2, 
sec x = —V5/2, csc x = V5 

29. sinx = V15/4,cos x = 1/4, tanx = VI5, 


cot x = 1/V15,cse x = 4/V15 


35. (A) —0.4350 (B) 1 — 0.1892 = 0.8108 
37. —coty 39. csc x 41. 0 

43. csc7x 45. cot w 47. No 
49. Yes 51. Yes 53. No 


other, comparing y values for different values of x. 
You will see that, though close, they are not exactly 
the same. 
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; pot =m 3 tanx — | 
(B) Outside the interval [—7r, 7] the graphs differ a ==. = 
widely. 1 + tan x 
2 
4 
—29 27 
20 27 
=2 
83. An identity 85. Not an identity 4 


87. Not anidentity 89. An identity 65. y, = sin3x cos x — cos3xsinx, yo = sin2x 


Exercise 4.3 


13. (V3 sin x + cos x) = 
15. 5(cos x — V3 sin x) 
UV. tanx + 1 19. V3 + tan x 7 ; 
1 — tanx 1 — V3tan x e ws 
—1 1 
21. —s 23. — = 
2V2 v2 
1 1 V14 
25. — 27.1 29-— +—— “2 
2 f 6 
$i 21 ag 1+ V120 67. y, =sin(ax/4) cos(3ax/4) + cos(ax/4) sin(37x/4) 
2) " -Vi5 — V8 ase 
35. No 37. Yes 39. No 41. Yes 
57. Find values of x and y for which both sides are defined 2 
and the left side is not equal to the right side. Evaluate 
both sides for x = 2 and y = 1, for example. 
59. Graph y,; = sin(x — 2) and y. = sin x — sin 2 in the =) 2 
same viewing window, and observe that the graphs are 
not the same: 
2 
=2 
73. 0=0.322rad = 75. (C) 3,940 ft 
29% 27 
Exercise 4.4 
1. cos x 3. cos x 5. sin x 
=2 
243 
61. y, = cos(x + 57/6), 7. > 9.2- V3 
yy = (—V3/2) cos x — (1/2) sin x 11. 
2 2 


- : “PAP 


13. 


33. 
39. 


45. 


47. 


49. 


51. 


53. 
55. 


5 
ea 7 
=5 
No 35. Yes 37. No 
Yes 41. No 43. No 
336 527 336 
sin 2x , COs 2x = ,tan2x = ——— 
625 625 527 
840 1,081 840 
sin 2x = , COS 2x , tan 2x = 
1,369 1,369 1,081 


sin(x/2) = ~\]7,c0s(x/2) = [2 


(A) Since @ is a first-quadrant angle and sec 26 is 
negative for 26 in the second quadrant and not for 
26 in the first, 20 is a second-quadrant angle. 

(B) Construct a reference triangle for 20 in the second 


quadrant with a = —4 andr = 5. Use the 
Pythagorean theorem to find b = 3. Thus, 
sin 20 = 2 and cos 20 = 2 


(C) The double-angle identities cos 20 = 1 — 2 sin? 0 
and cos 20 = 2. cos*@ — 1 
(D) Use the identities in part (C) in the form 


sin@ = V (1 — cos 26) /2 and 
cos 8 = V(1 + cos 20) /2. The positive radicals 


are used because @ is in quadrant I. 


(E) sin@ = 3/V10; cos 6 = 1/V10 


| 
Nv 
Nv 


Selected Answers 


57. (A) Approximation improves 


2 


| 
Nia 
rE] 


(B) Approximation improves 


p. 
Ce} 
=2 
59. 0=x=27 
2 
—29 27 
—2 
61. -27 SxS -T77Sx527 
63. si 5 11 ; 
. sinx = ,cOS xX = ,tanx = 
V 146 V 146 11 
7 z; 
65. sinx = ,cOSX = ,tan x = 
V53 V53 
4 7 
67. sin x ,cOS xX = ,tanx = -—— 
V65 V65 
x 
75. g(x) = cot— 
2 
Fe) 


A-31 


A-32 Selected Answers 


77. g(x) = csc 2x 


=5 


79. g(x) =2cosx—1 


81. 


vp sin 20 


83. (A) d=— 


(B) dis maximum when sin 20 is maximum, and sin 20 
is maximum when 20 = 90°—that is, when 


0 = 45°. 


(C) As @ increases from 0° to 90°, d increases to a 
maximum of 312.5 ft when 8 = 45°, 


decreases. 


Peereum ~\ 
¥=212.5 


85. (B) sin 20 has a maximum value of 1 when 26 = 90°, or 
0 = 45°. When 6 = 45°, V = 64 ft’. 
(C) Max V = 64.0 ft? occurs when 6 = 45°. 


TABLE 2 


@(deg) | 30 35 40 45 50 55 60 


V(f8) | 55.4 60.1 63.0 64.0 63.0 60.1 55.4 


(D) Max V = 64 ft’ when 6 = 45°. 


70 


87. x = 2V3 ~ 3.464 cm; 6 = 30.000° 89. cos @ = + 


Exercise 4.5 


1. 5 cos Sw + 2 cos 3w 3. 5 sin 3u — 5 sin u 
5. 5 sin 7B — 5 sin 3B 7. 5 cos m — 5 cos 7m 
9. 2 cos 46 cos 0 11. 2 cos 4u sin 2u 

13. 2sin4B cos B 15. 2 sin 3w sin 2w 


17. (2— V3)/4 194% 2 1/V2 23, 1/v2 


27. Let x =u + vandy = u — v, and solve the resulting 
system for u and v in terms of x and y. Then substitute 
the results into the first identity. 


37. No 39. Yes 
41. Yes 43. No 
45. y> = 3 (cos 8x + cos 2x) 


27 27 


47. y = 5 (sin2.4x — sin 1.4x) 57. 


Selected Answers 


- Ih, il 
—20 Qa i : 
(B) y, = cos(227x) — cos(267x) 
= Graph same as part (A). 


59. y = 2k sin517zt cos 5at; fy = 5 Hz 


49. yo = 2 cos 2x cos x 61. (A) 
0.8 
4 
0 0.25 
20 2a 
—0.8 
=4 (B) 
0.8 
51. yo = 2 cos 1.3x sin 0.8x 
4 0 0.25 
la 27 —0.8 
(C) 
0.8 


—4 
55. (A) 0 0.25 
2 
—0.8 
(D) y, = 0.6 sin 8071 sin 87t 
0 1 0.8 
; | tie - 


(B) y, = sin(187x) — sin(147x) 


Graph same as part (A). ; 
—0.8 
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Chapter 4 Review Exercise 


1. 


13. 


14. 
15. 
16. 
21. 


22. 


23. 
26. 
29. 


46. 
48. 


49. 
50. 


51. 


Equation (1) is an identity, because it is true for all 
replacements of x by real numbers for which both sides 
are defined. Equation (2) is a conditional equation, 


because it is true only for x = —2 and x = 3; it is not 
true, for example, forx = 0. [4./]} 
5=3 [44] 


V2 = 1/V2_ [4.4] 

5 COs Sh 5 cos 13t [4.5] 

2sin3wcos2w [4.5] 

The equation is not an identity. The equation is not true 
for x = 7/2, for example, and both sides are defined 
for x = 7/2. [4.1] 

Graph each side of the equation in the same viewing 
window and observe that the graphs are not the same, 
except where the graph of y; = sin x crosses the x axis. 


(Note that the graph of yy = O is the x axis.) [4./] 
2 

—29 27 

=2 
No [4./] 24. No [4./] 25. Yes [4.3] 
No [4.3] 27. No [4.3] 28. Yes [4.3] 
No [4.4] 30. Yes [4.5] 
1 3 
ee ad [4.5] 47. —V6/2 [4.5] 
sec x = -i, sinx = V5/3, esc x = 3/V5, 
tanx = —V5/2, cotx = —2/V5 [4./] 
sin 2x = 5, cos 2x x, tan 2x = 2 (4.1, 4.4] 
sin(x/2) = —3/V13, 
cos(x/2) = 2/13, tan(x/2) = -2 [4.2] 
tan(x + 7/4) = (tanx + 1)/(1 — tan x) 

5 
_— 7 7 


= [4.3] 


52. 


53. 


54. 


55. 
62. 


63. 


y2 = cos(1.8x) 


[4.3] 
Identities for —27 = x = 0 
2 
- == : 
-2 [4.4] 


(A) Not an identity; for example, both sides are defined 
for x = 0 but are not equal. 

(B) Anidentity [4.2] 

sin x = —5/V 26, cos x = 1/V26,tanx = —5 [44] 

g(x) =4+ 2cosx 


6 
7 mes ; 
—2 


[4.2] 


| 
Nia 
Re 
n n 
Nia 


[4.4] 


A-35 


Selected Answers 


64. 


65. 


66. 


67. 


68. 


= 2 — cos 2x 


a 


g(x 


| 

] 
1S | 

) 


=] 


= —2 + sec 2x 


4 


g(x 


> 
2 


— 


g(x) = 2 + cot(x/2) 


| 
iw) 
Q 
aA 
eat wn 
tN 
Q 


Wn Sx<-7,0S5x< 7 


| 
ine} 
Q 
Pe 
wn mn 
i) 
Q 


—7<xS007<x527 


| 
iw) 
Q 
Ss 
wm mn 
N 
SY 


[4.4] 


[4.4] 


[4.4] 


[4.4] 


[4.4] 


69. 


[4.5] 
70. 
[4.5] 
71. atanx [4./] 72. 57.5° [4.3] 
73. x= uu = 11.410; 6 = 32.005° [4.4] 
74. 6= 0.464rad [4.3] 
75. (B) L steadily increases. 
(C) 
TABLE 1 
0 (deg) 30 35 40 45 


L (ft) 250.7 252.6 254.6 256.6 


0 (deg) 50 55 60 


L (ft) 258.7 260.8 263.1 


(D) Min L = 250.7 ft; Max L = 263.1 ft 


265 


i [4.4] 


76. y = 0.6 sin 1307 sin 107t; beat frequency = 10 Hz 
[4.5] 
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77. (A) 


0.8 
| : 
-0.8 
(B) 
0.8 
| hn : 
-0.8 
(C) 
0.8 
| ec : 
-0.8 
(D) 
0.8 
| Nh : 
-0.8 


CHAPTER 5 


Exercise 5.1 


5.0 27/6 %7/4 11. 7/3 13. 3.127 
15. 1.329 17. Not defined 
19. x = sin37 = 0.601815 = 21. 27/3 
23. —7/4 25. —m/3 27. Sar /6 
29. -0.6 31. V2/2 33. 2/V5 
35. 1/V5 37. -1.328 =39. 1.001 41. —0.1416 
43. 
AY 
45. 120° 47. —45° 49, —60° 
51. Notdefined 53. 60° 55. 71.80° 
57. —54.16° 59. —86.69° 


61. 0.3; does not illustrate a cosine—inverse cosine identity, 
because cos"! (cos x) = x only if0 = x = 7. 
63. (A) 


=1 


(B) The domain of sin ! is restricted to -1 < x < 1; 
[4.5] no graph will appear for other values of x. 


78. y = 10sin(3r + 3.79); amplitude = 10 cm; 


period = 27/3 sec; frequency = 3/(27) Hz; 


1 


phase shift = —1.26 sec [Chap. 4 Group Activity] 


79. tintercepts: —1.26, —0.21, 0.83, 1.88; 
phase shift = —1.26 


10 


2a: 
3 


| 
oly 
uv 


=?2 2 
—1 
2V2-2 7 
65. —- 67.-24 69 71 
: . 3V5 Vis 
p. - 525 5, Vi—- 27. a 


—10 [Chap. 4 Group Activity] 10 1- x 


81. (A) cos! x has domain —1 < x < 1; therefore, 
cos! (2x — 3) has domain —1 = 2x —- 3 <1, 
orlSx=2. 

(B) The graph appears only for the domain values 
je a 


4 


0 
83. (A) h! (x) = 1+ sin! [(x — 3) /5] 
(B) sin! x has domain -1 < x = 1; therefore, 
1 + sin™! [(x — 3)/5] has domain 
-1s(«-3)/5Slo-2=x58. 
85. (A) 


Le 
2 


vid 
wis 


NIA 


(B) The domain for sin x is (— 00, co) and the range is 
[—1, 1], which is the domain for sin! x. So, 
y = sin '(sin x) has a graph over the interval 
(00, 00) but sin !(sin x) = x only on the 
restricted domain of sin x, [—7/2, 7/2]. 
91. 30° 


Selected Answers A-37 
93. (A) 6 =2sin!(1/M),M > 1 

(B) 72°; 52° 
95. (A) It appears that 6 increases and then decreases. 

(C) From the table, Max 6 = 9.21° when x = 25 yd. 


TABLE 1 

x (yd) 10 15 20 25 
6 (deg) 6.44 8.19 9.01 9.21 
x (yd) 30 35 

@ (deg) | 9.04 8.68 


(D) The angle @ increases rapidly until a maximum is 
reached and then declines more slowly. 
Max 6 = 9.21° when x = 24.68 yd. 


97. (B) 248 tt 
(C) 2.6 ft 
1000 


Intersection 
H=2.5H69411 wY=350 


; 99. y = sin? x 
101. (A) 
=29F 27 
ooo 
= 0 o"oaaa, 20 
2 
101. (B) : 
y 0.657 0.642 0.437 0.481 0.425 0.399 0.374 0.370 0.341 
sin | Vy | 0.945 0.929 0.722 0.766 0.710 0.684 0.658 0.654 0.624 


A-38 Selected Answers 


101. (C) (C) 


(D) Regression line: y = —0.0193x + 0.937 
(D) Regression line: y = 0.05009x — 0.2678 


(E) 
(E) 


2000 


103. (A) 


2000 Exercise 5.2 


5.7/6 7. 7/2 9 7/4 U1 13. 4 
15. 37/4 17. 27/3 19. —7/6 21. Not defined 


10 40 23. ¢ 25. -$ 27. -5 29.334 31. —4 


33. 1.398 35. 1.536 37. Notdefined 39. 2.875 
41. 1.637 43. 120° 45. 135° 47. —60° 

49. Notdefined 51. —45° 53. 165° 

55. 71.80° 57. —54.16° 59. 93.31° 


(B) 


y 69 325 836 1,571 1,965 1,993 1,999 


sin | Vy/2,000 0.1868 0.4149 0.7030 1.089 1.438 1.512 1.548 


61. 


67. 
73. 


75. 


77. 
79. 
81. 
83. 


Oo 
Nn 


= T 


Identity 
Not an identity 
Identity 
Not an identity 


Exercise 5.3 


aw /6 + 2ka, lla /6 + 2kar, k any integer 


a/4 + ka, k any integer 
3a /2 + 2kar, k any integer 


. 21/3, 42/3 
2/3 + 2kar, 4/3 + 2k, k any integer 


45°, 135° 


45° + k(360°), 135° + k(360°), k any integer 


No solution 
104.9314° 
1.1593, 5.1239 


. 0.6696 + 2k7, 2.4720 + 2k7, k any integer 
. 17/2, 37/2 


Selected Answers A-39 


29. 90° + k(180°), 45° + k(180°), & any integer 

31. 7/2 

33. 180° 

35. 90°, 270° 

37. 7/6 + 2ka, 5/6 + 2ka, 3/2 + 2k, k any integer 

39, 2/3 + 2ka, 7/2 + 2ka, 30/2 + 2ka, 57/3 + 2k, 
k any integer 

41. (720°), 180° + k(720°), 540° + k(720°), k any 
integer 

43. 60°, 300°, 540° 

45. a /2 + Aka, 77/2 + 4kz, k any integer 

47. 104.5° 

49. 0.9987, 5.284 

51. 0.9987 + 2ka, —0.9987 + 2k, k any integer 

53. 0.6579 + 2k, 5.625 + 2k7, k any integer 

55. 1.946 + 2k, 4.338 + 2k, k any integer 

57. cos !(—0.7334) has exactly one value, 2.3941; the 
equation cos x = —0.7334 has infinitely many 
solutions, which are found by adding 27rk, k any integer, 
to each solution in one period of cos x. 

59. 0,7/2 61. 0 

63. 77/3, 7, 57/3, and 77/3 sec, or 1.05, 3.14, 5.24, and 
7.33 sec 

65. 0.002613 sec 67. 3.5, 8.5, 15.5, 20.5, and 27.5 sec 

69. 33.21° 71. 64.1° 

73. (r,@) = (1, 30°), (1, 150°) 


75. @ = 45° 

77. k = 12.17, A = —2.833, B = 7/6; 2.9 months, 
9.1 months 

79. y = 2.818 sin(0.5108x — 1.605) + 12.14; 3.0 months, 
9.4 months 


Exercise 5.4 


3. 0.4502 5. 0.6167 7. (0.7854, 3.9270) 

9. [0.7391, 00) 11. 0.9987, 5.2845 

13. 0.9987 + 2kar, 5.2845 + 2k7, k any integer 

15. (1.5099, 1.8281) 

17. [0.4204, 1.2346], [2.9752, co) 

19. Because sin? x — 2 sinx + 1 = (sin x — 1)7, and the 
latter is greater than or equal to 0 for all real x. 

21. 0.006104, 0.006137 23. [—277, 277] 

25. 2.331, 0,.2.331 

27, (1.364, 2.566) U (3.069, zr] 

29. [0.2974, 1.6073] U [2.7097, 3.1416] 

31. 1.78rad 33. After 72 weeks 35. 35.64 ft” 

37. (A) L = 12.4575mm_ (B) y = 2.6495 mm 

39. (A) 32.7° or 57.3° 
(B) No. The equation 600 = (1307/16) sin a cos a 

has no solution. 
41. y = 58.1 + 245 sin(7x/6 + 4.1); 5.1 <x < 9.2 


A-40 


43. 


Selected Answers 


y = 57.5 + 25.5 sin(0.478x — 1.83); 
x <3.20rx > 11 


Chapter 5 Review Exercise 


42. 
43. 
44. 
45. 


46. 


47. 
49. 
50. 
51. 
52. 
53: 
55. 
57. 
59. 
60. 


. —7/4 
. —7/6 
30/4 [5.1] 


. 0.6813 


. Not defined 
. —5.80° 
. 4/3 + 2kar, 5/3 + 2ka, k any integer 
. 57/3 + ka, k any integer 
. 7/4 + 2ka, 7/4 + 2k, k any integer 
- No solution 
- 0°, 30°, 150°, 180° 
. 7/6, 57/6, 77/6, 1127/6 [5.3] 


. —120° 
. 0.315 
. -2/V5 [5.1] 33. V10/3 [5.2] 
. 2V6/5 [5.2] 35. -1.192 [5.7] 
. Not defined 


[5.1] 
[5.7] 


2. 7/3 [5.1] 
5. Not defined 
i = /3 [52] 
10. Not defined [5.2] 
12. 2.898 [5.1] 
14, 2.526 [5.2] 
{5./] 16. 83.16° 


3.0 [5.7] 
[5.1] 

8. 7/2 [5.2] 
[5.2] 
[5.1] 


[5.1] 


27/3 


1.528 
[5.1] 

[5.1] 

[5.3] 


[5.3] 
[5.3] 
[5.3] 


[5.3] 22. 1/6, 11/6 


[5.3] 


120°, 180°, 240° [5.3] 26. 2/16, 377/16 
[5.3] 28. x = 0.906308 [5.1] 
[5.2] 30-15 [5./] 31. -2 


[5.3] 


[5.1] 


[5.1] 37. —0.9975 
39. 0.9894 [5.2] 


[5.1] 
1.095 
1.001 


[5.1] 
[5.2] 


. Figure (a) is in degree mode and illustrates a sine—inverse 


sine identity, since 2 is in the domain for this identity, 
—90° = 6 = 90°. Figure (b) is in radian mode and does 
not illustrate this identity, since 2 is not in the domain for 
the identity, -7/2 <x < 7/2. [5./] 

90°, 270° [5.3] 

m/12, 5/12 [5.3] 

—m [5.3] 

k(360°), 180° + k(360°), 30° + k(360°), 

150° + k(360°), Kany integer [5.3] 

Qka, m7 + 2ka, 7/6 + 2kaw, —7/6 + 2k, k any 
integer [5.3] 

120°, 240° [5.3] 48. 777/12, 117/12 [5.3] 
0.7878 + 2ka, 2.354 + 2k7,k any integer [5.3] 
—1.343 + ka, kany integer [5.3] 

0.6259 + 2k, 2.516 + 2k7, k any integer 
1.178 + ka, —0.3927 + ka, k any integer 
0.253, 2.889 [5.4] 54. —0.245, 2.897 
+ 1.047 [5.3] 56. + 0.824 [5.4] 
0 [5.4] 58. 4.227,5.197 [5.4] 
0.604, 2.797, 7.246, 8.203 [5.4] 

0.228, 1.008 [5.4] 


[5.3] 
[5.3] 
[5.4] 


61. 


62. 


63. 


64. 
66. 


68. 
70. 
71. 


The domain for y, is the domain for sin! x, 
=ls%= 1. 


10 


= [5.1] 


(A) sin! x has domain -1 < x = 1; therefore, 
sin |[(x — 2) /2] has domain 
-lS(*-2)/251lo05x54 

(B) The graph appears only for the domain values 
Osxs4. 


-2 [5.1] 


No, tan! 23.255 represents only one number and one 
solution. The equation has infinitely many solutions, 
which are given by x = tan! 23.255 + kar, k any 


integer. [5.3] 
0, 7/2 [5.4] 65. 0, 7/3, 27/3 [5.4] 
0.375, 2.77 [5.4] 67. — [5.1] 
3 5.1] 69. > al 
1 Li 
ey 
Vxr +1 
(A) 5 
a 3 


=2 


(B) The domain for tan x is the set of all real numbers, 
except x = 7/2 + ka, k an integer. The range is 
R, which is the domain for tan! x. So, 
y = tan! (tan x) has a graph for all real x, except 
x = 7/2 + ka, k an integer. But 


72. 
73. 
74. 
75. 
76. 


tan! (tan x) = x only on the restricted domain of 


tanx, —7/2<x < 7/2. 


2 


[5.1] 


0.00024 sec [5.3] 


0.001936 sec [5.3] 


(A) 6 = 2arctan(500/x) (B) 45.2? [5./] 

31.2° [5.1] 

(C) From Table 1, Max 6 = 2.73° when x = 15 ft. 
TABLE 1 
x (ft) 0 5 10 15 
6 (deg) | 0.00 1.58 2.47 2.73 
x (ft) 20 25 30 
6 (deg) | 2.65 2.46 2.25 


(D) As x increases from 0 ft to 30 ft, 6 increases 
rapidly at first to a maximum of about 2.73° at 


15 ft, then decreases more slowly. 


5 


0 


(E) From the graph, Max @ = 2.73° when 
x = 15.73 ft. 


Selected Answers A-41 


(F) @ = 2.5° when x = 10.28 ft or when 
x = 24.08 ft 


Intersection 
H=Z4.0F E48 H2.5 


[5.1, 5.4] 

77. (B) 
TABLE 2 
d(f) | 8 10 12 14 16 
A(f?) | 704 701 697 690 682 
d (ft) 18 20 
A(ft?) | 670 654 

(C) d= 17.2 ft 


‘Intersection 
h=17.c2¢86Be T=6r75 


[5.1, 5.4] 


78. 2.82ft [5.4] 79. 5.2sec [5.4] 


80. (A) : 


>) 
Nia 


Selected Answers 
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(B) 0.74 sec, 1.16 sec 
(C) 0.37 sec, 1.52 sec [5.4] 


Cumulative Review Exercise Chapters 1-5 


1. 241.22° [2./] 

2. 8.83 rad [J.1, 2.1] 

3. An angle of radian measure 0.5 is the central angle of a 
circle subtended by an arc with measure half that of the 
radius of the circle. [2./] 

- 54°, 36°,6.lm [7.3] 

cos6 = —4;cot9= 5 [2.3] 

. (A) 0.3786 (B) 15.09 (C) —0.5196 [2.3] 


NAM S 


> 
x 
(B) Ay 

if 1 5 1 1 
: > 
—l7T = OL 7 27 x 

+ —5 
(©) Ay 

q q 5 1 

I I | 

I I | 

I I I 

I I I 

I I | 

I I | 
i L pat 5 
20 = 27 x 

| I | | 

| I | | 

| | ; | | 

| | L—5 ti | 

(3. f, 3.253,.6] 


8. No, because sin 9 = 1/csc 0, and either both are positive 


or both are negative. [2.3] 


13. No, because both sides are not equal for other values of 
x for which they are defined; for example, they are not 


equal for x = Oorx = 7/2. [41] 
14. 1/V2 [25] 15. V3 [2.5] 


16. 
18. 
20. 
22. 
24. 
26. 
27. 
29. 
31. 


32. 


33. 
35. 
37. 


38. 


39. 


40. 


41. 
42. 
43. 


Undefined [2.5] 17.0 [5./] 


57/6 [5.1] 19. Undefined [5./] 
57/6 [5.2] 21. 0.0505 [J.3, 5.1] 
2379 (2330) 23. -1460 (23 57] 
0.3218 [5.2] 25. 1.176 [5.2] 


x = tan(—1) = 1.557408 [5./] 

30°, 150° [5.3] 28. -7/6 [5.3] 

-m [5.3] 30. 4(sin10u + sin4du) [45] 
—2 sin3w sin2w {4.5| 


Yes; using the formula 0, = —— 9,, if 6, is halved, 
7 

then 0, will also be halved. [2./] 

92°27'43” [1.1] 34. 144° [1.1] 

x = 650 = 33.7° [1.3] 36. 27/5 [2.1] 

sin@ = —1/V5, cos 6 = —2/V5, cot 6 = 2, 

sec 9 = —V5/2,csc@ = —V5_ [2.3] 

Period = 477; amplitude = 2 [3.2] 


1 > 
—7 O| aw 2 30 407 ST x 


Period = 7; amplitude = 3; phase shift = 7/2 [3.3] 


Period = 1; phase shift = ; [3.6] 


y 
10 


1 
n 


I 
| 
| 
| 
| 
0 + 
| 
| 
I 
| 
| 
| 
| 


—10 
y =1+4 3cos(ax) [3.2] 

y= —-1 4+ 2sin(ax/2) [3.2] 

Hypotenuse: 46.0 cm; angles: 25°0’, 65°0’ = [/.3] 


49. 
50. 


51. 
52. 


53. 


54. 


55. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 


64. 
66. 
67. 


68. 


69. 


(A) —0.4969 (B) 0.7531 [4./] 
y = sin(3x — x) = sin2x [43] 
z 
20 2a 
—2 


sin(x/2) = 4/VI7; cos 2x = 54 (2.3, 4.4] 


[-27,7]U[a,27] [4.4] 
2 
Ur 27 
=, 


(A) Not an identity. Both sides are defined at x = 7/4, 
but are not equal. (B) Anidentity. [4.2] 

(A) V21 /5 [5./] (B) V6 [5./] 

(C) 3 [5.1] (D) V15_ [5.2] 

60° [/.3,5.1] 56. 64.01° [/.3, 5.7] 

71/6, 37/2, 1177/6 [5.3] 

90° + k(180°), k any integer [5.3] 


aw /3 + ka, 27/3 + ka, k any integer [5.3] 


3.745 + 2k7, 5.679 + 2k7,k any integer [5.3] 
1.130 + 2k7r, 5.153 + 2ka7,k any integer [5.3] 
1.823 + 2k, 4.460 + 2k, k any integer [5.3] 


Figure (a) does not, because —3 is not in the restricted 
domain for the cosine—inverse cosine identity. Figure (b) 
does, because 2.51 is in the restricted domain for the 
cosine-inverse cosine identity. [5./] 

—1.893,1.249 [5.4] 65. 0.642 [5.4] 

0, 3.895, 5.121, 9.834, 12.566 [5.4] 

The coordinates are (cos 28.703, sin 28.703) = 
(—0.9095, —0.4157). The point P is in the third 


quadrant, since both coordinates are negative. [2.3] 
s = cos | 0.5313 = 1.0107 or 
s = sin! 0.8472 = 1.0107 [2.3] 
\/ 2 

sing = —V1—- a’, tan 0 = ts Ta 2 

—a 1 # Saat 
cot 6 = , sec 0 , csc O = 

la a l-@ 


[243.5] 
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Selected Answers 


71. 3 [4.4,5.1] 72. [5.1] 
1+ x? 
73. 7/2 + 2ka,a + 2ka,kany integer [5.4] 
74. 0.6662, 2.475 [5.4] 
75. g(x) =3-—cosx [4.2] 
4 
- | . 
0) 
76. g(x) =4+2cos2x [44] 
6 
7 VV] . 
0 
77. g(x) =1+sec2x [44] 
3 
- tt . 
=> 
78. g(x) =3-—cot(x/2) [44] 
10 
7 = : 
—10 
79. [0.694, 2.000] [5.4] 80. 1,429m_ [/.4] 
81. acotx [4/] 82. x = 2V3;0 = 30° [44] 
83. 0.443 sec [5.3] 


A-44 Selected Answers 


84. 0.529 sec, 0.985 sec [5.4] 
12 

| AS 
=—12 


85. 8 = 0.650 rad [/.4, 4.3] 


NIA 


86. (A) Perr 60; oe d sec; frequency 45 Hz; 


phase shift: 735 
(B) 


| van 7 


(C) t= 0.0078sec [3.3] 
60 


0.02 


87. (A) d = 200 cot 6 


(B) Ad 
2,000 
1,000F 
oF : > 
rs 5 9 [3.6] 


88. (B) 12.5° [5./] 
89. 64.9 ft or 308.3 ft [3:2] 


+t 
0 


90. 49.57 rad [2./]} 
91. 11,5507 ~ 36,300 cm/min {2.2} 
92. (A) L will decrease, then increase. 


(C) 
TABLE 1 
@ (deg) | 35 40 45 50 
L (ft) 117.7 110.4 :106.1. 104.2 
6 (deg) | 55 60 65 
L (ft) 104.6 107.7 1143 


(D) From Table 1, Min L = 104.2 ft for 9 = 50°. The 
length of the longest log that will go around the 
corner is the minimum length L. 

(E) Min L = 104.0 ft for @ = 51.6° [1.4, 2.3] 


ww, 


Ha et EROSGd T=LO04.04H4S . 


93. (A) 20 


6 


(B) y = 12.435 + 6.835 sin(arx/6 — 1.6) 


(C) 20 


[3.3] 


CHAPTER 6 
Exercise 6.1 


5. Yes 7. No 9. No 
11. a = 101°, b = 64cm, c = 55cm 
13. a = 98.0°, b = 4.32 mm, c = 7.62 mm 


15. 
17. 
19. 


21. 


23. 


25. 


27. 
29. 


31. 
33. 


35. 


37. 
39. 
41. 
43. 
45. 
47. 


49. 
53. 
55. 
57. 
59. 
67. 
69. 
71. 


y = 22.9°,a = 27.3cm,c = 12.6cm 

a = 67°20', a = 55.1 km, c = 58.8 km 

One triangle; case (d), where a is acute and 
a=b(a=5,b=4) 

Zero triangles; case (a), where a is acute and 
0<a<h(a=3,h=4) 

Two triangles; case (c), where a is acute and 
h<a<b(h=3V2,a=5,b=6) 

One triangle; case (f), where a is obtuse and 
a> b(a = 3,b = 2) 

One triangle; case (b), where a is acuteanda = 4=h 
Zero triangles; case (e), where a is obtuse and 
0<asb(a=2,b =3) 


B= 27, y = 19°,c = 17 cm 

Triangle I: B = 81°, y = 30°,c = 46ft 
Triangle II: B’ = 99°, y’ = 12°,c' = 19 ft 
Triangle I: B = 28°, y = 131°,c = 9.9 in. 


Triangle II: B’ = 152°, y’ = 7°, c’ = 1.6 in. 
y = 63°,b = 66m,c = 64m 


a = 90°, y = 60°,c = 47cm 
a = 39°, y = 84°,c = 74 ft 
No solution 


y = 18°10’, a = 91.0 cm, b = 62.3 cm 

Triangle I: a = 57°50’, y = 100°, c = 65.5mm 
Triangle I: a’ = 122°10’, y’ = 35°40’, c’ = 38.8 mm 
26.63 ~ 26.66 

k = asin B = 668 sin 46.8° ~ 48.7 
AC = 12.8 mi 

8.37 mi from A; 4.50 mi from B 

230 m 61. 103 mi 63. 8,180 ft 
B = 131.8°,c = 5.99m 

r = 7.76mm,s = 13.4mm 

396 mi 73. 46°30’ 75. 8.0 cm 


65. 159 ft 


Exercise 6.2 


3. 
7. 


11. 


13. 
15. 
17. 


19. 
21. 
23. 
25. 


Law of cosines 5. Law of sines 

Law of cosines 9. Law of sines 

A triangle can have at most one obtuse angle. Since B is 
acute, then, if the triangle has an obtuse angle, it must 
be the angle opposite the longer of the two sides, a and 
c. Thus, y, the angle opposite the shorter of the two 
sides, c, must be acute. 

a = 6.00 mm, B = 65°0', y = 64°20’ 

c = 26.2 m,a = 33.3°, B = 12.7° 

If the triangle has an obtuse angle, then it must be the 
angle opposite the longest side—in this case, a. 

a = 62.8°, B = 36.3°, y = 80.9° 

a = 29°12’, B = 63°26’, y = 87°22’ 

a = 30.3°,a = 46.2 ft,c = 27.2 ft 

b = 19.3 m, a = 40.6°, y = 72.9° 


27. 
29. 
31. 
33. 
35. 
37. 


39. 


A-45 


Selected Answers 


No solution 

a = 84.1°, B = 29.7°, y = 66.2° 
No solution 
B = 28.2°,a 
No solution 
Triangle 1: B = 65.3°, y = 68.0°, c = 23.1 yd; 
Triangle 2: B’ = 114.7°, y’ = 18.6°, c’ = 7.93 yd 
An infinite number of similar triangles have those 
angles. 


984 m,c = 1,310m 


4. P= 24+ 2-2accos9P = a+ Ce -0O= e+e 
43. —0.872 = —0.873 
47. cos !(0.75) © 41.4° 
49. CB = 613m 51. 113.3° 53. 180 km 
55. 9.6 hr 57. 29cm 
59. (A)5.87mi_ (B) 16.1° 
61. AC = 23.5 ft, AB = 18.9 ft 63. 24,800 mi 
65. 64° 67.150 m 
Exercise 6.3 
3. 102m? 5. 15/4m? 7. 12cm? 
9. 11.6 in? 11. 40,900 ft? 13. 45.4 cm? 
15. 129m 17. 2.0 f? 19 480 in? 
21. 0.18 cm2 23. True 25. False 
ab. ab . 
27. A, = A3= “> sin(180° 0) = 5 sin 0=A,=Ay 
29. 84 ft? 31. 2,300 m? 
33. $12,100 35. $47,000 


Exercise 6.4 


lu + vl = V241 


35 


. Same 
. Since the zero vector has an arbitrary direction, it can be 


u + v| = 54km/hr; 6 = 36° 

u + v| = 101 Ib; @ = 77° 

u + v| = 32.3 knots; 6 = 61.1° 

H| = 871b; |V| = 371b 

H| = 23.2 km/hr; |V| = 324 km/hr 
No. The magnitude of a geometric vector is the length 
(a nonnegative quantity) of the directed line segment. 
u + v| = 190 lb, a = 18° 

u + v| = 699 mi/hr, a = 7.4° 

23. Opposite 25. Neither 


27. Same 


parallel to any vector. 


. Magnitude = 5.0 km/hr; direction = 143° 
. 250 mi/hr; 350° 
. Magnitude = 2,500 Ib; direction = 13° (relative to F)) 


A-46 Selected Answers 


39. 32° 
41. 2,500 sin 15° = 650 Ib; 2,500 cos 15° = 2,400 Ib 
43. |H| = 401b;|V| = 331b 45. To the left 


Exercise 6.5 
5, 
5] P=(3, 4) 


& 
i 
we 
oe f 


9. (4,2) 11. (4, —4) 13. 5 15. V29 

17. Two geometric vectors are equal if and only if they have 
the same magnitude and direction. 

19. (A) (2,6) (B) (4,2) (C) (11,2) (D) (6, 18) 

21. (A) (1,—6) (B) (3,0) (C) (7,3) —(D) (3, -6) 

23. u = (1/V2, -1V2) 

25. u=(-2,2) 27.v=-l0i+ 7j 29. v = —12i 

31. v= 101i - 14j 33. 9.15 + 7.9j 9 35. 2.31 — 10.8) 

37. 10i-— 10j 39. -i- 2j 41. 16i — 20j 

43. Any one of the force vectors must have the same 
magnitude as the resultant of the other two force 
vectors and be directed opposite to the resultant of 
the other two. 

45. (15/13, 10/13) 

47. (5-8) 

61. Left side: 676 lb; Right side: 677 Ib 

63. (B) 300 Ib 

65. For AB, a compression of 9,000 Ib; for CB, a tension of 
7,500 Ib 

67. @ = 18.6°; Line tension = 10.1 lb 


Exercise 6.6 


3. 10 5. 21 7. 0 9. 31 
11. 45.0° 13. 1.2° 15. 165.7° 


17. 


19. 
23. 
27. 
31. 


41. 
49. 
53. 
55. 
59. 


Negative, because cos 6 is negative for @ an obtuse 
angle. 

Orthogonal 21. Not orthogonal 

No 25. Yes 

12.0 29. 0 

—0.0673 39. (3,0) 


— 3 = aj 47. False 


True 51. 4,900 ft-lb 
800 ft-lb; more work is done 
85 ft-lb 57. 9 ft-lb 
20 ft-lb 


Chapter 6 Review Exercise 


1. 


2. 


To use the law of sines, we need to have an angle and a side 

opposite the angle given, which is not the case here. [6./| 

The two forces are oppositely directed; that is, the angle 

between the two forces is 180°. [6.4] 

The forces are acting in the same direction; that is, the 

angle between the two forces is 0°. [6.4] 

(A) One triangle, since h = 8 sin30° = 4 =a 

(B) Two triangles, since h = 7 sin 30° = 3.5 and 
h<a<b 

(C) Zero triangles, since h = 8 sin 30° = 4 and 
a<h [6.1] 

B = 22°,a = 90cm,c = 110cm_ [6./| 

y = 82°,a = 21m,c = 22m [6./] 

a = 21in., B = 53°, y = 78° [6.2] 

B = 49°, y = 69°,c = 15cm |[6./} 

224in.? [6.3] 10. 79cm? [6.3] 


. 94 at 32° [6.4] 


|H| = 9.8; |V| = 6.9; v = 9.81 + 6.9) [6.4] 
(2,—-5) [6.5] 14. 13 [6.5] 

—8 [6.6] 16. 4 [6.6] 

36.9° [6.6] 18. 123.7° [6.6] 

(A) Neither (B) Parallel (C) Orthogonal [6.6] 


. No triangle is possible, since sin B cannot 


exceed 1. [6./] 


. a= 97.7, B = 72.8°, y = 42.2° [6.2] 
. B = 43°30',y = 101°10',c = 22.4in. [6.1] 


B = 136°30’, y = 8°10’,c = 3.24in. [6.1] 


. a= 50°,B = 59, y= 71° [6.2] 
. 3,380m? [6.3] 26. 980mm? [6.3] 


. The two vectors have the same magnitude, but different 


directions. [6.4] 
They are equal if and only ifa = candb=d. [6.5] 


lu + v| = 23.3;9 = 15.9° [6.4] 


» (A) (2,—3) (B) (6,3) (C) (16,6) (D) (15, 8) 


[6.5] 


. (A) Si- 43) (B) i + 2J- (© Sit 3f (D) Sj [6.5] 


32. u = (-4,72) 

33. (A) v= —Si + 
[6.5] 

34. (A) Orthogonal 


35. (A) 17/V/10 = 538 (B) -7/V10 = —2.21 [6.6] 


[6.5] 


7j (B) v= -3j) (C) v= -4i - j 


(B) Not orthogonal 


[6.6] 


36. Any one of the force vectors must have the same 


magnitude as the resultant of the other two force vectors 


and must be oppositely directed to the resultant of the 


other two. 


[6.5] 


37. 
38. 
45. 


—2.68 ~ —2.70 (checks) 


k = 12.7 sin 52.3° 


[6.1] 


5.9 cm, 17 cm 


[6.2] 


[6.1] 


46. 252m 


47. 25cm [6.1] 


48. 540 ft [6.2] 


[6.7] 


49. 
51. 
53. 


220,000 ft” 


[6.3] 


50. 4.00km [6.2] 


660 mi 


[6.2] 


52. 325 mi 


[6.1] 


260 km/hr at 57° 


[6.4] 


54. 1.5 hr 


55. Magnitude = 489 Ib; Direction = 13.4° 
[6.6] 
57. Compression = 150 lb; Tension = 300 lb 


56. 10,800 ft-lb 


58. (A) |ul = |wl cos 6; |v| = |w| sind 


(B) |ul = 40 1b; |v| = 1241b (C) 6 = 80° 


59. 56ft-lb [6.6] 
60. 6 = 15.4°; Tension = 19.51b [6.5] 
CHAPTER 7 
Exercise 7.1 
L 90° 
B C 
180° : A L ‘° 
ait i” 9 
270° 
3. 
90° 
1802 A i L ‘° 
e 5 5 10 > () 
e 
Ge +R 


270° 


[6.2] 
[6.4] 


[6.5] 


[6.5] 


Selected Answers 


5. —270° 
—180 3 i0 > (° 
e%A 
B 
Ce 
—90° 
Ts 
—270° 
Ce 
Ae 0B 
=180 3 10 > 0° 
—90° 
9. 
= 
2 
Be ce 
eA 
7 sii > 9 
3a 
2 
11. = 
2 
7 s/o > © 
Ae 
Yat B 
3a 


A-47 


A-48 


13. 


19. 


25. 
31. 


33. 
37. 
41. 
45. 


49. 
53. 7 


Si. ¢ 


61. 
65. » 


69. . 


73% 
77. 


Selected Answers 


> 


(0, —2) 
(6, 77/2) 


21. (5,5V3) 
27. (4V2, 30/4) 29. (2V3, —27/3) 


23. (3, -3) 


(—6, —210°): The polar axis is rotated 210° clockwise 
(negative direction) and the point is located 6 units from 
the pole along the negative polar axis. 


(—6, 150°): The polar axis is rotated 150° counterclock- 


wise (positive direction) and the point is located 6 units 
from the pole along the negative polar axis. 

(6, 330°): The polar axis is rotated 330° counterclock- 
wise (positive direction) and the point is located 6 units 
along the positive polar axis. 


(3.900, 65.374°) 
(8.992, —110.962°) 
(4.249, —0.241) 

r = 6cos@ 


35. 
39. 
43. 
47. 


51. r 


5557 


59. 


63. 
67. 


71. 


Dis 


1 


sin 20 


3 
cos 0 


y—3=-2V x + yor (y — 3)? 


1.615 units 


Exercise 7.2 


1, 


NIy 


> 0 


2ax+y=4 


(10.045, —6.299°) 
(2.314, —1.426) 

(0.051, 0.902) 

r(2cos@ + 3sin@) = 5 


x + y = 2x + 3y 
(x? + yy? = 3x2 raat, 3y~ 


5. 


180° 


90° 


270° 


NIA 


>()° 


> 0 


w 
~~) 
vfs 


Nia 


10 


> 0 


Na 


10 


Ww 
J 
|g 


> 0 


11. 


Nia 


13. 


NIA 


>0 


15. a 


17. 


Nia 


w 
J 
slg 


> 0 


Selected Answers 


19. 


Nia 


aL 
= 
i=) 


21. a 


10 


23. 


Nia 


25. 


NIA 


nly 


A-49 


A-50 


Selected Answers 


27. | 
. sth > © 
30 
2 
29. (A) r= 5+ 5cos0@ 
10 
=15.2 15.2 
—10 
(B) r=5 + 4cos 0 
10 
=15.2 15.2 
—10 
(C) r=4+ 5cos@ 
10 
=15.2 15,2 
—10 
(D) If a = b, the graph will touch but not pass through 


the origin. If a > b, the graph will not touch or 
pass through the origin. If a < b, the graph will go 
through the origin and part of the graph will be 


inside the other part. 


31 


33. 


(A) r = 9cos 0 
10 


=15;2 15.2 


| 
= 
i) 


r = 9cos 30 


a 
i) 


= 15:2 15.2 


| 
_ 
—) 


r = 9cos 50 


= 
oS 


=15.2. 15.2 


=10 


(B) 7 leaves 
(A) r = 9cos 20 


(C) n leaves 


10 


=15.2 15.2 


| 
_ 
—) 


r = 9cos 40 


= 
oO 


=15:2 15.2 


| 
_ 
i) 


r = 9cos 60 


(B) 16 leaves 
35. (A) r = 9cos(0/2) 


(C) 2n leaves 


(B) r = 9cos(0/4) 


= 15.2 15.2 


(C) n times 
37. 


39. For each n, there are n large petals and n small petals. 
For n odd, the small petals are within the large petals; 
for n even, the small petals are between the large petals. 


41. 


Selected Answers A-51 


Nia 


(V2.5 


e|F 


(r,0) = (V2, 7/4) [Note that (0, 0) is not a solution to 
the system even though the graphs cross at the origin.] 


43. 


90° 


270° 


(r, 0) = (4, 30°), (4, 150°), (—8, 270°) 
[Note that (0, 0) is not a solution to the system even 
though the graphs cross at the origin. ] 

45. (a), (d), (e), (g). @), @), (K) 


49. (A) 
(C) 
51. (A) 


(B) 


9.5 knots (B) 12.0 knots 


13.5 knots (D) 12.0 knots 
Ellipse 
12 
- _s) , 
-12 
Parabola 
12 
- —{~ 
=-122 


A-52 


(C) 


53. (A) 


(B) 


Selected Answers 


Hyperbola 


=18 


=12 


Perihelion = 2.85 X 10’ mi; 
Aphelion = 4.33 X 107 mi 


4E7 


—6E7 


—-4E7 


Faster at perihelion 


Exercise 7.3 


1. 
AY 
5+ e 
Be b A 
1 1 1 ee — 
=5 L a 1x 
ct 
—5F 
3. 
AY 
5k 
B L 
e 
A 
C e 
eer eo pu i | 5 
=5 L > & 
—5F 


6E7 


nn 
Nia 


°C °RB 
ie 1 1 ‘0 
180 5 > 0 


oA 


270° 


9. (A) 2e7/%! (BY) 2V2e87/%! (C) 7.81el0-09! 
11. (A) 21e(7/4! (By) 12e-7/9)§  (C) 6.32e1083)i 
13, (Ay Be! cay gel OC) BG 
15. (A) 5e2°! (By) 4el-45°)' (Cy 2.830654")! 
17. (A) V3 +i (B) -1-i (©) 5.06 — 2.64: 
19. (A) -iV3_ (B) -1 +i (©) —2.20 — 6.46i 
21. 32e87), 0. 5e(3°)! 
23. 12e(-12°)!, 3¢(228°)! op 3¢(—152°)i 
25. 131e 258-27, a0eb" 2), Oem /h 
29. 43; 42) 31. 2%; 26) 
33. —2 + 2; 2V2e(!3°)' 39, 2" appears to be r”e”™! 
45. re? 
47. (A) (8 + 0i) + (3V3 + 3i) = (8 + 3V3) + 3i 
(B) 13.5(cos 12.8° + i sin 12.8°) 
(C) 13.5 lb at an angle of 12.8° 


Exercise 7.4 


1. 2764) 3, 32e(450°)§ = 39090") 
5. 16e(47/5)! 7, 25¢(117/3)i 9. —4 
11. 16V3 + 16i 13. | 15. 2c!) 2e(195°) 


17. 2e(30°), e(150°) 9 9(270°)i 
19, 2!/10,(27°)i 91/10,(99°)i 71/10,(171°)i_ 91 /10(243°)5 
91/10,(315°)i 


21. 


23. 


25. 


27. 


wp = Qel60")i, W, = Qe(!80")i, Ww = 


AY 


w= el), W = 1e(90 
Ww, = Je(270°)i 
AY 


Ww, = 


2 
wv 
W> 2 
—2 2 3 
=) W3 
1|W2 
W3 wi 
= 1 x 
—1]w, 


Je8°Y8 ww. = 1254) wz = 1e(26°), 


2,e(300°)i 


x 


Hg = 1elldrW, 


wa = 1e(198° we = 1¢(27°) 


AY 


1 
W3 W> 
— 
=i 1 3 
Wy Wy 
—1)ws 


x 


(A) (~V2 + iV2)* 4 


(B) The four roots are equally spaced around the circle. 


16 = —16 + 16 = O; three 


Since there are four roots, the angle between 
successive roots on the circle is 360°/4 = 90°. 


AY 


V2 +4iV2 V2+iV2 
-V2-iV2 V2-iV2 


29. 


31. 


33. 


35. 
39. 


41. 
43. 


45. 


Selected Answers 


A-53 


(C) (V2 + iv2)* + 16 = -16 + 16 = 0, 
(—V2 — iV2)* + 16 = -16+ 16 =0, 
(V2 —iV2)* + 16 = -16 + 16=0 

v2 v2. V2 v2 

2 2° 2 2 

V2 — iV2,-V2 + iVv2 

3 _ 3N3 | 3,3 3V3 | 

2 Pee) 2 

4, -2 + 2iV3, -2 — 2iv3 


1, 0.309 + 0.951, —0.809 + 0.5887, 

— 0.809 — 0.5887, 0.309 — 0.951i 
0.855 + 1.4817, —1.710, 0.855 — 1.4817 
(B) 23, 6 

(C) 7,24, 2° 

(B) 2, 2/0 

© 2.27,.2,2,2" 


Chapter 7 Review Exercise 


1 


90° 
Ce 
180° 1 a 1_» ° 
5 10 
A° 
270° [7.1] 
ue 
2 
T \ r >0 
37 [7.2] 
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2 
. ip 
3 
oe [7.2] 
4 a 
2 
T 10 > () 
=z [7.2] 


5. (2,2) [7.1] 6 (2,57/6) [7.1] 


i Ay 


a5) (7.1 


8. 90° 


270° [7.4] 


9. (—8, —330°): The polar axis is rotated 330° clockwise 
(negative direction) and the point is located 8 units from 
the pole along the negative polar axis. 

(8, —150°): The polar axis is rotated 150° clockwise 
(negative direction) and the point is located 8 units from 
the pole along the positive polar axis. 
(8, 210°): The polar axis is rotated 210° counterclock- 
wise (positive direction) and the point is located 6 units 
along the positive polar axis. [7./] 
10. 21 29 = 27M gy /zy = Be! [7.3] 
11. 16e(4°°) [7.4] 
7 
12, r=— [7.1] 
sin 0 
13. m 
2 
Ce 
. spi > ° 
Ae °B 
3 
> [72] 
14. 
a 
2 
- sph > ° 
3a [7.2] 
2 
15. a 
2 
3 
_ [7.2] 


Selected Answers A-55 


= 31. 2e(7°)#, ge(190°} a9(310°)! [7.4] 
32, Lel*/6)i, 1elS7/6) 1e37/2) [7.4] 
33, (2¢0°)')? = 4e(0")! = 4(cos 60° + i sin 60°) = 
24+ 2iV3 [74] 
cg L 1» () 34. (A) There are a total of three cube roots, and they are 
5 10 ; i 
spaced equally around a circle of radius 2. 
Ms [7.2] 
. r = 8rcos6,r = 8cosé@ [7./] ~ 
. 3x —-2y=-2 [7.1] . 
2x ty =-3x [7.1] 
6 
(B) wy = V3 +iw =-V3 +i 
~9 9 (C) The cube of each cube root is 87; that is, each root 
is acube root of 87. [7.4] 
35. n=1 
6 
= [7.2] 
. 6 
=9 9 
=9 9 
—6 
n=2 
= [7.2] 6 
2 2562eOT/ ar! [73] 23. 2leeh"™ [74 
sae 25. -3+3i [7.3] 2 ; 
. Bel) 17. 3] 27. 0.5e7F [7.3] 
. —4 [7.4] 
3V2 3V2 3V2 3V2 
eke May 82 4 OVE pg 
2 2 2 2, —6 
. Ww, = 4, = —2 + 21V3, wy = -2 — 21V3 n=3 
AY : 
W 
=9 9 
Wy 
x 
wW3 —6 
[7.4] The graph always has two leaves. [7.2] 


A-56 


Selected Answers 


36. (A) Hyperbola 


(B) Parabola 


(C) Ellipse 


[7.3] 


37. y-3=-2V x + yor 
(y-3P =4(7 +y) [7] 
38. 2.289, —1.145 + 1.9837, -1.145 — 1.9837 [7.4] 
40. (A) The coordinates of P represent a simultaneous 
solution. 


10 


= 152; 15.2 


=10 
(B) r = 5V2,0 = 37/4 
(C) The two graphs go through the pole at different 
values of 9. [7.2] 


Cumulative Review Exercise Chapters 1-7 


1. ais larger. Change both measures to either degrees or 
radians to enough decimal places so that a difference 


becomes apparent. [2./] 


25. 


26. 
28. 
30. 
31. 
33. 


4.82 cm, 74.7°, 15.3° [/.3] 
sec = 2,tand = —# [2.3] 


-0.5 [25] 6 V3 [25] 7. 29/3 [57] 
m/4 [5.2] 9. 0.6867 [2.3] 10. 0.3249 [2.3] 


- 0.9273 [5./] 12. 1.347 [5.2] 


2sin2tcost [4.5] 

An angle of radian measure 2.5 is the central angle of a 
circle subtended by an arc with measure 2.5 times that 
of the radius of the circle. [2./] 

a = 28°,a = 34m,c = 48m [6./] 

a = 40°, y = 106°,b = 14in. [6.2] 

a = 33°, B = 45°, y = 102° [6.2] 

110 in [6.3] 

(7, —150°): Rotate the polar axis 150° clockwise 
(negative direction) and go 7 units along the positive 
polar axis. [7./] 

|H| = 12; |V] = 5.5 [6.4] 21. 7.5at31° [6.4] 
(-7, 9); V130 [6.5] 23. 143.5° [6.6] 


90° 
eD 
eB 
180° 3 19 &° 
Ae Ce 
270° [7.1] 
a 
. Si Tio °° 
3a 
“Z [7.2] 
(333) 174] 27. (4, 57/6) [7.1] 


Wael*/4)i [7.3] 29. -39 [7.3] 

Zizg = 5c"; 2 /a = 0.6" [7.3] 
Ble)! [7.4] 32. y=1+2cosax [3.2] 
esc 9 = —VI17, cos @ = —4/VI17_ [2.3] 


Selected Answers A-57 


34. Amplitude = 2; period = a; frequency = 1/7; 51. r=6tan@sec@ [7./] 52.x° +y? =4y [7/] 
a eal 53. 6V2e [73] SVE /3) el" [7.3] 
AY 55. 81 [7.4] 
56. w, = V3 +iw. = -V3 +i,w3 = -2i 
AY 
L Ww» wy 
—3 fs 
[3.3] > 
WSs 336 a 
38. tan(x/2) = 3, sin2x = G [2.3, 4.4] 
39. (A) Not an identity; both sides are defined at x = 7/2 
but are not equal. W3 [7.4] 
(B) Anidentity [4.2] 
40. 4/V7 [5.1] 57. wT 
41. (A) There are a total of three cube roots, and they are 
spaced equally around a circle of radius 2. 
AY 0 1 
wy 
ie - = [5.7] 
Xx 
58. 7 
W3 
(B) w, = 1 + iV3,w3 = 1 - iV3 =e a 
(C) The cube of each cube root is —8. | 7.4| 
42. ka,2a/3 + 2k, 4/3 + 2ka, k any integer [5.4] 
43. 0.8481 + 2k7r, 2.294 + 2ka,k any integer [5.4] [5.1] 


44, (A) No triangle exists. 
(B) B = 64°10’, y = 66°20’, c = 17.7 cm 59. 
B' = 115°50', y’ = 14°40’, c’ = 4.89 cm 


7 
i 
(C) B = 38°50’, y = 91°40’, c = 27.7cm;  [6./] 
45. ju + v| = 41.9;0 = 11.0° [6.4] 
46. (A) (3, —18) (B) 10i — 11j [6.5] = 
47. u = (0.28, —0.96) [6.5] 48. 2i + 3j [6.5] 
49. (A) Orthogonal (B) Not orthogonal 
(C) Orthogonal [6.6] 


50. 3 [5.7] 
60. —1.768, 1.373 [5.3] 61. 0.582 [5.4] 
62. 3.909, 4.313, 5.111,5.516 [5.4] 

63. 


6 
T 10 > 0 
=9) 9 
= 72 
[7.2] — 


Nn 
o 


Ie] 


vie 
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64. (A) Ellipse 


(B) Parabola 


=6 
(C) Hyperbola 
6 
=) 
—6 


65. 6 = 4rad: (a,b) = (—1.307, -1.514) 


66. 0 = 3.785; s = 7.570 [2.3] 
67. A y 


=I. OF 1 2 ae 
—5h 
-10F 
1+ x 
68. — [4.4, 5.1] 
1 — x2 
7. x-1=—-Vx + y,or(x — 1) = 


[7.2] 


[2.3] 


[3.6] 


71. (A) 10 


72. 
73. 


74. 


75. 


76. 


(B) The two graphs go through the pole at different 
values of 6. [7.2] 
1.587, —0.794 + 1.375i, —0.794 — 1.375i [7.4] 
(A) cos 30 = cos? @ — 3cos 6 sin” 6, 
sin 30 = 3cos*@sin@ — sin’ @ [7.4 


g(x) = —1 + 3cos 2x 
4 
aE 7 
[4.4] 
—4 


2 
rAYAY 
4 [4.4] 
g(x) = —1 + cot(x/2) 
4 
Sh 
ih [4.4] 


. 650ft [6.1] 78. 550ft [6.2] 


(A) 48 ft (B) 41 ft [1.46.1] 


. Station A: 8.7 mi; Station B: 6.3 mi [/.4, 6./] 
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81. (A) Period = + sec; B = 1407 

(B) Frequency = 80 Hz; B = 1607 

(C) Period = xa sec; frequency = 50 Hz [3.2] 
82. Wave height = 4 ft; wavelength = 82 ft; 

speed = 20 ft/sec [3.4] 
83. Area=50+4sin@cos@ [2./, 2.3] 


84. Area = Ssin! x+ 5xVI1 — x? [2.3,5.7] 
85. 6 = 0.553 [5.4] 86. x = 0.412 [5.4] 
87. (A) R=r+ (AH —h)tana 


*) [1.4] 

oe he 

88. 18°; 252mph [6.4] 

90. (A) 574ft  (B) 2.9° [6./, 6.2] 
91. (A) 1,250ft (B) 4.6° [/.4, 2./, 6.2] 
92. A=r(7—-O+sin0) [5.4] 

93. 2.6053 rad [5.4] 

94. (A) 


1 
(B) y = 2.845 + 1.275 sin(ax/6 — 1.8) 
(C) 5 


[3.3] 


APPENDIX A 
Exercise A.1 


1. —3, 0,5 (answers vary) 3. 5 (answers vary) 
5. (A) True (B) False (C) True 
7. (A) 0.363636, rational (B) 0.7777, rational 
(C) 2.64575131..., irrational 
(D) 1.62500, rational 
9. (A) 2and3 (B) —4 and —3 
(C) —5 and —4 
11. y+3 13. (3 + 2)x 15. 7x 
17. (5+ 7) +x 19. 3m 21. u + v 
23. (2 + 3)x 


25. 


(A) True 
(C) True 


(B) False; 4 -242-4 
(D) False; 8/2 # 2/8 


Exercise A.2 


174+5 3-1-9 5. -18 7.84 65 
9 -5-10i 11.34 13.2-2i 
5%. 4-fi 12.248: 19.5-2i 
21.345) 2313-19 25.1-3i 
27.0 291 
Exercise A.3 
164x 10 3.54610? 5.73x 10! 
7.32107 9.49110 11. 6.7 x 10! 
13. 56,000 15. 0.0097 —_17. 4,610,000,000,000 
19. 0.108 21. Three 23. Five 
25. Four 27. Two 29. Four 
31. Four 33. 635,000 35. 86.8 
37. 0.00465 397310? 41. 40x 102 
43. 44x10+* 45. Three 47. Two 
49. One 51. 12.0 53. 1.94 x 10° 
55. 53,100 57. 159.0cm 59. 96 ft” 
61. 23mm* = 63. :11.65cm_ _—65..:(13 in. 
APPENDIX B 
Exercise B.1 
1. 3 3-5 5-1 70 £9 20 
11. -6 13.5 15.-2 17.6 
19. -3-2h 21. -2 
23. g(f(2)) = g(-3) = -5 25. Not a function 
27. Function 29. Not a function 
31. Function 33. Y = {1,3, 7} 
35. F;X = {-2,-1,0},Y = {0,1} 
37. Om; 4.88 m; 19.52 m; 43.92 m 
39. 19.52 + 4.88h; the ratio tends to 19.52 m/sec, the speed 


att = 2 


Exercise B.2 


1, 


> X 
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3 y 11 y 
A A 
5 5 
—5 5 ~ % =5 5 x 
—5 =§ 
13. y 
5 y i 
) : 
= 5 eX =5 ENC 5 _— 
=5 
=5 
15. , 
7. 
, 5 
5 
x 
EEA =5 5 
5 5 > xX 
=5 
“3 17. The graph of g(x) = —|x — 3] is the graph of y = |x| 
shifted right 3 units and reflected through the x axis. 
9. y y 
A A 
5 10 
=5 - ~10 io” * 


19. 


21. 


23. 


25. 


27. 


The graph of f(x) = (x + 3)? + 3 is the graph of 
y = x’ shifted left 3 units and up 3 units. 


y 
A 


10 


—10 10 


—10 


The graph of f(x) = 5 — Vx is the graph of y = Vx 
reflected through the x axis and shifted up 5 units. 


y 
A 


10 


—10L// 11 1 | ttt 10 


—10 


The graph of h(x) = — W/2x is the graph of y = Wx 
shrunk horizontally by a factor of and reflected 
through the x axis. 


y 
A 


10 


—10 10 


—10 


The basic function y = x? is shifted right 2 units and 


down 4 units to produce the graph of y = (x — 2)? — 4. 


The basic function y = x’ is shifted right 1 unit, 
reflected through the x axis, and shifted up 3 units to 
produce the graph of y = 3 — (x — 1)*. 


29. 


31. 


33. 


35. 


37. 
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The basic function y = Vx is shrunk horizontally by a 
factor of Ss reflected through the x axis, and shifted up 4 
units to produce the graph of y = 4 — V2x. 

The basic function y = x° is shifted right 1 unit, shrunk 
vertically by a factor of 5, and shifted 2 units down to 
produce the graph of y = 5 (x — 1)? - 2. 


g(x) =2Vx+3-4 
y 


A 
10 


—10 


—10 10 


—10 
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39. The graph of y = Vx is reflected through the y axis, 


17. 
shifted right 3 units, stretched vertically by a factor of 2, 
and shifted down 2 units to produce the graph of 21. 
y=H2V3-—%*% > 2. 


41. The graph of y = x” is shifted 1 unit to the right, shrunk 
vertically by a factor of 5, and shifted down 4 units to 
produce the graph of y = 5 (x — 1)? - 4. 


43. The graph of y = x° is shifted left 1 unit, shrunk 
vertically by a factor of is and shifted down 2 units to 
produce the graph of y = 5 (x + 1)3 - 2. 


Exercise B.3 


1. One-to-one 3. Not one-to-one x47 
5. One-to-one 7. Not one-to-one 3. f(x) f' 3) =s 
9. One-to-one 11. Not one-to-one 7 


25. h(x) = 3x — 3;h-1(2) = 3 


13. gis one-to-one; g! = {(—8, —2), (1,1), (8, 2)}; 
eens eas a ( ), (1, 1), (8 2)} 27.4 Ox 3hx 


Domain: {—8, 1, 8}; Range: {—2, 1, 2} 


15. y 
5, H y=x 
ev: 
o” eH” 
. ate... = 
=5 7 5. % 


Index 


A 
Absolute value, 456 
Accuracy (of calculations), 14, 28-29 
Acoustics: 
frequency determinations, 155 
musical instruments, 194-196, 200 
noise control, 200-201 
sonic booms, 93-94, 227, 305-306 
sound frequency, 149-150 
sound waves, 221—222 
static, 200 
Actual velocity, 388 
Acute angles, 4, 524 
Acute triangles, 352 
Addition of ordinates, 190-192 
Addition properties: 
of real numbers, 484 
of vectors, 403 
Additive identity (of vectors), 403 
Additive inverse (of vectors), 403 
Adjacent side, 23 
Advertising, 343 
Aeronautics. See also specific head- 
ings, e.g.: Airplanes 
aircraft design, 365-366 
altitude determinations, 37 
distance determinations, 37, 38, 49 
navigation, 347, 373, 376, 429, 479 
rocket flight, 222 
sonic booms, 93-94 
spacecraft orbits, 236-237 
Airplanes: 
air-to-air refueling, 34-35 
design of, 365-366 
ground speed of, 395 
navigation by, 347, 373, 376, 429, 
479 
Algebraic functions, 503-504 
Algebraic vector(s), 397-407 


addition of, 399-401 
conversion to/from geometric vec- 
tors, 397-399 
defined, 398 
determining magnitude of, 399 
properties of, 403-404 
scalar multiplication of, 400-401 
unit vectors, 401-403 
Alternating current, 84-85, 122, 
175-176, 187, 343 
AM (amplitude modulation), 180 
Ambiguous case (of SSA triangles), 
358 
America’s Cup, 452 
Amplitude, 144, 175 
comparing, 142 
defined, 141 
and secant/cosecant functions, 208 
and tangent/cotangent functions, 203 
Amplitude modulation (AM), 180 
Anatomy, of the eye, 336-337, 366 
Anchorage, Alaska, 349 
Angle(s), 2-3 
acute, 4, 524 
and arcs, 6-7 
central, 6, 53-54 
complementary, 4, 24 
of complex numbers, 456 
coterminal, 3, 56—57 
critical, 91, 97 
degree measure of, 3-6 
of depression, 34 
of elevation, 34 
of incidence, 86, 91 
of inclination, 85 
obtuse, 4, 524 
plane geometry of, 524 
positive vs. negative, 3 
quadrantal, 99-100 


radian measure of, 52—55 
reference, 104—105 
of reflection, 86 
of refraction, 97 
right, 4, 524 
in standard position, 55-58 
straight, 4, 524 
subtended, 6 
supplementary, 4, 524 
between two vectors, 412-414 
Angular velocity, 66, 68-69 
Aphelion, 453 
Apparent diameter, 13 
Apparent velocity, 388 
Arbitrary triangles, 383 
Arc(s): 
and angles, 6-7 
intercepted, 9 
subtended, 6 
Archimedes, 8 
Archimedes’ spiral, 441 
Architecture: 
area determinations in, 336 
height determinations in, 344 
length determinations in, 284—285 
roof overhang in, 38 
Arc length (of circle), 58-59 
Arcsin, 27 
Arcsin transformation, 308 
Area(s): 
of cones, 479 
of sector of a circle, 59-60 
of triangle, 378-383 
arbitrary triangles, 383 
given base and height, 378-379 
given three sides, 380-383 
given two sides and included 
angle, 379-380 
Arguments, 456 


1-2. INDEX 


Arms, motion of, 157 
Associative property (of vectors), 403 
Associative (term), 386 
Astronomy: 
apparent diameters, 13 
Earth’s angular velocity, 68 
Earth’s orbit, 64-65, 71 
Earth-Venus distance, 366 
Hubble space telescope, 69 
Jupiter’s orbit, 71 
lunar craters, 20 
lunar geography, 38 
lunar mountains, 20 
lunar movement relative to Jupiter, 72 
lunar phases, 166-168, 334 
Mercury’s orbit, 328 
Neptune’s velocity, 71 
planetary orbits, 469-471 
planetary speed, 453 
sun-Mercury distance, 36, 452-453 
sun’s diameter, 64 
sun’s rotation, 71 
sun-Venus distance, 35 
total solar eclipse, 10 
velocity due to rotation, 71 
Auto-racing, 392-393 
Axis of rotation, 83 


Balloon flight, 49 
Barrow, Alaska, 201—202 
Baseball, 337 
Beacon, rotating, 72 
Beat (music), 273-274 
Bell X-1 rocket plane, 94 
Berliner and Berliner (psychologists), 
95-96 
Berlin Marathon, 5 
Bicycling, 65, 70, 72, 349 
Billiards, 226 
Bioengineering: 
limb movement, 157, 222 
range of motion, 63-64 
Biology: 
biorhythms, 174 
bird populations, 308 
of the eye, 12, 336-337 
modeling body temperature, 189 
perception of light, 177-178 
predator-prey analysis, 213-215 
Biomechanics, traction in, 396, 410, 
430 
Biorhythms, 174 
Birds, 308 
Blood pressure, 156 
Boating, 92—93, 122 


determining distance in, 348 
lightning protection in, 38-39 
navigation in, 343, 365, 376, 
388-389, 395, 478 
velocities in, 395 
Body temperature, 189 
Bow waves, 92-93, 98, 122 
Breaking waves, 188 
Breathing rate, 156 
Bungee jumping, 189, 344 
Buoy, mass of a, 151, 221 
Business, seasonal sales cycles, 200, 
222, 228 
Business applications: 
advertising, 343 
seasonal sales cycles, 336 


Calculator(s). See also Graphing calcu- 
lator(s) 
evaluating trigonometric functions 
with, 78-80 
evaluating trigonometric ratios with, 
25-28 
finding values involving inverse 
cosine with, 298 
finding values involving inverse sine 
function with, 294 
finding values involving inverse tan- 
gent function with, 301 
Camera lenses, 20-21 
Carbon dioxide, modeling atmospheric, 
201 
Cardano, Girolamo, 486 
Cardioids, 443-444 
Central angle(s): 
defined, 6 
radian measure of, 53-54 
Cerenkov, Pavel A., 94-95 
Chair lifts, 405-406 
Chord, 9 
Circle(s): 
arc length of, 58-59 
area of sector of, 58-60 
great, 306 
plane geometry of, 528 
sketching, in polar coordinates, 442 
unit, 73-78 
Circuits, electrical, 155, 171, 222, 227, 
348, 478 
Circumference, of Earth, 7-8 
Climate, 337 
Closure property (of real numbers), 484 
Coastal patrol, 364 
Coastal piloting, 36-37, 365 
Cofunctions, 25, 250 


Cofunction identities, 249-250, 252 
Columbus, Ohio, 328 
Combined forms of trigonometric func- 
tions, graphing, 190-197 
Fourier series, 196-197 
with graphing calculator, 191-193 
by hand, 190-191 
sound waves, 193-196 
Combined property (of real numbers), 
484 
Communications, fiber optics in, 91 
Commutative property: 
of real numbers, 484 
of vectors, 403 
Commutative (term), 386 
Complementary angles, 4, 24, 524 
Complementary relationships (in right 
triangles), 25 
Complex numbers, 453-460, 485-488 
converting, from rectangular to polar 
form, 456-458 
defined, 486-487 
finding powers of, 463-464 
operations with, 487-488 
plotting, 454-455 
in polar form, 453, 454 
polar-rectangular equations for, 456 
products/quotients of, in polar form, 
459-460 
in rectangular form, 453-454 
roots of, 465 
and square roots of negative num- 
bers, 488 
Complex plane, 453 
Components (of vectors), 386, 391 
Compression (in graphing), 510 
Concorde, 94 
Conditional equations, 230, 315 
Conics, 469 
Construction: 
area calculations for, 21 
cost determinations in, 385 
crane positioning, 225 
of fire lookouts, 377 
ladder placement, 37 
length determinations in, 268 
of ramps, 48 
retaining walls, 98 
volume determinations in, 268 
Conversions: 
DD to DMS, 6 
between degrees and radians, 54-55 
DMS to DD, 5 
of expressions with fundamental 
identities, 233-234 


geometric vectors to/from algebraic 
vectors, 386-387 
polar coordinates to/from rectangular 
coordinates, 436-437 
polar form to/from rectangular form, 
456-458 
Coordinate, 483 
Coplanar concurrent forces, 404-405 
Cordelia (Uranus’s moon), 13 
Cornea, 12, 336 
Cos, see Cosine 
Cosecant (csc), 23-25 
graphing: 
y = Acsc(Bx + C), 207-210 
y = escex, 132-134 
inverse cosecant function, 309-310, 
312-313 
Cosine (cos), 23-25. See also Law of 
cosines 
cofunction identity for, 249 
double-angle identity for, 258-259 
equations involving, 317-318 
graphing: 
y = cosx, 128-129 
y =k + Acos Bx, 140-151 
y =k + Acos(Bx + C), 
159-168 
half-angle identity for, 261 
inverse cosine function, 294-298 
as periodic function, 107-108 
product-sum identities for, 269-270 
properties of, 175 
sum and difference identities for, 
247-249 
sum-product identities for, 270-271 
Cotangent (cot), 23-25 
graphing: 
y = Acot(Bx + C), 202-206 
y = cotx, 132 
inverse cotangent function, 309-313 
Coterminal angles, 3, 56-58 
Coyotes, populations of, 213-214 
Cranes, 225 
Crest, 181 
Critical angle, 91, 97 
Csc, see Cosecant 
The Curious History of Trigonometry 
(Katz), 17n. 
Current, electric, see Electric current 


Damped harmonic motion, 183-186 

Daylight, 349 

Decimal degree (DD), 4-6 

Degrees, conversion to/from radians, 
54-55 


Degree measure (of angles), 3-5 
Degree-minute-second (DMS), 4-6 
De Moivre, Abraham, 462-463 
De Moivre’s theorem, 463-464 
Dependent variables, 499 
Descartes, René, 52, 87 
Descartes’ law, 87 
Diameter: 

apparent, 13 

of sun, 9 
Diastolic pressure, 156 
Difference identities, 252 

for cosine, 247—248 

for sine, 250 

for tangent, 250-251 

using, 252-255 
Dimensionless numbers, 16n. 
Directed line segments, 386 
Directrix, 469 
Displacement vector, 417 
Distance, between two points, 248 
Distributive property: 

of real numbers, 484 

of vectors, 403 
Diving, 97 
DMS, see Degree-minute-second 
Dogsledding, 416 
Domain: 

for cotangent/secant/cosecant, 310 

rule form definition, 499 

set form definition, 501 
Dot product, 410-417 

and angle between vectors, 412-413 

defined, 410 

orthogonality determinations with, 

414 

properties of, 411 

and vector projection, 414-417 

in work problems, 416-417 
Double-angle identities, 258-260 
Drive wheels and shafts, 65 


Earth, 35-36 
approximating circumference of, 7-8 
axis of rotation, 83 
distance to Venus, 366 
polar equation of orbit, 471 
radius of, 39 
speed of orbit, 71 
Earth science: 
carbon dioxide in atmosphere, 201 
climate, 337 
daylight duration, 349 
hours of daylight, 328 
lake temperatures, 199 


INDEX 13 


pollution, 221 
twilight duration, 480 
Eccentricity (conic), 469, 470 
EIA (Energy Information 
Administration), 158 
Einstein, Albert, 175 
Electrical circuits, 155, 171, 222, 227, 
348, 478 
Electrical wind generators, 67, 79-80 
Electric current, 84, 122, 175-177, 
187, 327, 343 
Electromagnetic spectrum, 178 
Electromagnetic waves, 177-181, 
188-189, 222, 227 
Electrons, 179 
Electronic synthesizers, 184 
Elements (Euclid), 13-14 
Elementary functions, 504 
Emergency vehicles, 228 


Energy: 
particle, 94-95 
solar, 83-84 


Energy consumption, 171-172 
Energy Information Administration 
(EIA), 158 
Engineering: 
bicycle chains, 349 
bicycle movement, 70 
determining compression, 430 
fire lookout, 377 
freeway design, 395 
fuel tanks, 307 
gear revolutions, 121 
gears, 226-227 
oil pumps, 63 
piston movement, 84 
pistons in, 366 
pulley systems, 307-308 
race track design, 392-393 
railroad track, 479-480 
railroad tunnels, 344 
rotation in water, 157-158 
shaft rotation, 70 
shafts and drive wheels, 65 
tunnel design, 376-377, 429 
velocity of automobile wheels, 121 
Envelope, 185 
Epimetheus (Saturn’s moon), 13 
Equal vectors, 386, 398 
Equation(s). See also Trigonometric 
equations 
conditional, 230, 315 
finding, for a graph, 148-149 
solving cubic, 466 
solving quadratic, 465-466 
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Eratosthenes, 7 

Euclid, 13-14, 86 

Euclid’s theorem, 14-17, 526 
Euler, Leonhard, 52, 460 
Expansion (of graphs), 510 
Extraneous solutions, 321n. 
Eye, 12, 59, 336-337, 366 


Factoring, 319-323 
Faraday, Michael, 175 
Fermat, Pierre, 86 
Fermat’s least-time principle, 86 
Ferris wheels, 156-157, 327 
Fiber optics, 91 
Field (in physics), 175 
Field of view, 64 
Firefighting, 226, 364, 377 
Floating objects, 150-151, 156, 221 
FM (frequency modulation), 180 
Focal length, 20 
Focal point, 20 
Focus (of conics), 469 
Foot-pound (ft-lb), 4167. 
Force: 
centrifugal, 392-393 
vectors of, 390-391 
Forestry, 226, 364 
Fourier, Joseph, 196 
Fourier series, 184, 196-197 
Four-leaved rose, 444-445 
Frank, I] ‘ja, 94-95 
Freeway design, 395 
Frequency, 149-150, 175 
Frequency modulation (FM), 180 
Fuel tanks, 307 
Function(s), 498-512 
algebraic, 503-504 
classification of, 503-504 
elementary, 504 
graphing, 505-512 
inverse, 518-521 
notation for, 502-503 
one-to-one, 516-518 
rule form definition of, 498—500 
set form definition of, 501 
vertical-line test of, 500 
Fundamental identities, 109-110, 
230-234, 237-245 
and conversion of expressions to 
equivalent forms, 233-234 
and evaluation of trigonometric 
functions, 231-232 
for negatives, 231 
Pythagorean identities, 231 
quotient identities, 230 


reciprocal identities, 230 
testing, using a graphing calculator, 
243-245 
verifying, 237-243 
Fundamental tone, 184 


Galileo Galilei, 42 
Gears, 72, 121 
Generators, alternating current, 
175-177, 187 
Geography: 
depth of canyons, 17-18 
distances between cities, 12, 49, 225 
latitude length, 40 
Geology, determining height in, 257 
Geometric vector(s), 386-393, 
396-399 
addition of, 386-387 
and centrifugal force, 392-393 
conversion to/from algebraic vectors, 
386-387 
for force, 390-391 
resolution of, into components, 
391-392 
standard position for, 397 
sum of two nonparallel vectors, 386 
sum of two vectors u and v, 386 
for velocity, 388-389 
Geostationary orbit, 377 
Geostationary satellites, 71 
Gnomon, 356 
Golf, 97, 337 
Graphing. See also Graphing of 
trigonometric functions; 
Sketching 
basic functions, 505, 506 
combined transformations, 511 
inverse of one-to-one functions, 
520-521 
reflections, 507-508 
standard position, sketching angles 
in, 56-57 
stretching/shrinking in, 508-510 
transformations of functions, 505-512 
translations in, 507 
vertical/horizontal shifts, 505—507 
Graphing calculator(s): 
degree mode in, 25 
finding equation of simple harmonic 
with, 165-166 
graphing trigonometric functions 
with, 134-137, 191-193 
solving trigonometric equations 
with, 329-333 
solving trigonometric inequalities 


with, 333-334 
testing identities with, 243-245, 
252-253 
Graphing of trigonometric functions, 
124-125 
combined forms, 190-197 
Fourier series, 196-197 
with graphing calculator, 191-193 
by hand, 190-191 
sound waves, 193-196 
with graphing calculator, 134-137, 
191-193 
y = Asec(Bx + C) 


[y = Acsc (Bx + C)], 
207-210 
y = Atan(Bx + C) 


[y = Acot (Bx + C)], 
202-206 
y = cosx, 128-129 
y = cotx, 132 
y = cscx, 132-134 
y=k+ Asin Bx, 
[y =k + Acos Bx],140-151 
y =k + Asin(Bx + C) 
[y =k + Acos(Bx + C)], 
159-168 
sec x, 132-134 
sin x, 125-127 
tanx, 129-131 
Gravitational constant, 42 
Great circle, 306 
Greeks, ancient, 2, 7, 14 


Half-angle identities, 261-264 
Half Dome, 257 
Harmonics, 159-160, 165-166, 175 
Harmonic motion, 183-186 
damped, 183-186 
simple, 159 
Harmonic tone, 184 
Heartbeat, 156 
Helicopters, 343 
Heron of Alexandria, 380 
Heron’s formula, 380—382 
Hertz, Heinrich Rudolph, 149 
Hipparchus, 2 
Horizontal-line test, 517 
Horizontal shifts, in graphing, 507 
Horizontal shrinking, 510 
Horizontal stretching, 510 
Horizontal translation, 160 
Hubble space telescope, 69 


Huygens (European Space Agency), 13 
Hypotenuse, 22-24 
Hz (unit), 149 


Identities, 230-282 
cofunction, 249-250, 252 
defined, 230 
double-angle, 258-260 
fundamental, 109-110, 230-234, 
237-245 
half-angle, 261-264 
of inverse functions, 519 
inverse cosecant, 313 
inverse cosine, 295 
inverse cotangent, 313 
inverse secant, 313 
inverse sine, 291 
inverse tangent, 300 
for negatives, 231 
product-sum, 269-270 
Pythagorean, 231 
quotient, 230 
reciprocal, 230 
solving trigonometric equations 
using, 320-324 
sum and difference, 251—252 
for cosine, 247—249 
for sine and tangent, 250-251 
using, 252-255 
sum-product, 270-274 
testing, with graphing calculator, 
243-245, 252-253 
transformation, 278-279 
verifying, 237-243, 254-255, 260, 
264 
Identity property (of real numbers), 
484 
Imaginary axis, 453 
Imaginary part (of complex numbers), 
453 
Imaginary unit, 486 
Independent variables, 499 
Index of refraction, 86-87, 89, 97, 98 
Indirect measurement, 2 
Initial point, 386 
Initial side, 2 
Inner product, 410 
Integers, 56n., 482 
Intercepted arc, 9 
Inverse cosecant function, 309-310, 
312-313 
defined, 310 
finding values of, with calculator, 
313 
identities involving, 313 


Inverse cosine function, 294—298 
defined, 295 
exact values of equations involving, 
296-297 
finding values of, with calculator, 
298 
identities involving, 295 
Inverse cotangent function, 309-313 
defined, 310 
exact values of equations involving, 
311 
finding values of, with calculator, 
312-313 
identities involving, 313 
Inverse functions, 518-521 
defined, 519 
determining, 519-520 
graphs of, 520-521 
identities, 519 
Inverse property (of real numbers), 484 
Inverse secant function, 309-313 
defined, 310 
exact values of equations involving, 
311-312 
identities involving, 313 
Inverse sine function, 288-294 
defined, 290 
exact values of equations involving, 
292-293 
finding values of, with calculator, 
294 
identities involving, 291 
Inverse tangent function, 298-302 
defined, 299 
equivalent algebraic expressions 
involving, 300 
exact values of equations involving, 
300-301 
finding values of, with calculator, 
301 
identities involving, 300 
Inverse trigonometric functions, 288 
Irrational numbers, 483, 485 


Javelin throw, 267 

Joule, 416n. 

Juliet (Uranus’s moon), 13 
Jupiter, 71 


Katz, Victor J., 17n. 
Kepler, Johannes, 453 


Lakes, 199 
Lambert, Johann, 8 
Latitude, 12, 40 
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Lawn mowing, 416-417 
Law of cosines, 367-374 
derivation of, 367-368 
solving SAS case using, 369-370 
solving SSS case using, 371-373 
Law of reflection, 86 
Law of refraction, 87 
Law of sines, 352-362 
derivation of, 353-354 
solving ASA and AAS cases using, 
355-357 
solving SSA cases using, 358-362 
Legs (of humans), 157, 222 
Legs (of right triangles), 22-23 
Leibniz, Gottfried, 8 
Lemniscate (polar curve), 448 
Lenses, camera, 20-21 
Lifeguarding, 40-41 
Light: 
filters for, 327 
intensity of, 83 
refraction of, 86-91, 122, 258 
speed of, 114-115 
Light cones, 95, 98 
Lightning rods, 38-39 
Light waves, 177-179, 227 
Light-year, 489 
Linear velocity, 66-69 
Line segments, directed, 386 
Liu Hui, 8 
Longitude, 12 
Lunar phases, modeling, 166-168 
Lungs, 155 


Mach, Ernst, 94 
Mach number, 94 
Magnitude, 386, 399 
Marathon, 5 
Mass, determinations for floating 
objects, 151, 156, 221 
Mathematical induction, 463 
Mauna Loa, Hawaii, 201 
Maxwell, James, 175 
Mean sidereal day, 68 
Mean solar day, 68 
Measurement, indirect, 2 
Medicine: 
eye surgery, 336-337 
fiber optics in, 91 
stress tests, 48-49 
traction in, 430 
use of traction, 396, 410 
Mercury, 36, 328, 452-453 
Meter, 416n. 
Miles, nautical, 12 
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Milwaukee, Wisconsin, 139-140, 228 
Mining: 

length of air shafts, 34 

length of air vents in, 16-17 
Minutes (angle measurement), 4 
Mirror Lake, 257 
Modulus (mod), 456 
Mollweide’s equation, 364 
Moon, 10, 13, 20, 38, 59, 166-168, 

334 

Moving wave equation, 182 


Multiplication identity (of vectors), 403 
Multiplication properties (of real num- 


bers), 484 
Music: 
beats in, 273-274, 276, 285 
sound intensity, 72 
tones in, 279 
Musical instruments: 
modeling sounds produced by, 
194-196, 200 
tuning, 273 


National Data Buoy Center (NDBC), 
158 
Natural gas: 
consumption of, 171-172 
modeling storage of, 158-159 
Natural numbers, 482 
Nautical miles, 12 
Navigation: 
by airplanes, 347, 373, 376, 429, 
479 
by boat, 343, 365, 376, 388-389, 
395, 478 
coastal piloting, 36-37 
determining distances, 37-38, 
361-362 
determining location in, 39-40 
by ships, 343 
and sun, 49 
Navigational compass, 388 
Negatives, identities for, 231 
Negative angles, 3 
Negative real numbers, 483 
Neptune, 71 
New Orleans, Louisiana, 328 
Newton, Isaac, 175, 462 
Newton-meter (unit), 416n. 
Newton’s second law of motion, 404 
Newton (unit), 416n. 
Nobel prize, 94 
Noise control, 200-201 
Nonrigid transformations, 508 
Norm (of vectors), 399 


nth-root theorem, 464—467 
Nuclear particles, 70-71 
Numbers: 

complex, 485-488 

dimensionless, 16n. 

irrational, 483, 485 

natural, 482 

rational, 482, 485 

real, 482-484 

square roots of negative, 488 


Oblique triangles, 352 
Obtuse angles, 4, 524 
Obtuse triangles, 352 
Oceanography: 
modeling sea temperatures, 158 
tidal current curve, 448 
Offshore pipelines, 41 
Oil pumping, 63 
One-to-one correspondence, 516 
“On the Derivatives of Trigonometric 
Functions,” 479n. 
Opposite direction (of vectors), 386 
Opposite side, 23 
Optics: 
modeling light waves, 86-91, 
177-179 
refraction, 86-91, 122 
refraction of light, 227 
speed of light in water, 114-115 
Optical illusions, 95-96 


Orbiting Astronomical Observatory, 12 


Ordered pairs, 501 

Ordinates, addition of, 190-192 
Origin, 432, 483 

Orthogonal vectors, 412, 414 
Overtones, 194 


Paddle wheels, 157 
Parallels of latitude, 40 
Parallelograms, 527 
Parallelogram rule, 386 
Parallel vectors, 412 
Parking lots, 39 
Partial tones, 194 
Particle energy, 94-95 
Pendulums, 63 
Perception, 95-96 
Perihelion, 453 
Period(s) (of periodic function), 108 

comparing, 143 

formula for, 144 

and frequency, 149 
Periodic functions, 107-108 
Perpendicular vectors, 412 


Perspective illusions, 95-96 
Phase shift, 160-161, 175 
Photography: 
field of view, 12, 64 
lens focusing, 20-21 
polarizing filters, 327 
Physics. See also Acoustics; Optics 
atomic particle movement, 70-71 
bow wave modeling, 92-93 
bow waves, modeling of, 92-93 
compression determinations, 
406-407 
electric current modeling, 175-177, 
187 
electromagnetic waves modeling, 
177-181, 188-189, 222 
floating objects, 150-151 
harmonic motion, 183-186 
harmonic motion modeling, 183-186 
light refraction, 258 
mass determinations, 156 
particle energy modeling, 94-95 
spring—mass systems, 155, 189, 
221, 222, 227, 228, 279, 285, 
324-325, 327, 344, 348 
tension determinations, 405-407, 
409, 479 
velocity studies in, 42 
water waves modeling, 181-183, 
187-188, 222 
wave movement in, 171 
wind farms, 308 
Physiology: 
blood pressure, 156 
of breathing, 155, 199 
Pi, estimating, 113 
Pianos, 274 
Piloting, coastal, 36-37 
Pipelines, offshore, 41 
Pistons, 84, 366 
Pittsburgh, Pennsylvania, 337 
Pixels, 134 
Plane geometry, 524-528 
angles, 524 
circles, 528 
quadrilaterals, 527 
triangles, 525-527 
Planetary orbits, 469-471 
Point(s), distance between two, 248 
Point-by-point sketching, 441-442 
Polar axis, 432 
Polar coordinates, 432-438 
application example, 448-449 
calculator conversion of, 436-437 
complex numbers in, 453-460 


converting, to/from rectangular coor- 
dinates, 434-439, 456-458 
defined, 432 
plotting points in, 433 
sketching equations in, 440-445 
standard polar curves, 447-448 
Polar coordinate systems, 432-433 
Polar equations: 
of conics, 469 
graphing, on calculators, 445-446 
sketching, 440-445 
Polar form (of complex numbers), 454 
Polarizing light filters, 327 
Pole, 432 
Pollution, 221 
Position vector, 397 
Positive angles, 3 
Positive real numbers, 483 
Predator-prey relationships, 213-215 
Principal values, 295 
Products, of complex numbers, 
459-460 
Product-sum identities, 269-270 
Propellers, 158 
Psychology, of perception, 95-96, 98 
Pulleys, 65, 121, 307-308 
Pulse rate, 156 
Pumps, 63 
Pythagoreans, 485 
Pythagorean identities, 231 
Pythagorean theorem, 22-23, 73, 75n., 
525 


Quadrants, 627. 

Quadrantal angles, 99-100 

Quadratic formula, 323-324 

Quadrilaterals, 527 

Quantities, scalar vs. vector, 385 

Quotients, of complex numbers, 
459-460 

Quotient identities, 230 


Rabbits, 213-214 
Radians, conversion to/from degrees, 
54-55 

Radian measure, 52—54 
Radio towers, 348 
Radio waves, 180 
Radius (of Earth), 39 
Radius vector, 397 
Railroads, 479-480 

grades of, 226 

tunnels for, 344 
Range: 

rule form definition, 499 


set form definition, 501 
of x and y, 134 
Range of motion, 63-64 
Rapid polar sketching, 443 
Ratios, trigonometric, 23-28 
Rational numbers, 482, 485 
Rays, 2 
Real axis, 453 
Real numbers, 482-484 
properties of, 483-484 
and real lines, 483 
system of, 482-483 
Real number line, 455, 483 
Real part (of complex numbers), 453 
Reciprocals, 25n. 
Reciprocal identities, 230 
Reciprocal relationships, 25-26 
Rectangles, 527 
Rectangular coordinates, converting 
to/from polar coordinates, 
434-439, 456-458 
Rectangular coordinate system, 52 
quadrants in, 62n. 
standard position in, 55-56 
Rectangular form (of complex num- 
bers), 453 
Reduced-gravity simulation, 430 
Reference angles, 104—105 
Reference triangles, 104-107 
Reflected light, 89-91 
Reflections, in graphing, 507-508 
Refracted light, 86-88, 97, 114-115 
Refraction, 227 
Resonance, 183-185 
Resultant force, 390-391 
Resultant vectors, 386 
Resultant velocity, 388 
Retaining walls, 98 
Retina, image of moon on, 59 
Rhind Papyrus, 8 
Rhombuses, 527 
Right angles, 4, 524 
Right triangles, 22-23, 525 
applications of, 33-36 
complementary relationships 
in, 25 
reciprocal relationships in, 26 
solving, 22, 28-31 
trigonometric ratios for, 23—25 
Rigid transformations, 508 
Roads, planning, 268 
Rockets, 222 
Roof overhang, 38 
Rotary motion, 156-157 
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Sailing, 462 
Sales cycles, 200, 222, 228, 336 
Same direction (of vectors), 386 
San Antonio, Texas, 173 
San Francisco Bay, California, 
173-174, 223 
San Francisco Light Station, 448-449 
Satellites, 64, 70, 121-122, 236, 366, 
377, 429 
geostationary, 71 
telescopes as, 12 
Saturn, 13, 471 
Saws, 226-227 
Sawtooth waves, 197 
Scalars, 400 
Scalar component(s): 
defined, 398 
of u on v, 415 
Scalar multiplication properties (of 
vectors), 403 
Scalar product, 410 
Scalar quantities, 385 
Scale (of x and y), 134 
Scales (weighing), 155 
Search and rescue, 376 
Seasons, 83-84 
Secant (sec), 23-25 
confunction identity for, 250 
graphing: 
y = Asec(Bx + C), 207-210 
y = secx, 132-134 
inverse secant function, 309-313 
Seconds (angle measurement), 4 
Sector (of a circle): 
area of, 59-60 
defined, 59 
Semiperimeter, 380 
Sensory perception, 95—96 
Shafts, 65, 70 
Shrinking (of graphs), 508-510 
Side(s): 
initial, 2 
terminal, 2-3 
Side adjacent, 23 
Side opposite, 23 
Significant digits, 489-495 
in decimal fractions, 493 
defined, 491, 492 
determining, for calculated values, 
493-494 
and rounding, 494-495 
and scientific notation, 489-491 
for solving triangles, 353 
Sign (of trigonometric functions), 
80-81 
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Similar triangles, 13-18 
Simple harmonic, 159-160 
Simple harmonic motion, 159 
Simple harmonics, 159, 165-166, 175 
Sine (sin), 23-25. See also Law of 
sines 
confunction identity for, 249 
double-angle identity for, 258 
equations involving, 316-317 
graphing: 
y=k-+ Asin Bx, 140-151 
y=k + Asin(Bx + C), 
159-168 
y = sinx, 125-127 
graphing horizontal translations of, 
159-161 
half-angle identity for, 261 
inverse sine function, 288—294 
as periodic function, 107-108 
product-sum identities for, 269-270 
properties of, 175 
sum and difference identities for, 
250 
sum-product identities for, 270-271 
Sine waves, 193 
Sinusoidal curve, 173 
Sinusoidal regression, 173 
Sketching. See also Graphing 
point-by-point, 441-442 
of polar equations, 440-445 
rapid polar, 443-445 
Skiing, 405-406 
Skylights, 284-285 
Slingshot effect, 236-237 
Snell, Willebrod, 87 
Snell’s law, 87 
Soccer, 306 
Solar eclipse, total, 10 
Solar energy, 49-50, 83-84, 479 
Solutions, extraneous, 321n. 
Solving triangles, 352-353 
right, 22, 28-31 
strategy for oblique triangles, 371 
strategy for SAS cases, 369 
strategy for SSS cases, 371 
Sonic booms, 93-94, 227, 305-306 
Sound, 149-150, 155, 200. See also 
Acoustics 
Sound barrier, 70 
Sound cones, 93-94, 98 
Sound waves, 93-94, 193-196, 
221-222 
Spacecraft, 236-237, 306 
Space flight, 12 
angular velocity, 70 


communication, 377 
determining distances during 
orbit, 39 
linear velocity, 69 
orbiting spacecraft, 306 
reduced-gravity simulation, 430 
re-entry of shuttles, 38 
satellites, 71, 121-122, 366, 377, 
429 
shuttle movement relative to Earth, 
71-72 
Space shuttle, 71-72 
Speigle, M. R., 479n. 
Spirals, sketching, 441 
Sports: 
auto-racing, 392-393 
baseball, 337 
bicycling, 65, 70, 72, 349 
billiards, 226 
bungee jumping, 344 
golfing, 97, 337 
javelin throwing, 267 
marathon, 5 
sailboat racing, 452 
soccer, 306 
tennis, 19 
Spring—mass systems, 155, 189, 221, 
222, 227, 228, 279, 285, 
324-325, 327, 344, 348 
Squares, 527 
Square roots (of negative numbers), 
488 
Square wave, 197 
Standard position: 
angles in, 55-58 
for geometric vectors, 397 
Standard vector, 397 
Standard viewing window (graphing 
calculator), 134 
Static, modeling sound and, 200 
Static equilibrium, 404-407, 409, 479 
Statue of Liberty, 343 
Straight angles, 4, 524 
Stress tests, 48-49 
Stretching (of graphs), 509-510 
Subtended (term), 6 
Sum: 
of two nonparallel vectors, 386 
of two vectors u and v, 386 
Sum identities, 251 
for cosine, 249 
for sine, 250 
for tangent, 251 
using, 252-254 
Sum-product identities, 270-274 


Sun, 13 
approximating diameter of, 9 
distance to Mercury, 452-453 
eclipse of, 10 
rotation of, 71 
Sundials, 356-357 
Sunrise times, modeling, 139-140, 173 
Sunset times, modeling, 139-140, 223 
Supersonic aircraft, 94 
Supplementary angles, 4, 524 
Surveying: 
determining angles, 371-372 
determining distance, 50, 364, 365, 
375-376, 378, 429, 478 
determining height, 37, 41-42, 48, 
64, 226, 257, 365 
determining land cost, 385 
positioning walkways, 227-228 
Suspension systems, 183-185 
Systolic pressure, 156 


Tacoma Narrows Bridge, 185 
Tail-to-tip rule, 386 
Tamm, Igor, 94-95 
Tangent (tan), 23-25 
confunction identity for, 250 
double-angle identity for, 259 
equations involving, 318 
graphing: 
y = Atan(Bx + C), 202-206 
y = tanx, 129-131 
half-angle identity for, 261 
inverse tangent function, 298-302 
sum and difference identities for, 
250-251 
Temperature, modeling, 158, 173, 228 
Tergat, Paul, 5 
Terminal point, 386 
Terminal side, 2—3 
Three-leaved rose, 448 
Tides, 448 
Tightrope walking, 409 
Time, measuring, 65 
Titan (Saturn’s moon), 13 
Torque, 404 
Total solar eclipse, 10 
Transformations (of functions), 505 
Transformation identity, 278-279 
Translation: 
horizontal, 160 
vector, 386 
vertical, 146-147 
Treadmills, 48-49 
Triangle(s): 
acute, 352, 525 


congruent, 526-527 
equilateral, 526 
finding area of, 378-383 
arbitrary triangles, 383 
given base and height, 378-379 
given three sides, 380-383 
given two sides and included 
angle, 379-380 
isosceles, 526 
oblique, 352, 525 
obtuse, 352, 525 
plane geometry of, 525-527 
reference, 104-107 
right, see Right triangles 
similar, 13-18, 526 
solving, see Solving triangles 
special, 525 
sum of angle measures, 14 
Trigonometric equations, 315-325 
approximate solutions to, 322-324 
cosine equation, 317-318 
exact solutions to, 319-322 
sine equation, 316-317 
solving, algebraically, 316-319 
solving, using identities, 320-324 
solving, with factoring, 319-323 
solving, with graphing calculator, 
329-333 
spring—mass system example, 
324-325 
tangent equation, 318 
Trigonometric form (of complex num- 
bers), 456 
Trigonometric functions: 
calculator evaluation of, 78-80 
defined, 73-74 
evaluating, 75-77 
exact values of, at special angles, 
99-104 
fundamental identities involving, 
109-110 
graphing, see Graphing of trigono- 
metric functions 
inverse, see Inverse trigonometric 
functions 
periodic, 107-108 
and reference triangles, 104-107 
sign properties of, 80-81 
unit circle approach to, 73-77 
Trigonometric inequalities, using 
graphing calculator to solve, 
333-334 


Trigonometric ratios, 23-25, 52 
calculator evaluation of, 25-28 
complementary relationships with, 25 
finding inverses of, 28 
reciprocal relationships with, 26 
for right triangles, 23-25 

Trigonometry, spherical, 362 

Troughs (of waves), 181 

Tsu Ch’ung-chih, 8 

Tsunami, 188 

Tuning forks, 149, 184, 221-222 

Tunnels, 376-377, 429 

Twilight duration, 480 


Ultraviolet waves, 181 

Unit circle, 73-78 

U.S. Air Force, 94 

U.S. Coast and Geodetic Survey, 448 
Unit vectors, 401-403 

Uranus, 13 


Values, principal, 295 
Variables, independent vs. dependent, 
499 
Vectors. See also Algebraic vector(s); 
Geometric vector(s) 
addition properties of, 403 
angle between two, 412-414 
displacement, 417 
dot product of, see Dot product 
equal, 386, 398 
force, 390-391 
with opposite direction, 386 
orthogonal, 412, 414 
parallel, 412 
perpendicular, 412 
projection of, 414 
resultant, 386 
with same direction, 386 
scalar component of, 414-415 
scalar multiplication properties of, 
403 
in static equilibrium problems, 
404-407 
translations of, 386 
unit, 401-403 
velocity, 388-389 
zero, 386, 398 
Vector quantities, 385 
Velocity: 
actual, 388 
angular, 66, 68-69 
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apparent, 388 

linear, 66-69 

resultant, 388 

vectors for, 388-389 
Velocity vector, 388-389 
Venus, 35 

distance to Earth, 366 

polar equation of orbit, 471 
Verification of identities, 237-243, 

254-255, 260, 264 
Vertex, 3 
Vertical-line tests (of functions), 500 
Vertical shifts, in graphing, 507 
Vertical shrinking, 510 
Vertical stretching, 510 
Vertical translation, 146-147 
Viewing window (graphing calculator), 
134 

Volume: 

of a cone, 225 

maximum interior, 268 
Voyager I, 236 
Voyager II, 236 


Walkways, 227-228 
Warbling, 273 
Water temperatures, 199 
Waves: 
bow, 92-93, 122 
breaking, 188 
electromagnetic, 177-181, 188-189, 
222,227 
light, 86-91, 122, 177-179, 227 
radio, 180 
sawtooth, 197 
sound, 93, 94, 221-222 
square, 197 
ultraviolet, 181 
water, 92, 122, 171, 181-183, 
187-188, 222, 479 
Wheels: 
angular velocity of, 121 
and shafts, 65 
Wind farms, 308 
Wind generators, 67, 79-80 
Work, 416-417 


Yeager, Chuck, 94 
Yosemite National Park, 257 


Zero vectors, 386, 398 
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Applications 


Index 


Acoustics: 
frequency determinations, 155 
musical instruments, 194-196, 200 
noise control, 200-201 
sonic booms, 93-94, 227, 305-306 
sound frequency, 149-150 
sound waves, 221-222 
static, 200 
Advertising, 343 
Aeronautics: 
aircraft design, 365-366 
air-to-air refueling, 34-35 
altitude determinations, 37 
distance determinations, 37, 38, 49 
navigation, 347, 373, 376, 429, 479 
rocket flight, 222 
slingshot effect, 236-237 
sonic booms, 93-94 
spacecraft orbits, 236-237 
Aircraft design, 365-366 
Air-to-air refueling, 34-35 
Alternating current generators, 175-177, 
187, 327 
Angular velocity, 66, 68-69 
Apparent diameter, 13 
Apparent velocity, 388 
Architecture: 
building design, 284-285, 344 
doorway design, 336 
ramp construction, 48 
roof overhang, 38 
Astronomy: 
aphelion, 453 
apparent diameter, 13 
Earth’s orbit, 64-65, 71 
Earth-Venus distance, 366 
Hubble space telescope, 69 
Jupiter rotation and its moons, 72 
Jupiter’s orbit, 71 
light-year, 489 
lunar craters, 20 
lunar geography, 38 
lunar mountains, 20 
lunar phases, 166-168, 334 


mean sidereal day, 68 
mean solar day, 68 
Mercury’s orbit, 328 
Neptune’s velocity, 71 
perihelion, 453 
planetary orbits, 469-471 
planetary speed, 453 
sun-Mercury distance, 36, 452-453 
sun’s diameter, 64 
sun’s rotation, 71 
sun-Venus distance, 35 
total solar eclipse, 10 
velocity due to rotation, 71 
Auto-racing, 392-393 


Balloon flight, 49 
Baseball, 337 
Beacon lights, 213 
Beat (music), 273-274 
Bicycling, 65, 70, 72, 349 
Billiards, 226 
Bioengineering: 
limb movement, 157, 222 
range of motion, 63-64 
Biology: 
biorhythms, 174 
bird populations, 308 
eye, 366 
of the eye, 12, 336-337 
modeling body temperature, 189 
perception of light, 177-178 
predator-prey analysis, 213-215 
Biomechanics, traction in, 396, 410, 430 
Biorhythms, 174 
Bird populations, 308 
Boating, 92-93, 122 
lightning protection in, 38-39 
navigation in, 343, 365, 376, 388-389, 
395, 478 
velocities in, 395 
Boat safety, 37-38, 348 
Body temperatures, 189 
Bow waves, 92-93, 98, 122 
Bungee jumping, 189, 344 


Buoy, mass of a, 151, 221 
Business cycles, 200, 222, 228, 336 


Camera lenses, 20-21 
Carbon dioxide, 201 
Centrifugal force, 392-393, 395 
Climate, 337 
Coastal patrol, 364 
Coastal piloting, 36-37, 365 
Communications, 91 
Construction: 

area calculations for, 21 

cost determinations in, 385 

crane positioning, 225 

of fire lookouts, 377 

ladder placement, 37 

length determinations in, 268 

retaining walls, 98 

volume determinations in, 268 
Cranes, 225 


Damped harmonic motion, 183-186 
Daylight, duration of, 328, 349 
DeMoivre’s theorem, 478 

Diagonal parking, 39 

Diameter, apparent, 13 

Diastolic pressure, 156 

Distance, between two points, 248 
Diving, 97 

Dogsledding, 416 

Drive wheels and shafts, 65 


Earth, 35-36 
axis of rotation, 83 
circumference, 7-8 
diameter, 8 
distance to Venus, 366 
gravitational constant of, 42 
polar equation of orbit, 471 
radius, 8, 39 
seasons, 83 
speed of orbit, 71 
sunrise, 124 
sunset, 139-140 


APPLICATIONS INDEX 


Earth science: 

carbon dioxide in atmosphere, 201 

climate, 337 

daylight duration, 349 

hours of daylight, 328 

lake temperatures, 199 

pollution, 221 

twilight duration, 480 
Electricity: 

circuits, 22, 155, 171, 227, 348, 478 

current, 84, 122, 175-177, 187, 327, 

343 

wind generators, 67, 79-80 
Electromagnetic spectrum, 178 
Electromagnetic waves, 177-181, 

188-189, 222, 227 

frequency, 177-178 

gamma rays, 178 

infrared, 178 

microwaves, 178 

radar, 178 

radio, 178 

short waves, 178 

television, 178 

ultraviolet, 178 

visible light, 178 

wavelength, 178-179 

x rays, 178 
Emergency vehicles, 228 
Energy consumption, 171-172 
Engineering: 

bicycle chains, 349 

bicycle movement, 70 

cable tension, 405-406 

compression force, 430 

cross-sectional area, 480 

donkey pumps, 63 

fire lookout, 377 

freeway design, 395 

fuel tanks, 307 

gears, 121, 226-227 

identity use, 268-269, 284, 348 

piston motion, 84, 366-367 

propellers, 158 

pulley systems, 307-308 

race track design, 392-393 

railroad track, 479-480 

rotary and linear motion, 156-157 

rotation in water, 157-158 

shaft motion, 65 

shaft rotation, 70 

static equilibrium, 404-407, 409 

tunnel design, 344, 376-377, 429 

velocity of automobile wheels, 121 
Eye, 12, 59, 336-337, 366 


Ferris wheels, 156-157, 327 
Fiber optics, 91 


Field (in physics), 175 
Firefighting, 226 
Fire spotting, 364 
Flight safety, 38 
Floating objects, 150-151, 156, 221 
Force(s): 
centrifugal, 392-393, 395 
resolution of, 395-396 
resultant, 390-391, 395, 429, 462 
Forest fires, 226 
Fourier series, 196-197 
Freeway design, 395 
Frequency, 149-150 


Galileo’s experiment, 42 
Gamma rays, 178 
Gardening, 385 
Gas storage, 158-159 
Gears, 121 
Generators, alternating current, 175-177, 
187, 327 
Geography: 
depth of canyons, 17-18 
distances between cities, 12, 49, 225 
nautical miles, 12 
parallel of latitude, 40 
Geology, 257 
Gnomon, 356 
Golf, 97, 337 
Gravitational constant, 42 
Great circle, 306 


Harmonics, 159-160, 165-166, 175 
Harmonic motion, 183-186 
damped, 183-186 
simple, 159 
Hubble space telescope, 69 
Huygens probe, 13 


Illusions, 95-96 
Index of refraction, 86-87, 89, 97, 98 
Infrared waves, 178 


Javelin throw, 267 

Jupiter: 
angular velocity, 71 
linear velocity, point on surface, 71 
rotation of, and its moons, 72 


Lawn mowing, 416-417 
Lifeguard problem, 40-41 
Light cones, 98 
Lightning protection, 38-39 
Light waves, 177-179, 227 

cone, 98 

fiber optics, 91 

intensity of, 83 

mirage, 88 


polarizing filters, 327 
reflected, 89-91 
refraction, 86-91, 122, 258 
Snell’s law, 87, 114 
speed of, 114-115 
telescope, 88 

Light-year, 489 

Logistics problem, 44, 349 


Mach number, 94 
Marathon, 5 
Mass, determinations for floating objects, 
221 
Medicine: 
eye surgery, 336-337 
fiber optics in, 91 
stress tests, 48-49 
traction in, 430 
use of traction, 396, 410 
Mercury, distance to sun, 36, 328, 
452-453 
Microwaves, 178, 189 
Mirage, 88 
Mollweide’s equation, 364 
Moon: 
craters, 20 
diameter of, 59 
in eclipse, 10 
geography, 38 
mountains, 20 
phases, 166-168, 334 
Moving wave equation, 182 
Music: 
beats in, 273-274, 276, 285 
tones in, 279 
Musical instruments: 
modeling sounds produced by, 
194-196, 200 
tuning, 273 


Nautical miles, 12 
Navigation: 
by airplane, 395 
by airplanes, 347, 373, 376, 429, 479 
beacon rotation, 72 
boat, 39-40 
by boat, 343, 365, 376, 388-389, 395, 
478 
coastal piloting, 36-37 
determining distances, 37-38, 361-362 
on Earth’s surface, 225 
and sun, 49 
Neptune, linear velocity, 71 
Newton’s second law of motion, 404 
Noise control, 200-201 
nth-root theorem, 464-467 


Oceanography: 


modeling sea temperatures, 158 
tidal current curve, 448 
Optics: 
modeling light waves, 86-91, 177-179 
refraction, 86-91, 122 
refraction of light, 227 
speed of light in water, 114-115 
Optical illusions, 95-96 
Optimization, 50 
Orbiting Astronomical Observatory, 12 


Paddle wheels, 157 
Parametric equations, 236 
Particle energy, 94-95 
Pendulums, 63 
Perception (psychology), 95-96 
Perspective illusions, 95-96 
Phase shift, 172-173 
Photography: 
field of view, 12, 64 
lens focusing, 20-21 
polarizing filters, 327 
viewing angle, 305 
Physics. See also Acoustics; Optics 
angular velocity, 70 
atomic particle orbit, 70-71 
bow wave modeling, 92-93 
compression determinations, 406—407 
electric current modeling, 175-177, 
187 
electromagnetic waves modeling, 
177-181, 188-189, 222 
field, 175 
floating objects, 150-151 
Galileo’s experiment, 42 
harmonic motion, 183-186 
harmonic motion modeling, 183-186 
light refraction, 258 
mass determinations, 156 
particle energy modeling, 94-95 
pendulums, 63 
spring—mass systems, 155, 189, 221, 
222, 227, 228, 279, 285, 324-325, 
327, 344, 348 
static equilibrium, 479 
tension determinations, 405—407, 409 
water waves modeling, 181-183, 
187-188, 222 
wave movement in, 171 
wind farms, 308 
Physiology: 
blood pressure, 156 
of breathing, 155, 199 
Pipelines, 41 
Pistons, 84 
Planetary orbits, 469-471 
Pollution, 221 
Predator-prey relationships, 213-215 


Projectile distance, 267 

Propellers, 158 

Psychology, of perception, 95—96, 98 
Pulleys, 65, 121, 307-308 

Pumps, 63 


Racetrack design, 393 
Radar, 178 
Radio towers, 348 
Radio waves, 124, 178, 180, 189 
Railroads, 479-480 
grades, 226 
tunnels for, 344 
Range of motion, 63-64 
Refraction, 86-88, 97, 114-115, 227, 258 
angle, 86 
index of, 86 
Resolution of forces, 395-396 
Resonance, 183-185 
Resultant force, 390-391, 395, 429, 462 
Resultant velocity, 388 
Retaining walls, 98 
Rockets, 222 
Roof overhang, 38 
Rotary motion, 327 


Sailboat racing, 452 
Sales cycles, 200, 228, 336 
Satellites, 70, 121-122, 236, 366, 377, 
429 
geostationary, 71 
spy, 64 
Satellite telescopes, 12 
Saturn, 13, 471 
Saws, 226-227 
Sawtooth waves, 197 
Scales (weighing), 155 
Search and rescue, 376 
Seasonal business cycles, 200, 222, 228, 
336 
Seasons, 83-84 
Shadow problem, 48, 307 
Shafts, 65, 70 
Short waves, 178 
Simple harmonic motion, 159 
Soccer, 306 
Solar eclipse, 10 
Solar energy, 49-50, 83-84, 479 
Sonic booms, 93-94, 227, 305-306 
Sound barrier, 70 
Sound waves, 93-94, 124, 149-150, 155, 
193-196, 200, 221-222. See also 
Acoustics 
cone, 93-94, 98 
equation, 149-150 
fundamental tone, 194 
overtones, 194 
partial tones, 194 
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tuning forks, 149 
Space flight: 
angular velocity, 70 
communication, 377 
geostationary orbit, 377 
linear velocity, 69 
orbits in, 39, 306, 429 
reduced-gravity simulation, 430 
re-entry of shuttles, 38 
satellites, see Satellites 
satellite telescopes, 12 
shuttle movement relative to Earth, 
71-72 
Sports: 
auto-racing, 392-393 
baseball, 337 
bicycling, 65, 70, 72, 349 
billiards, 226 
bungee jumping, 344 
golfing, 97, 337 
javelin throwing, 267 
marathon, 5 
sailboat racing, 452 
soccer, 306 
tennis, 19 
Spring—mass systems, 155, 183, 189, 
221, 222, 227, 228, 279, 285, 
324-325, 327, 344, 348 
Square wave, 197 
Static, modeling sound and, 200 
Static equilibrium, 404-407, 409, 479 
Statistics, 308 
Stress tests, 48-49 
Sun, 13 
diameter, 9 
distance to Mercury, 452-453 
eclipse of, 10 
Mercury, distance to, 36 
rotation of, 71 
solar energy, 49-50 
Sundials, 356-357 
Sunrise times, 124, 139-140, 173 
Sunset times, 139-140, 223 
Surveying: 
angle measurement, 371-372 
distance measurement, 41, 42, 50, 378, 
429 
gas tank height, 64 
Grand Canyon width, 364 
height measurement, 37, 41, 42, 48, 
226, 257 
lake length, 375-376, 478 
land cost determinations, 385 
mine shaft, 16, 34 
mountain height, 365 
optimization, 349 
river width, 364, 365 
tree height, 15-16, 365, 478 
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underground cable, 364-365 

volcanic cinder cone, 375 

walkways, 227-228 
Suspension systems, 183-185 
Systolic pressure, 156 


Television, 178 

Temperature, 158, 173, 228 
Temperatures, 199 

Tennis, 19 

Tidal current curve, 448 

Tightrope walking, 409 

Trigonometric substitution, 236, 284, 348 
Tsunami, 188 

Tuning forks, 149, 221-222 

Twilight, duration of, 480 


Ultraviolet waves, 178, 181 


Uranus, 13 


Velocity: 
actual, 388 
angular, 66, 68-69 
apparent, 388 
linear, 66-69 
resultant, 388 
Venus: 
distance to Earth, 366 
polar equation of orbit, 471 
sun, distance to, 35 
Viewing angle, 305, 343 
Volume, of a cone, 225 
Voyager I, 236 
Voyager II, 236 


Water: 
moving wave equation, 182 
speed, 182 
tsunami, 188 
wavelength, 181-182 
waves, 124, 171, 181-183, 187-188, 
222, 479 
Wavelength, 181-182 
Wheels: 
angular velocity of, 121 
and shafts, 65 
Wind farms, 308 
Wind generators, 67, 79-80 
Work, 416-417, 419 


X rays, 178, 188-189 


TRIGONOMETRIC IDENTITIES 
(2.5, 4.1-4.5) 


Reciprocal Identities 


: sec x = cotx = 
sin x COS xX tan x 


sin x cos x 
cotx = — 
cos x sin x 


Identities for Negatives 
sin(— x) = — sinx cos(— x) = cos x 
tan(— x) = — tanx 


Pythagorean Identities 
a) 2, — 
sin’ x + cos’ x = 1 
1 + cot? x = csc? x 


tar’ x + 1 = sec? x 


Sum Identities 
sin(x + y) = sinx cos y + cos x sin y 
cos(x + y) = cos x cos y — sin x sin y 


tanx + tany 


tan(x + y) = 
ae 1 — tan x tan y 


Difference Identities 
sin(x — y) = sinx cos y — cos x sin y 
cos(x — y) = cosxcos y + sin x sin y 


tan x — tan y 


tan(x a 
( ») 1 + tan x tan y 


Cofunction Identities 
(Replace 77/2 with 90° if x is in degree measure.) 


. T T . 
sin > * = COS X COS = = sin x 


Product-Sum Identities 


sin x cos y = 5[sin(x + y) + sin — y)] 
cos x sin y = 5[sin(x + y) — sin — y)] 
sin x sin y = 5[cos x — y) — cos(x + y)] 
cos x cos y = 5[cos(x + y) + cos(x — y)] 


Sum-Product Identities 


: . ey x= y 
sinx + sin y = 2 sin cos 
2 2 
; : xty . x7y 
sinx — sin y = 2 cos sin 
2 2 
x+y x—y 
cos x + cos y = 2 cos cos 
2 2 
PY Sy 
cos x — cosy = —2sin sin 
2. 2 
Double-Angle Identities 
sin 2x = 2 sinx cos x 
cos? x — sin’? x 
cos 2x = 1 — 2sin’ x 
2cos*x — 1 
2 tan x 2 cot x 2 
tan 2x = aan 5 = 
1 — tan’ x cot-x — 1 cot x — tan x 


Half-Angle Identities 


ted 1 — cosx Sign is determined 
a 2 a 2 by quadrant in which 
x/2 lies. 
x 1 + cos x 
cos Sr 
2 2 
x 1 — cosx sin x 1 — cosx 
tan = : = =r 
2 sin x 1 + cos x 1 + cos x 
= 1 — cos 2x 5 1 + cos 2x 
sine x = ———_— cos’ x = —————_ 
2 2 
5 1 — cos 2x 
tan? x = —————_ 
1 + cos 2x 


ANGLES AND ARCS (1.1, 2.) 
0 in Degrees 5 
as \e) 
360° Cc 


0 in Radians C (circumference) 


DEGREES AND RADIANS (1.1, 2.0 


ae: 
=> circumference | 


1° 1 radian 
04 — 6. 
180° rad 
7 : 
Degrees X 780° = Radians 


Oo 


180 
Radians X 


= Degrees 


TRIGONOMETRIC FUNCTIONS (2.3) 


: b r 
sin x = — csc x = —(b #0) 
r b 
a r 
cos x = — sec x = — (a # 0) 
r a 
b 


cot x = ra # 0) 


Ab 


SPECIAL VALUES (2.5) 


0 sin@ csc @ cos@ secé@ tan@ coté 


0° or 0 0 ND. 1 1 0 ND. 
30° or 7/6 | 1/2 2 3/2. 2N3. 1N3 V3 


45° or 7/4 | IN2 V2 IN2 V2 1 1 
60° or a/3.| V3/2 2N3 12 2 V3. IN3 


90° or 7/2 | 1 1 0 N.D. N.D. 0 


N.D. = Not defined 


PYTHAGOREAN THEOREM (1.3, C.2) 


evt+bh=c? a p 


a 


SPECIAL TRIANGLES (2.5) 
2a 


na a V2a a 
ZA 30° O ZL | 


V3a 7 
30°-60°—90° triangle 45° 45°_90° triangle 


NUMBER OF SIGNIFICANT DIGITS 
(A.3) 


Form of Number — Number of Significant Digits 


x, with no decimal = Count the digits of x from left 
point to right, starting with the first 
digit and ending with the last 
nonzero digit. 


x, with a decimal Count the digits of x from left 
point to right, starting with the first 
nonzero digit and ending with 
the last digit (which may be 
zero). 


ACCURACY OF CALCULATED VALUES 
(A.3) 


The number of significant digits in a calculation 
involving multiplication, division, powers, and/or roots 
is the same as the number of significant digits in the 
number in the calculation with the smallest number of 
significant digits. 


ACCURACY FOR TRIANGLES (1.3) 


Significant Digits 


Angle to Nearest for Side Measure 


1 2 
10’ or 0.1° 3 
1’ or 0.01° 4 
10” or 0.001° 5 


(Continued inside back cover) 


GRAPHING TRIGONOMETRIC 
FUNCTIONS @G.1-3.3) 


y=sinx 


y = Asin(Bx + C) y = Acos(Bx + C) 


: : 27 
Amplitude = |A] Period = 3 


B 
Frequency = = 
7 
left if -C/B<0 


Soo 3G 
Phase shift = B | right if —C/B > 0 


y =cotx 


y = A tan(Bx + C) y = Acot(Bx + C) 


Period = = 
B 


c ee if —C/B <0 


Fes Veieht it C0 


LAW OF SINES ©.1) 


sin @ sin B sin y 


a b Cc 


LAW OF COSINES (6.2) 


a’ = b? +c? — 2becosa 
b? = a* + c* — 2ac cos B 
c? =a’? + b* — 2abcos y 


HERON’S FORMULA FOR AREA (.3) 


If the semiperimeter s is 
atb+e 
2 


A = \°s(s — alls — bs — c) 


INVERSE TRIGONOMETRIC 
FUNCTIONS 6G.1, 5.2) 


y =sin-}x means x = siny 

where —— < y <— and -1<x<1 
2 2 

y=cos !'x means x = cosy 
whereO = y= amand-1l=s=x=1 

y =tan’!'x means x = tany 
where ——— <y <—— 
2 2 
and x is any real number 


y=cot™!x means x = cot y 
where 0 < y < wand x is any real number 


y = sec 'x means x = secy 


where 0 <y = my #—, 


andx =-lorx=2l 


y=csc !x means x = cscy 
7 7 
where —-—— =y=—,y #0, 
ge > 92 


andx=-lorx=2l 


The ranges for sec”! and csc”! are sometimes selected 
differently. 


VECTORS (.4- 6.6) 


B 


- 


Vector v = AB 


Vector Addition 


a Ae 
ff 
u u 
Scalar Multiplication 
ku ku 
y 
(k>0) (k<0) 


For vectors u = (a, b) and v = (c, d), and real 
number k, 


POLAR COORDINATES (7.1) 


r= x2 + y? 
x =rcos 6 
y=rsin@ 

tan 6 = y/x 


COMPLEX NUMBERS (A.2, 7.3) 


x + iy = re” =  r(cos @ + isin 0) 
Rectangular Polar Trigonometric 
form form form 


u = ai + dj DE MOIVRE’S THEOREM (7.4) 
Jul = ya? + b? nth Power of z 
ut+v=(at+c,b+d) z” = (x + iy)” 
ku = (ka, kb) = (re’®)" = rleind 
u:v=ac+ bd = r"(cos n@ + isinné) n= 1,2,3,... 
u-v 
cos 9 = ——— nth Roots of z 
Jul|v| pila el Gn+k 360°) k= 0, 1 - (n _ 1) 
u:v 
Comp, u = |u| cos 9 = ——— 
lu! 
METRIC UNITS 
Standard Units of Metric Measure Important Prefixes 
Meter (m): Length (approx. 3.28 ft) kilo (xX 1,000) deci (X 7) 
Liter (1): Volume (approx. 1.06 qt) hecto (xX 100) centi (X 100) 
Gram (g): Weight (approx. 0.035 oz) deka (X10) milli (xX 1000) 
Abbreviations 
Length Volume Weight Length Volume Weight 
m Meter 1 Liter g Gram dm _ Decimeter dl Deciliter dg Decigram 
km _ Kilometer kl Kiloliter kg Kilogram cm Centimeter cl Centiliter cg Centigram 
hm Hectometer hl Hectoliter hg Hectogram mm Millimeter ml Millilittr mg Milligram 


dkm Dekameter dkl Dekaliter dkg Dekagram 


TRIGONOMETRIC IDENTITIES 


Reciprocal Identities 


1 
cscx = — sec x. = cotx = 
sin x cos x tan x 
Quotient Identities 
sin x cos x 
tan x = coLx =; 
cos x sin x 
Identities for Negatives 
sin(— x) = — sin x cos(— x) = cos x 
tan(— x) = —tanx 
Pythagorean Identities 
sin? x + cos? x = 1 tan?x + 1 = sec? x 


1 + cot? x = csc? x 
Sum Identities 


sin(x + y) = sinx cos y + cosx sin y 
cos(x + y) = cos xcos y — sin x sin y 
tanx + tan y 


tan(x + y) = ——___—_ 
ane ee) 1 — tan x tan y 


Difference Identities 


sin(x — y) = sinx cos y — cosx siny 
cos(x — y) = cos x cos y + sinx sin y 
tan x — tany 


tan(x = 
¢ » 1 + tan x tan y 


Cofunction Identities 
(Replace 7/2 with 90° if x is in degree measure.) 
7 


‘ T ‘ 
sin > = COS x CcOSs| —— — x} = sinx 


2 
wn( = = x) = cotx cot( = = 7) = tanx 
2 2 
7 
a 


T 
Sec > — XX} = CSCXxX csc 


Product—Sum Identities 


sin x cos y = 5[sin(x y) + sin(x — y)] 


cos x sin y = 5[sin(x y) — sin(x — y)] 
sin x sin y = 5[cos(x — y) — cos(x + y)] 
cos x cos y = 5[cos(x + y) + cos(x — y)] 


TRIGONOMETRIC IDENTITIES (cont'd) 
LAWS OF SINES AND COSINES 


Sum—Product Identities 


fa ay tes ty x7y 
sin x + sin = sin cos 
y 2 2 
: : 5 ey 2 Sy 
sin Xx sin = COS sin 
y 2 2 
, 2 xTy x—y 
COS X + COS = cos cos 
- 2 2 
dsj EY . Fy 
COS Xx cos = sin sin 
y 2 2 


Double-Angle Identities 


cos? x — sin? x 


sin 2x = 2 sinx cos x cos 2x = 41 — 2 sin? x 
2cos?x — 1 
2 tan x 2 cot x 2 
tan 2x = i= 7 a 
1 — tan-x cot“x — | cot x — tanx 


Half-Angle Identities 


_ x _ , 4] 1 = cosx 
cs 2 D Sign is determined 


by quadrant in which 


x 1+ cosx x/2 lies. 
=+ 
2 i 2 
x 1 — cosx sin x 1 — cos x 
tan — = — = =+ 
2 sin x 1 + cosx 1 + cos x 


ay 1 — cos 2x 4 1 + cos 2x 
sin? x = ———— cos* x = —————_ 
2 2 
‘og 1 — cos 2x 
an? x = ————_ 
1 + cos 2x 


Law of Sines 


sin @ sin B sin y 


a b ¢ 


Law of Cosines 


a = b> + c? — 2be cosa 


b? = a? + c? — 2ac cos B 
C =a? + b? — 2abcos y 
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ANGLES AND TRIANGLES 


Degrees and Radians 


a circumference Ee 
1° 1 radian 
04 Zs 6, 
180° 7 rad 
T . 
Degrees X 180° > Radians 
Radians X = Degrees 


Angles and Arcs 


6 in Degrees 7 
6 ss 


360° C. 

@ in Radians C (circumference) 
6 = = ¢) 
s=ré 


Pythagorean Theorem 


@et+bh=c? 
: b 


a 
Similar Triangles 


TRIGONOMETRIC FUNCTIONS 
ACCURACY FOR TRIANGLES 


Trigonometric Functions 


b 

sin x = — cscx = —(b ¥ 0) 
r b 
a r 

cos x = — sec x = — (a # 0) 
r a 
b a 

tanx =~ (@ #0) ctx= > = 0) 


Ab 


>i 
(1, 0) ](r, 0) 


Special Triangles 


2a aa a V2a a 
ZA 30° O 
V3a 2 
30°-60°—90° triangle 45°—45°_90° triangle 


Special Values 


6 sin @ csc @ cos@ sec@ tané@ coté 


0° or 0 0 ND. 1 1 0 ND. 
30° or 7/6 | 1/2 2 V3/2. 2N3 IN3 V3 
45° or W/4 | IN2 V2. IN2 V2. 1 1 
60° or 7/3 | V¥3/2 23 1/2 2 V3 IN3 
90° or 7/2 | 1 1 0 N.D. ND. 0 


N.D. = Not defined 


Accuracy for Triangles 


Angle to Nearest | Significant Digits for Side Measure 


1? 2 
10’ or 0.1° 3 
1’ or 0.01° 4 
10” or 0.001° B) 


TRIGONOMETRIC FUNCTION GRAPHS 


INVERSE FUNCTIONS 


Graphing Trigonometric Functions 


y = sinx y =cosx 


y = Asin(Bx + C) y = Acos(Bx + C) 


2 B 
Amplitude = |A| Period = =" Frequency = —— 
B 27 


, . .€ Jleft if-C/IB<0 
Ee { right if — C/B > 0 
| | 
y = tanx y=cotx 


y =A tan(Bx + C) y = Acot(Bx + C) 
eee Phase_ _ C Jjieft if -C/B<0 
B - shift B [right if-C/B>0 


Inverse Trigonometric Functions 
y =sin7'x means x = siny 


where 7 HIe 5 and lsx=l 


y = cos 'x means x = cosy 
whereO = y= mand-1l=x=1 
I 


y = tan 'x means x = tany 


7 7 
where — = <y< =, and x is any real number 


y=cot™!x means x = coty 
where 0 < y < rand x is any real number 
y = sec 'x means x = secy 


where 0<y = my #—, andx = -—lorx=1 
y=csc'x means x = cscy 


FT SYS py 0, and x Ss —Lorx 21 


